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Foreword

Punjab School Education Board has been Continuously engaged in prepa-
ration and review of syllabi and text bocks. In today's scenario, imparting right
education to students is the joint responsibility of teachers as well as parents.
With a view to carry out entrusted responsibility, some important changes
pertaining to present day educational requirements have been made in textbooks
and syllabus in accordance with NCF 2005,

Mathematics has an important place in school curriculum and a good textbook
is the first requisite to achieve desired leaming outcomes. Therefore, the content
matter of Mathematics — X has been 50 arranged so as develop reasoning power
of the students and o enhance their understanding of the subject. Graded questions
and exercises have been given to suit the mental level of the students. This book
is prepared by NCERT; New Delhi for class X and is being published by Punjab
School Education Board, with the permission of NCERT, New Delhi.

Every effort has been made to make the book useful for students as well
as for the teachers. However, constructive suggestions for its further improve-
ment would be gratefully acknowledged.
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[k REAL NUMBERS

1.1 Iniroduction

In Class I3, you began your exploration of the world of real numbers and encountered
irrational numbers. We continue our discussion on real numbers in this chapler. We
begin with two very important properties of positive integers in Sections 1.2 and 1.3,
namely the Euclid’s division algorithm and the Fundamental Theorem of Arithmetic.

Euclid's division algorithm. as the name suggests, has to do with divisibility of
integers. Stated simply, it says any positive integer 1 can be divided by another positive
integer b in such a way that it leaves a rerpainder » that is smaller than b Many of you
probably recognise this as the usual long divizion process. Although this result is quite
easy to state and understand, it hag many applications related 1o the divisibility properties
of integers. We touch upon a few of them, and use it mainly to compute the HCF of
two positive integers,

The Fundamental Theorem of Arithmetic, on the other hand, has to do something
with multiplication of positive integers. You already know (hat every composite number
can be expressed as a product of prirses in a unique way — this important fact is the
Fundamental Theorem of Avithmetic. Again, while it is a result that is easy to state and
understand, it has some very deep and significant applications in the Geld of mathematics,

We use the Fundamental Theorem of Arithmetic for two main applications. First, we
use it to prove the irrationality of many of the numbers you sindied in Class IX, such as
W2, /3 and 5. Second, we apply this theorem to explore when exactly the decimal

expansion of a rational number, say E(c? #0). is terminating and when it is non-
terminating repeating. We do so by looking at the prire factorisation of the denominator

g of 7 You will see that the prime factorization of g will completely reveal the nature
of the deciral expansion of 2.

1 x E':r =
So let us begin our exploration.
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1.2 Euclid’s Division Lemma
Consider the following folk puzzle®,

A trader was moving along a road selling eggs. An idler who didnt have
much work to do, started to get the trader into a wordy duel. This grew into a
Jight, he pulled the basket with eggs and dashed it on the floor. The eggs broke.
The trader requested the Panchavat to ask the idler to pay for the braken eggs.
The Panchayat asked the trader how many eggs were broken. He gave the
following response:

If counted in pairs, one will remain;

If counted i threes, two will remain;

If counted in fours, three will remain;

If counted in fives, four will remain;

If counted in sixes, five will remain;

If counted in sevens, nothing will remain,

My basket cannot accomodate more than 150 eggs.

So, how many eggs were there? Let us try and solve the puzzle. Let the number
of eggs be a. Then working backwards, we see that a is less than or equal to 150;

It counted in sevens, nothing will remain, which translates to a = 7p + 0. for
some natural number p, If counted in sixes, g = 6g+ 5, for gome natural number g,

I counted in Oves, four will remain. 1L translates (o a = 5w + 4, for some natural
number w.

T counted in fours, three will remain. Tt ranslates to g =45 + 3. Tor some natural
number 1,

If counted in threes, two will remain, It translates to a = 31 + 2, for some natural
number .

If counted in pairs, one will reraain. Tt translates to a =2y + 1, for some natural
number .

That is, in each case, we have a and a positive integer & (in our example,
b takes values 7. 6, 5,4, 3 and 2, respectively) which divides # and leaves a remainder
r {in our case, ris 0, 5, 4. 3, 2 and 1. respectively), that is smaller than b. The

* This is modified form of a puzzle given in ‘“Numeracy Counts]” by A. Rampal, and others,

=
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moment we write down such equations we are using Buclid’s division lemma,
which is given in Theorewm 1.1.

Getting back to our puzzle, do you have any idea how vou will solve it? Yes! You
must look for the multiples of 7 which satisfy all the conditions, By trial and error
{(using the concept of LCM), you will find he had 119 eggs.

In order to get a feel for what Euclid®s division lemma is, consider the following
pairs of integers:

17, 6; 5.12; 20,4

Like we did in the example, we can write the following relations for each such
pair:

17=6x 2+ 5(6 goes into 17 twice and leaves a remainder 5)
5= 12 x 0 + 5 (This relation holds gince 12 is larger than 5)
20=4 x5+ 0 (Here 4 goes into 20 five-times and lgaves no remainder)

That is, for each pair of positive integers a and b, we have found whole numbers
g and ¢, satisfying the relation:

a=bg+r,0=r<h
Note that ¢ or r can also be zero,

Why don’t you now v finding integers g and r for the following pairs of positive
integers a and b7
(i) 10,3, (i) 4,1%9; (1) 81,3
Did you notice that g and r are unique? These are the only integers satisfying the
conditions & = kg + r, where 0 < 7 < b. You may have also realised that this is nothing
but a restatement of the long division process you have been doing all these years, and
that the integers ¢ and r are called the guorient and remainder, respectively.

A formal statement of this result is as follows

Theorem 1.1 (Euclid’s Division Lemma) : Given positive integers a and b,
there exist unigue integers g and r salisfying a=bg + rn 0 =r < b
This resull was perhaps known Tor a long time, but was first recorded in Book VI
of Buclid's Elements. Euclid’s division algorithm is based on this lemma.
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An algorithm is a series of well defined steps
which gives a procedure for solving a type of
problem.

The word algorithm comes from the name
of the 9th century Persian mathematician
al-Khwarizmi. In fact. even the word *algebra’
is derived from a book, he wrote, called Hisab
al-jgbr w'al-mugabala.

‘A lemyma iz a proven statement used for Mk i MG ab Rivvaricnl
proving another statement. (CF. T80 — 850)

Euclid’s division algorithia is a technigque to compute the Highest Common Factor
(HCF) of two given positive iniegers. Recall that the HCF of two positive inlegers a
and & is the largest positive integer d that divides both 4 and &,

Let us see how the algorithm works, through an example first. Suppose we need
to find the HCF of the iniegers 455 and 42, We start with the larger integer, that is,
455, Then we use Euclid’s lemma to get

455=42 % 10+35

Now consider the divisor 42 and the remainder 353, and apply the division lemma
o get
42=35x1+7
Now consider the divisor 35 and the remainder 7. and apply the division lemma
o get
353=T%x5+0
Notice that the remainder has become zero, and we cannot proceed any further.
We claim that the HCF of 455 and 42 is the divisor at this stage, i.e., 7. You can easily
verify this by listing all the factors of 455 and 42. Why does this method work? It
works because of the following resulL
So. let us stae Eunclid’s division algorithm clearly.

To obtain the HCF of rwo positive integers, say ¢ and d, with ¢ > d, follow
the steps below:
Step 1 : Apply Buclid’s division lemma, to ¢ and 4. So, we ind whole numbers, g and
reuchthatc=dg+r, 0= r<d
Step 2 : If r=0,d 1s the HCF of ¢ and d. If r # 0. apply the divizion lemma to 4 and r.

Step 3 : Continue the process till the remainder is zero. The divisor at this stage will
be the required HCF.
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This algorithm works becanse HCF (¢, d) = HCF (d, r) where the symbol
HCF (¢, d) demotes the HCF of ¢ and 4, elc,

Example 1 : Use Buclid’s algorithm to find the HCF of 4052 and 12576.
Solution :
Step 1 : Since 12576 > 4052, we apply the division lemma to 12576 and 4052, w get
12576 = 4052 x 3 +420
Step 2 : Since the remainder 4202 (), we apply the divigion lemma to 4032 and 420, to
get
4052 = 420 9 + 272
Step 3 : We consider the new divisor 420 and the new remainder 272, and apply the
division lerma lo gel
420= 272 %1+ 148
We consider the new divisor 272 and the new remainder 148, and apply the division
lemma to get
272= 148 x 1+ 124
We conzider the new divisor 148 and the new remainder 124, and apply the division
lemma to get
148= 124 =1+ 24
We consider the new divisor 124 and the new remainder 24, and apply the division
lemma 1o get
124= 24 x5+4
We consider the new divisor 24 and the new remainder 4. and apply the division
lemima o get
24=4x6+0
The remainder has now begome zero, 50 cur procedure stops. Since the divisor at this
stage is 4, the HCF of 12576 and 4052 is 4.
Notice that 4 = HCF (24, 4) = HCF (124, 24) = HCF (148, 124) =
HCF (272, 148) = HCF (420, 272) = HCF (4052, 420) = HCF (12576, 4052).
Euclid’s division algorithm iz not only useful for calculating the HCF of very
large numbers, but also becanse it is one of the earliest examples of an algorithm that
a computer had been programmed to carry out,

Remarks :
1. Euclid's division lemma and algorithm are so closely interlinked that people often
call former as the division algorithm alzso,

2. Although Euclid’s Division Alzorithm iz stated for only positive integers. it can be
extended for all integers except zero, i.e., b # 0. However, we shall not discuss this
aspect here.
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Euclid’s division lemma/algoerithm has several applications related o finding
properties of numbers. We give some examples of these applications below:

Example 2 : Show that every positive even integer is of the form 24, and that every
positive odd integer is of the form 2¢ + 1, where g 13 some inleger.

Solution : Let @ be any positive integer and & = 2. Then, by Euclid’s algorithm,
a = 2q + r, for some integer ¢ = 0, and r =0 or r = 1, becanse 0 < r < 2. So,
a=2gorlg+l.

If g is of the form 24, then & is an even infeger. Also, a positive integer can be
either even or odd. Therefore, any positive odd integer 15 of the form 2g + 1.

Example 3 : Show that any pogitive odd integer is of the form 44 + 1 or 4g + 3, where
g is some intgger,

Solution : Let us start with taking a, where g is a positive odd integer. We apply the
division algorithm with g and b= 4.

Since 0 < r < 4, the possible remainders are (0, 1, 2 and 3.

That is, a can be 4q, or 4g + 1, or 4g + 2, or 4g + 3, where g is the quotient.
However, since a is odd, a cannot be 4g or 44 + 2 (since they are both divisible by 2).

Therelore, any odd integer is ol the form 4g + | or 4g + 3.

Example 4 : A gweetseller has 420 kaju barfis and 130 badam barfis. She wants to
stack them in such a way that each stack has the same number, and they take up the
least area of the tray. What is the number of that can be placed in each stack tor this
purpose?

Solution : This can be done by trial and error. But to do it systematically, we find
HCF (420, 130). Then this number will give the maximum number of barfis in each
stack and the number of stacks will then be the lzazt. The area of the tray that is used
up will be the least.

Now, let us use Enclid’s algorithm to find their HCF, We have :
420= 130x3 + 30
130= 30 x4+ 10
3= 10x3+0
8o, the HCF of 420 and 130 is T0.

Therefore, the sweetseller can make stacks of 10 for both kinds of barfi.

=
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EXERCISE 1.1
1. UseFuclidz division algorithm to find the HCF of |
() 135and 235 (i) 196 and 38220 {iti} 867 and 253
2. Show (hat any positive odd integer is ol (he form 6g + L. or 6 + 3, or &g + 5, where g is
some mnteger.
3. Anarmy contingent of & 16 members is to march behind an army band of 32 members in

4 parade. The two groups are to march in the same number of columns, What is the
maximum mamber of columms in which they can march?

4. 1Fse Buaclid’s division levama to show that the square of any positive integer is either of
the form 3m or 3m + | for some integer i,
[Hini : Let x be any positive integer then itis of the form 3g, 3g + 1 or 3g + 2. Now square
each of these and show that they can be rewritten in the form 3m or 3m+ 1.]

5. Use Euelid's divizsion lemma to show that the cube of any pogitive integer is of the form
Y, S+ 1 or9m + 3.

1.3 The Fundamental Theorem of Arithmetic

In your earlier classes, you have seen that anv natural nuraber can be written as a
product of it prime factors, For instance, 2=2,4=2x 2,253 =11 x 23, and s0 on.
Now, let us try and look at natural numbers from the other direction. Thal i3, can any
matural number be obtained by multiplying prime numbers? Let us see.

Take any collection of prime numbers, say 2, 3, 7, 11 and 23, If we multiply
some or all of these numbers, allowing them to repeat as many times as we wish,
we can produce a large collection of positive integers (In fac(, infinitely many).
Let us list a lew :

Tx11%23=1771 IxT=11x23=5313
2x3xTx 1l x23 = 10626 P x3xT=R132
PxIxTxllx23=21252

and so on,

Now, let us suppose your collection of primes includes all the possible primes.
What is your guess aboul the size of this collection? Does it contain only a finite
number of integers, or infinitely many? Infact, there are infinitely many primes. So, if
we combine all these primes in all possible ways, we will get an infinite collection of
numbers, all the primes and all possible products of primes. The question is — can we
produce all the composite numbers this way? What do you think? Do vou think that
there may be a composite number which is not the product of powers of primes?
Before we answer this. let us factorise positive integers, that is, do the opposite of
whal we have done zo far,
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We are going to use the factor tree with which you are all familiar. Let us take
some large number, say, 32760, and factorise it as shown :

B2T60

o

2 IGREAE

od

4140

[

4143

1 [ 365

3 455

i
[

So we have Tactorised 32760 as 2 x 2 x 2 x 3 x 3 x 5x 7 x 13 as a product of
primes, i.e., 32760 = 2% 33 5% 7 % 13 az a product of powers of primes. Let us oy
another number, say, 123436789, This can be written as 3% x 3803 x 3607, Of coorse,
you have to check that 3803 and 3607 are primes! (Try it out for several other natural
numbers yourself.) This leads us to a conjecture that every composite number can be
written as the product of powers of primes. In fact, this statement is true, and is called
the Fundamental Theorem of Arithmetic because of its basic crucial importance
to the stady of integers. Let us now formally state this theorem.

Theorem 1.2 (Fundamental Theorem of Arithmetic) : Every composite number

can be expressed (factorised) as a product of primes, and this factorisation is
unigue, apart from the order in which the prime factors ocour



REaL Muniszrs 0

An equivalent version of Theorem 1.2 was probably first
recorded as Proposition 14 of Book TX in Euclid's
Elements, before it came to be known as the Fundamental
Theorem of Arithmetic. However, the first correct proof
was given by Carl Friedrich Gaunss in his Disquisitiones
Arithmeticae,

Carl Friedrich Gauss is often referred to as the “Prince of
Mathematicians™ and 15 considered one of the three
greatest mathematicians of all time, along with Archimedes
and Newton, He has made [undamental contributions 10 a1 Friedrich Gauss
both mathematics and science. (1777 - 1855)

The Fundamental Theorem of Arithmetic says that everv composite number
can be factorized as a product of primes. Actually it says more. It says that given
any composite number it can be factorised as a product of prime numbers in a
‘unique’ way, except for the order in which the primes occur, That is, given any
composite number there is one and only one way to write it as a product of primes,
as long az we are not particular about the order in which the primes occur. So, for
cxample, we regard 2 x 3 x 5 x 7 as the same as 3 x 5 x 7 x 2, or any other
possible order in which these primes are written. This fact is also stated in the
following form:

The prime factorisation of a natural number is unigue, except for the order
of its factors,

In general, given a composite number x, we [actorise it as x=p,p, ... p,, where
Py Pyeens P, are primes and written in ascending order, ie., p, = p,
<...=p, fwe combine the same primes, we will get powers of primes. For example,

270 =2 x 2% 2% 33 i Tx 3= 5xTx]13

Unce we have decided that the order will be ascending, then the way the number
is faclorised, is unique.

The Fundamental Theorem of Arithmetic has many applications, both within
mathematics and in other fields. Let us look at some examples.

Example 5 : Consider the numbers 4%, where n is a natural number. Check whether
there is any value of n for which 4 ends with the digit zero.

Solution : If the number 4%, Tor any », were 10 end with the digit zero, then it wonld be
divisible by 5. That is, the prime factorization of 4* would contain the prime 5. Thig is
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not possible because 4" = (2)*"; so the only prime in the factorisation of 4" is 2. So, the
uniquencss of the Fundamental Theorem of Arithmetic guaraniees that there are no
other primes in the factorisation of 4. So, there is no natural number »n for which 47
ends with the digit zero.

You have already learnt how to find the HCF and LCM of two positive integers
using the Fundamental Theorem of Arithmetic in earlier classes, without realising it!
This method is also called the prime factorisation method. Let us recall this method
through an example.

Example 6 : Find the LCM and HCF of 6 and 20 by the prime factorization method.
Solution : We have : G=2l% 3 and W=2x2%x5=2x5.,

You can find HCF(6, 20) = 2 and LCMI(6, 20) =2 % 2 % 3 ¥ 5 = 60, as done in your
earlier classes.

Note that HCF(6, 20) = 2' = Product of the smallest power of each common
prime factor in the numbers.

LCM (6, 20) = 22 x 3! % 5! = Product of the greatest power of each prime factor,
involved in the numbers.

From the example above, you might have noticed that HCF(6, 20) x LOM(6, 20)
= 6 x 20. In fact, we can verify thal for any two positive integers o and b,
HCF {a, b) x LCM (a. b) = a x b. We can use this result to find the LCM of two
positive integers, if we have already found the HCF of the two positve iniegers.

Example 7 : Find the HCF of 96 and 404 by the prime factorisation method. Hence,
find their LCM.
Solution : The prime factorisation of 96 and 404 gives
06 =27x 3, 404 =22x 101
Therefore, the HCF of these two integers is 22 =4,

O6x 404 96 44

s = 9696
HCE(90. 404) 4

Also, LCM (96, 404} =

FExample 8§ : Find the HCF and LCM ol 6, 72 and 120, uging the prime {actorisation
method.

Solution : We have :
G=2%3 2=22xF 120=2%3I x5

Here, 2' and 3' are the smallest powers of the common factors 2 and 3, respectively.
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So, HCF (6,72,120)= 2'x3'=2x3=6

2%, 3* and 5" are the greatesi powers of the prime factors 2, 3 and 5 respectively
involved in the three numbers.

So, LCM (6,72, 120) = 2*x 3% 5' =360

Remark : Notice, 6 x 72 % 120 2 HCF (6, 72, 120) x LCM (6, 72. 120}. So, the
product of three numbers is not equal to the product of their HCF and LCM.

EXERCISE 1.2
1. Express each number as a product of its prime lactors:
140 (i) 156 (iii) 3823 (iv) 5005 (V) 429

2. Find the LCM and HCF of the following pairs of integers and venify that LCM x HCF =
product of the two numbers.

i) 26and 91 (fi} 510 and 92 (i) 336 and 54
Find the LCM and HCF of the following integers by applying the prime factorization
method,

i 12.15and21 (i) 17.23 and 29 (iii} 8. 9and 25
Given that HCF (306, 657) =9, find LCM (306, 6573,
Check whether 6" can end with the digit 0 for any natural number n,

ik
-

Exiplainwhy 7= 1l x 13+ 13and Tx 6 x5 x4 =% 3 x 2 x | + 5 are composite numbers,

e om s

There is a circular path around a sports field. Sonin takes 18 minotes to drive one round
of the feld, while Ravi takes 12 minutes for the same. Suppose they both start at the
same point and at the same time, and go n the same divection. After how many minutes
will they meet again at the startmg point?

1.4 Revisiting Irrational Numbers

In Class IX, vou were introduced to irrational numbers and many of their properties.
You studied about their existence and how the rationals and the irrationals together
made up the real numbers. You even studied how w locate irrationals on the number
line. However, we did not prove that they were irrationals. In this section. we will
prove that +/2, /3, +/5 and, in general, \[p isirational, where p is a prime. One of
the theorers, we use in our proof, is the Fundamental Theorem of Arithmetic,
Recall, a number *s* is called firational if 1t cannot be written in the form £,

where p and g are integers and g # 0. Some examples of irrational numbers, with
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which you are already Tamiliar, are :

N2, 3,415, x, -E,u.mumummu.... .

Before we prove that /3 is irrational, we need the following theorem, whose
proof is based on the Fundamental Theorem of Arithmetic,

Theorem 1.3 : Let p be a prime number, If p divides o', then p divides a. where

a {5 a positive integer.

*Proof : Let the prime factorisation of a be as follows :
a=pp,...p,wherep,p, ... p,are primes, nol necessarily distinct.

Therefore. a* = (p,p, - - - PPy - - - P) =PiP} - - - Py

Now, we are given that p divides a*. Therefore, from the Fundamental Theorem of

Arithmetic, it follows that p is one of the prime factors of 4*. However, using the

uniqueness part of the Fundamental Theorem of Arithmetic, we realise that the only
prime factors of a* arep . p,. .. .. p.Sopisoneofp,p,.....p.

Now, since a=p, p, . . . p,. p divides a. ]
We are now ready to give a proofl that f7 is irrational.

The proof is based on a technique called “proof by contradiction’. (This techniguoe is

discussed in some detail in Appendix 1).

Theorem 1.4 : |7 is irrational.

Proof : Let us assume, 1o the eontrary, that /7 is rational,

#
So, we can find integers r and 5 { 0) such that f3 = i
Suppose 7 and s have a common factor other than |. Then, we divide by the common

factor to get f2 u

So, b2 =a

Squaring on both sides and rearranging, we get 25 = . Therefore, 2 divides o’
Now, by Theorem 1.3, it follows that 2 divides a.

S0, we can wrile a = 2¢ for some integer c.

where a and b are coprime.

* Nol from the examination point of view,

=



REsL MumBERS 13

Substituting for a, we get 28 = 4¢%, that is, b* = 202

This means that 2 divides &7, and so 2 divides b (again using Theorem 1.3 withp=2).
Therefore, g and b have at least 2 as a common factor,

But this contradicts the fact that & and b have no cornmen Tactors other than 1,

This contradiction has arisen because of our incorrect assuraption that \f7 is rational,

So, we conclude that .f3 is irrational. ]

Example 9 : Prove that (3 is irrational.
Solution : Let us assume, 1o the contrary, that Jj.' is rational.

2
b

Suppose g and b haye a common factor other than 1, then we can divide by the
common factor, and assume that @ and b are coprime,

S‘Dr b'\@- =4d-
Squaring on both sides, and rearranging, we get 30 = g%,

Therefore, a? is divisible by 3, and by Theorem 1.3, it follows that a is also divisible
by 3.

S0, we can wrile ¢ = 3¢ for some mileger c.
Substituting {or a, we get 3b% = 9¢2, that is, b = 3¢,

This means that b? is divisible by 3, and so b is alzo divigible by 3 (using Theorem 1.3
with p = 3).

Therefore, a and b have at least 3 as a commaon factor,
But this conlradicts the fact that a and b are coprime.

That is, we can find integers a and b ( 0) such that 3 =

This contradiction has arisen because of our incorrect assumption that f3 is rational.
So, we conclude that +f3 is irrational.

In Class TX, we mentioned that :
® the sum or difference of a rational and an irrational nurmber is irrational and

e the product and guotient of a non-zero rational and irrational number is
irrational.

We prove some particular cases here.
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Example 10 : Show that 5 — +f3 is irational,

Solution : Let us assume, to the contrary, that 5 — f3 is rational,

That is, we can find coprime a and b (6 = () such that 5— H= %
Therefore, 5 — :_:' =1 R

Rearranging this equation, we get 3 =5 - §= 5'&; %,

Since a and b are integers, we get 5 — 2 is rational, and so ..ﬁ is rational.

But this contradicts the fact that /3 is irrational.

This contradiction has arisen because of our incorrect assumption that 5 — /3 is
rational.

So, we conclude that 5 — /3 is irrational.

Example 11 ; Show that 3+/2 is irrational.
Solution : Let us assume, to the contrary, that 3& is rational.

That is. we can find coprime a and b (b = ) such thai 3\|I"_ = %-

Rearranging, we gel +f2 = %

a
Since 3, @ and b are integers, 3_11 15 rational, and so .Ji is ratipnal,

But this contradicts the fact that f2 s irrational,
So, we conclude that 3./ is irrational.

EXERCISE 1.3

1. Prove that /5 is irrational.
2. Provethal 3 + 2./5 isirational.

3. Prove that the [ollowing are urationals

(i) % (i} 743 (i) 6+ 2
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1.5 Revisiting Rational Numbers and Their Decimal Expansions

In Class TX, vou studied that rational numbers have either a terminating decimal
Expansion or a non-terminating repeating decimal expansion. In this section. we are

guing o consider a rational munber, say g{q # 0}, and explore exactly when the
decimal expansion of 5 i5 terminating and when il 18 non-lerminaling repeating
{or recurring). We do so by considering several examples.

Let us consider the following rational numbers :
(1)0.375 (1) 0. 104 (iii) 0.0875 {iv) 23.3408.

Now @ 0375=-0> =31 ) 0,104 104 _ 104
1000 10 1000 10
Gi) 0.0875=—~1> 57 ) 23,3408 - 233408 _ 233408
10000 10 10000 10*

As one would expect, they can all be expressed as rational numbers whose
denonnnators are powers of 10. Let us try and cancel the common factors between
the numerator and denominator and see whal we gel ;

: 575 Ix¥ 3 14 1320 13
(B3 e ) M s =2
0 22x3 2 100 22%x5 5

&
100 2*xs o 5

Do you see any paitern? It appears that, we have converled a real number

whoge decimal expansion ternminates into a rational number of the form P, where P
q

and g are coprime, and the prime factorisation of the denominator (that is, ¢) has only

powers of 2, or powers of 5, or both. We should expect the denominator to look like
this, since pewers of 10 can only have powers of 2 and 5 as [actors.

Even though. we have worked only with a few exaraples, you can see that any
real number which has a decimal expansion that terminates can be expressed as a
rational number whose denominator is a power of 10, Also the only prime factors of 10
are 2 and 3. So, cancelling out the conunon factors between the nwmnerator and the

denominator, we find that this real nurmber 15 a raticnal number of the form gp where
the pritne factorizsation of g s of the form 2757, and », m are some non-negative integers.

Let ug write our result formally:
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Theovem 1.5 : Let x be a rational number whose decimal expansion terminates.

Then x can be expressed in the form f; where p and g are coprime, and the

prime factorisation of q is of the form 273" where 1, m are non-negative inregers.

You are probably wondering what happens the other way round in Theorem 1.5,

That is, if we have a rational number of the form g. and the prime [actorisation of g

iz of the form 2*5%, where &, m are non negative integers, then does r have a
S - : g
terminating decimal expansion?

Let us see il there is some uhvi{rus reason why this is true. You will surely agree
that any rational nuraber of the fnrrn 5 where bis apower of 10, will have a terminating
decirmal expansion. So it seems to make sense to convert a rational number of the

a
form £ . where g is of the form 2"5”, to an equivalent rational mamber of the form %

q
where & iz a power of 10. Let ug go back to our examples above and work backwards,

0 3 3 3x5 375
1) == i
B 2 x5 10
L1313 13x2* 104

1) i = =0,104
o 125 § x5 100
7 7 ?xi _ 875

=0.375

i) — = — —-ﬁDETS

(@) 80 x5 2x5

o 14588 2% 7521 28w 7x521 233408

i - o = = 233408
) 623 54 24 54 10*

So, these examples show ug how we can convert a rational oumber of the form
v
F  where g is of the form 25", to an equivalent rational number of the form Es

where b is a power of 10, Therefore, the decimal expansion of such a rauonal number
terminates. Let us write down our result formally.

Theorem 1.6 : Let x = £ be a vational number, such that the prime factorisation
af q is af the form 2".‘5’5 where n, m are non-negative integers, Then x has a

decimal expansion which terminates.

=
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We are now ready to move on to the rational numbers
whose decimal expansions are non-lerminating and recurring.
Once again, let us look at an example to see what is going on.
We refer to Example 5, Chapter 1, from your Class X

1
textbook, namely, 7 Here, remainders are 3,2, 6, 4,3, 1, 3,

2.6,4.5,1,. .. and divisor is 7.

MNotice that the denominator here, i.e., 7 is clearly not of
the form 2757 Therefore, from Theorems 1.5 and 1.6, we

1
know that 7 will not have a terminating decimal expansion,

Hence, 0 will not show up as a remainder (Why"?), and the
remainders will start repeating alter a certain stage. So, we
will have a block of digits, namely, 142857, repeating in the

I
guotient of 7

0.1428571

’J'JI[I

e -
@0
28

an
14
G
56
@n
15
@0
44
@
7
an

I
What we have geen, in the case of = ,is true for any rational number not covered

7
by Theorems 1.5 and 1.6. For such numbers we have :

Theorem 1.7 : Let x = g where p and § are coprimes, be a rational number, such

that the prime factorisation af g is not of the form 2°5°, where n, m are non-negafive
inzegers. Then, x has a decimal expansion which i3 ron-termingting repeqiing
(recurring).

From the discussion above, we can conclude that the decimal expansion of
every rational number is either terminating or non-terminating repeating.

EXERCISE 1.4

1. Withoot actually performing the long division. state whether the following rational
nurmbers will have a terminating decimal expansion or A non-terminating repeating decimal

Expansion:
. o AL i oy 4D -
W 3125 W 3 ) 53 W) {600
29 e 129 6
iv} 343 v} 23.52, ':""]1:’ 1257.?5 iviii} 15
35 77
[:IX:I' ..... tﬁ:} ALY

50 210
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2. Write down the decimal expansions of those rational numbers in Question 1 above
which have rerminating decimal £xpansions,

3. The following real numbers have decimal expansions as given below. In cach case.

decide whether they ars rational or not, Tf they are rarional, and of the form £, what can
you say about the prime factors of g7 2

(1) 43123456789 (i) QL12012007 20001 20000. ... (i) 43123456784

1.6 Summary
In this chapter, you have smdied the following poinzs:
1. Euoclids divizsion lamma :

Given positive integers a and b. there exist whole numbers ¢ and rsaustying o = bg +r,
0<r<h,

2. Euclid's divizsion algorithm : This i= based on Euclid's division lamma. According to this,
the HCF of any two positive integers 4 and b, with o > b, iz obtained as follows;
Step L : Apply the division lerama o find g and r where a=bg+ 7. 0= r<b.
Step 2:TE =0, the HCF 15 5. If # # (), apply Euclid’s lemma to b and r,

Step 3 : Continue the process tll the remainder is zero. The divisor at this stage will be
HCF (g, b). Also, HCF(a, b) =HCF{b, r}.

3. The Fundamental Theoremn of Arithraetic

Every composite number can be expressed (factorized) as a product of primes, and this
factorisation is unique, apart from the order in which the prime factors ocour,

4, Ifpis aprime and p divides #°, then p divides @, where @ 15 a positivs integer.

5. Toprove thal -JE, 3 are irationals.

6. Letx be a rational number whose decimal expansion terminates. Then we can express x
in the form % . Where pand g are coprime, and the prime factorisation of g 12 of the form

275", where a1, # are non-negative integers,
7. Letx= f; be a rational nuniber, such that the prime factorisation of g is of the form 257,

where n, i are non-negative integers. Then x has a decimal expansion which terminates.

8. Letx= IEJ be a rational number, such that the prime factorisation of g is not of the form

28 & where i, m we non-negative integers. Then x has a decimal expansion which is
Non-erminating repeating (recurring),

=
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A Note 10 THE READER

You have seen that ;

HCF ( p, g, r) x LCM (p, g, r) % p x g x r, where p, g, r are positive integers
(see Example §). However, the following results hold good for three numbers

p.gand r:

p-g-r-HCF(p. ¢, r)
HCF(p, g) - HCF(g,r) - HCF( p,r)

LCM (p, g, r) =

p-g-r-LCM(p, g. 1)
m(?h QF ! LCI"-"H‘L ?‘} ]-m{,p1 r}

HCF (p, g, r) =
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POLYNOMIALS

2.1 Introduction

In Class IX, you have studied polynomials in one variable and their degrees. Recall
that if pl(x} iz a polynomial in x, the highest power of x in p(x) is called the degree of
the polynomial p(x). For example, 4x + 2 is a polynomial in the variable x of

degree 1, 23* — 3y + 4 is a polynomial in the variable y of degree 2, 5x* = 4x3 + x— 2

3 =]
iz a polynomial in the variable x of degree 3 and 7uf — Eud + 4u” +u — 8 iz apolynomial

1
in the vanable v of degree 6. Expressions like £ solx +2, - 3 el are
x—1 T+ 2+ 3
not polynomials.
A polynomial of degree | is called a linear polynomial. For example, 2x — 3.
b
Six 45 v4 B o lgl Lz, iu + 1, etc., are all linear polynomials. Polynomials
such as 2x + 5 — x% x¥ + 1, etc., are not linear polynomials.
A polynomial of degree 2 is called a quadratic polynomial. The name 'quadratic’
has been derived from the word ‘quadrate’, which means ‘square’. 2x*+ 3x— E=

¥ -2, 2+, %— 2+ 5,457 - %v. 477 +_l—r are some examples of

gquadratic polynomials (whose coefficients are real numbers). More generally, any
quadratic polynomial in x is of the form ax® + bx + ¢, where a, b, ¢ are real numbers
and a = 0. A polynomial of degree 3 is called a cabie polynomial. Sorne examples of
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a cubic polynomial are 2 — 3, 2%, 25, 3 -3+ 5% 32— 257 + & — L. In fact, the most
general form of a cubic polynomial iz

ax® + bx? + cx + 4,
where, a. b, ¢, d are real numbers and a £ (.

Now consider the polynomial pix) = x — 3x — 4. Then, putting x = 2 in the
polynomial, we get p(2) =22 - 3 x 2 — 4 = - 6. The value *- 6', obtained by replacing
xby 2 in &% - 3x — 4, 18 the value of x* — 3x — 4 at x = 2. Similarly, p(0) 18 the value of
plx) at x =0, which is — 4,

It p(x) is a polynomial in x, and if & is any real number, then the value obtained by
replacing x by kin p(x), is called the value of pix} at x =k, and is denoted by p(k).

What is the value of p(x} =2 -3xr -4 at x = ~1? We have :

pi-1)=(-1F-{3x{-1)}-4=0
Also, notethat pd) =42 - (A xd) -4 =0.

As p(-1) = 0 and p(4) = 0, -1 and 4 are called the zeroes of the quadraric
polynomial 22 — 3x — 4, More generally, a real number & is said to be a zero of a
polynomial p(x), if p(k) = 0.

You have already studied in Class IX, how to find the zerces of a linear
polynomial. For example, it k is a zero of p{x) = 2x + 3, then p(k) = 0 gives us

3

= 0ikeyke—r
2k + e 2 )

In general, if kis a zeroof p(x) =ax + b, then plk) =ak + b =0, 1e, £= ?‘

So, the zero of the linear polynomial ax + bis =t =_ [Cc.uhlsll:am term) .
a  Coefficiemt of x
Thus, the zero of a linear polynomial is related 1o its coefficients, Does this
happen in the case of other polynomials too? For example, are the zeroes of a quadratic

polvnomial alzo related to its coefficients?

In thig chapter, we will try to answer these guesiions. We will also study the
division algorithm for polynomials.

2.2 Geometrical Meaning of the Zeroes of a Polynomial

You know that a real nuraber ks a zero of the polynomial pl) if p(k) = 0. But why
are the zeroes of a polvhomial so important”? To answer this, first we will see the
geometrical representations of linear and quadratic polynomials and the geometrical
meaning of their zeroes.
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Consider first a inear polynormial ax + b, a # (). You have studied in Class X that the
graph of y =ax + b is a straight line. For example, the graph of y = 2x 4+ 3 is a straight
line passing through the points (- 2, —1) and (2, 7).

x = 2

y=2%+3 | -1 7

From Fig. 2.1, you can sec
that the graph of v = 2x + 3
intersecis the x-axis mid-way

beiween x = =1 and x = -2,

that is, at the point (-%,-ﬂ].

You also know thal the zero of

2%+ 3 18 _g.'l'tms,thﬂzamnf

the polynomial 2x + 3 is the
x-coordinate of the point where the
graph of y = 2x + 3 intersects the

X-axis.

In general, for a linear polynomial ax + b, a# 0, the graph of y=ax + b is a
straight line which intersects the x-axis at exactly one point, namely, ["—h. L'I].
a

Therefore, the linear polynonval ax + b, 4 # 0, has exactly one zero, namely, the
x-coordinate of the point where the graph of ¥ = ax + b intersects the x-axis,

Now, let us look for the geometrical meaning of a zero of a quadratic polynomial.
Consider the quadratic polynomial x* = 3x — 4. Let us see what the graph®* of
y=x'—3x—4 looks like, Let us list a few values of y = #* - 3x — 4 comesponding (o
a few values for x as given in Table 2.1.

* Plotting of graphs of quadratic or cubic palynomials is not meant to be done by the stodents,
nor iz o he evaluaed.
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Table 2.1
x =2 | =1 0 1 2 3 4 |5
y=0-3x-4 | 6 0 | -4 | -6 | -6 | -4 0 |6

'I'fw:' IDCB.E ﬂlﬂ Pﬂiﬂtﬂ ]istﬂd fistliatin feisis i e i e R et e s H R R R e
abuvﬂ D]] a gmphpam aud 1 ;:I 13 HE{H{E| =i 'FD 1 = pwie | (15
the graph, it will actually look like g
the one given in Fig. 2.2, =

.

;-_ll
HH I

In fact, for any quadratic B
polynomial ax? + bx + ¢, a £ 0, the 15,4
graph of the corresponding =
equation y =ga'+bx+chasone — imtc o)
of the two shapes either open d EEHE E |% 555%
upwards like U or open 1':|” §|ﬁﬁ|ﬂ§%ﬁﬁé§ﬁtﬁﬁﬁwﬁ
downwards like /\ depending on !E@%gﬂlﬁﬁgﬁkméﬁ%m mu%ﬁ%%
whether @ > 0 or a < 0. (These = * .Eﬂﬁﬂlﬂ‘?ﬁﬁﬁ

curves are called parabolas.) *.é" - Eg? |
- ﬁ%l@ml =it .ggﬂiﬁﬁg

%‘%ﬁiﬁﬁ%

I.Em'

You can see from Table 2.1 :4_|

fuimtmeace SR

note from Fig. 2.2 that —1 and 4 Egﬁﬁ% H&&%ﬁﬁ@@lﬁﬁﬁ@ﬁ

are the x-coordinates of the points :

where the graph ol y =2 - 3x-4 E EE iEE %EE ._ g||:%%
%ﬁﬁﬁﬁﬁ@%!

intersects the x-axis. Thus, the &
zeroes of the quadratic polynomial @| §ﬁ| @% E'u:
x* — 3x — 4 are x-coordinates of |J— E—— I_[-l— I:I' GEb :'[ el
the points where the graph of Fie. 2.3
y = x? — 3z — 4 intersects the B &
¥-axis,

This fact is true for any guadratic polynomial. i.e., the zeroes of a quadratic
polynomial ax? + bx + ¢, a# 0, are precisely the k- coordinates of the points where the
parabola reprasenting ¥ = ax? + bx + ¢ intersects the x-axis.

From our observation earlier about the shape of the graph of y = ax* + bx + ¢, the
following three cases can happen:

I.I.'I.L'I.I.IJ
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Case (i) : Here, the graph cuts x-axis at two distinet points A and A",
The x-coordinates of A and A’ are the two zeroes of the quadratic polynomial
ax® + bx + c in this casc (gee Fig. 2.3).

Fig. 2.3
Cuase (ii) : Here, the graph cuts the x-axis at exactly one point, i.e., at two coincident
points. So, the two points A and A" of Case (i) coincide here to become one point A
(see Fig. 2.4).

. o s
Fig. 2.4

The x-coordinate of A is the only zero for the quadratic polynomial ax® + bx +¢
in this case.
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Case (iii) : Here, the graph is either completely above the x-axis or completely below
the x-axis. So, it does not cut the x-axis at any point (see Fig. 2.5).
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Fig, 2.5

So, the quadratic polynomial ax® + bx + ¢ has no zero in this case.
S0, you can see geomeltrically that a guadratic polynemial can have either two

distinct zeroes or two equal zeroes (i.e., one zero), or no zero, This also means that a
polynomial of degree 2 has atmost two zeroes.

Now, what do you expect the geometrical meaning of the zeroes of a cubic
polynomial to be? Let us find out. Consider the cubic polynomial »° — 4x. To see what
the graph of v = x' — 4x looks like, let us list a few values of v corresponding w a few
values for x as shown in Table 2.2.

Table 2.2
x a || o 1| 2
y=x-4z | 0 | 3 | 0 =4 0

Locating the points of the table on a graph paper and drawing the graph, we sec
that the graph of y = &* — 4x acrually looks like the one given in Fig. 2.6.
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We see from the table above
that — 2, 0 and 2 are zeroes of the
cubic polynomial +* — 4x. Observe
that —2, 0 and 2 are, in fact, the
x-coordinates of the only points
where the graph of y = x* — 4x
intersects the x-axis. Since the curve
meets the x-axis in only these 3
points, their x-coordinates are the
only zeroes of the polynorial.

Let us take a few more
examples. Congider the cubic
polynomials +* and x* — 52, We draw
the graphs of v =x* and y = 5 — »?
in Fig. 2.7 and Fig. 2.8 respectively.

Fig. 2.6

Fig. 2.8
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Note that s the only zero of the polynomial 2. Also, from Fig. 2.7, you can see
that 0 is the x-coordinate of the only point where the graph of y = 2? intersects the
x-axis. Similarly, since x* —x* = x*(x— 1), 0 and | are the only zeroes of the polynormial
x — 2 Also, from Fig. 2.8, these values are the x-coordinates of the only points
where the graph of ¥ = »* — x* intersecis the x-axis.

From the examples above, we see that there are at most 3 zeroes for any cubic
polynomial. In other words, any polynomial of degree 3 can have at most three zeroes.
Remark : In general, given a polynomial p(x) of degree n, the graph of y = p(x)
intersects the x-axis at atmost » points. Therefore, a polynomial p(x) of degree n has
Al IOSL 11 ZEFoes,

Example 1 : Look at the graphs in Fig. 2.9 given below. Each is the graph of y = p(x),
where p(x) is a polynomial. For each of the graphs. find the number of zeroes of p(x).

® @ G

(iv) (v)
Fig. 2.9

Solution :
(i) The number of zeroes is | as the graph intersects the x-axis at one point only.
{ii) The oumber of zeroes is 2 as the graph intersects the x-axis at two points.
{iil) The number of zeroes is 3. (Why?)
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(iv) The number of zeroes is 1. (Why?)
(v) The number of zeroes is 1, (Why?)
(vi) The number of zeroes is 4. (Why?)

EXERCISE 2.1

1. The graphs of y = p(x) are given in Fig. 2.10 below, for some polynomials pix). Find the
nomber of zeroes of pix), in each case.

(iv) { )
Fig. 2.10

Vi)

2.3 Relationship between Zeroes and Coefficients of a Polynomial

You have already seen that zero of a linear polynomial ax + b is _b . We will now try
i
to answer (he question raised in Section 2.1 regarding the relationship between zeroes
and coefficients of a quadratic polynomial, For this, let us take a quadratic polynomial,
say p(x) = 2¥* — 8x + 6. In Class IX, you have learnt how to factorise quadratic
polynomials by splitting the middle tertn. So, here we need to split the middle term
*— 8x' as a sum of two terms, whose product is 6 x 2x* = [2x% So, we write
2t —Bx+ 6=2¢ — 6x — 2x+ 6= 2x(x - 3) — 2(x— 3)

=(2x-2x—3) =20 — 1)x—3)
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So, the value of p(z) = 25 — 8x + 6 is zero whenx— 1 =0 orx -3 =0,1.e., when
x =1 or x =3. So, the zeroes of 2x* — Bx + 6 are | and 3. Observe that :
Sumof its zeroes = 1+3=4= —(=8) _ —{Coefficient of x)
2 Coefficient of x*

a : 1
Product of its zeroes = 13 =3 :E e Cons %m lerm
2 Coefficient of x*

Let us take one more quadratic polynomial, say, p(x) = 32* + 5x - 2. By the
method of splitting the middle teqm,

3+ =2 =30 4 Bx—x—2=3xx+ 21 -1(x+2)
= (B3x— D)z +2)
Hence, the value of 32% + 3x — 2 is zero whenetther 3x — 1 = 0orx+ 2 =0, i.e.,

| 1
when x = E or x=-32. S0, the zeroes of 32 + 5x -2 are

3 and — 2. Observe that

1 -5 —(Coefficient of
Sum of its zeroes = 3+ (~2)=—= S )

3 Coefficient of x*
Product of its zeroes = I (=2)= e D:nnst:lmt Ler‘mz
3 3 Coeflicient of x
In general, if o* and p* are the zeroes of the quadratic polynomial p(x) = ax® + bx + ¢,
a # (1, then you know that x — ¢t and x — ]} are the factors of p(x). Therefore,
ax? + bx + ¢ = kx — @) (x — B). where k i5 a constant
= ka? — (o + Pl + o fl
=k - kle+ P+ hkaf
Comparing the coefficients of x%, ¥ and constant terms on both the sides, we get
ga=k b=—kio+ ) and ¢ = kafl.

—h
This gives a+p= =

[ o

i

* o, are Greek letiers pronounced as “alpha’ and ‘beta” respectively. We will use later one
more letler ' pronounced as ‘gamrma’.
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b —(Coefficien| of x)

1e.. sumof zeroes =0+ fi=—— = - .
a Coefficient of *
Constant
product of zeroes = aff = £ S e ;
a Coefficient of +*

Let us consider some exarmples,
Example 2 : Find the zeroes of the quadratic polynomial x2 + 7x + 10, and verify the
relationship between the zeroes and the coefficients,
Solution : We have
2 Tx+10=(x+2Hx+3)
So, the value of x* + Tx+ 10 is zerowhen x+ 2=0orx+ 5=0, i.e., whenx=-2 ar
x = -5, Therelore, the zeroes of ¥ + 7x + 10 are — 2 and - 5. Now,

: —7) =(Coclficient of x)
e .2 + —5 == = = E
sum of zeroes CH=-0 1 Coefficient of x*

10 Constani term
product of zeroes = (=2) X (=5) =10 =—= 2> =
I CoefTicient of x~

Example 3 : Find the zeroes of the polynomial »* — 3 and verify the relationship
between the zeroes and the coefficients.

Solution : Recall the identity a® — #% = {a — b)(a + b). Using it, we can write:
o3 (s )+ )

So, the value of ¥ — 3 is zero when x = \f3 orx= - 3.

Therefore, the zeroes of x2 — 3 are /3 and —/3.

Now.

sum of zeroes = 3 —+f3=0 =
*."'_ ‘r Coefficient of x°*

-3 Constant term
. - 3= ==3=—= ’
product of zeroes (“r)( J_) 1 Coefficient of x*
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Example 4 : Find a quadratic polynomial, the sum and product of whose zeroes are
—3 and 2, respectively,

Solution : Let the quadratic polynomial be ax* + bx + ¢, and its zeroes be o and .
We have

and u‘_ﬁ=2=

fa=I,thenb=3and c=2.
So, one quadratic polynomial which fits the given conditions is 2* + 3x + 2.

You can check that any other quadratic polynomial that fits these conditions will
be of the form &{x? + 3x + 2), where & iz real,

Let us now look at cubic polynomials. Do vou think a similar relation holds
between the zeroes of a cubic polynomial and its coefficients?

Let us consider pizx) = 237 = 53 = 1dx + 8.

i S
You ¢gn check that p(x) =0 forx =4, - 2, 5 Since p(x) can have atmost three

zeroes, these are the zeores of 237 — 3x° — l4x + 8. Now,

_ 1 5 —(-5) —(Coefficient of x*)
of the zeroes = 4+ (-2)+ —=== =
it = 2 2 2 Caoefficient of +°

product of the zeroes = 4 x (-2) x é =—4 =_—8 = _ELM

2 Coefficient of _r?i"

However, there is one more relationship here. Consider the sum of the products
of the zeroes ken two at & time. We have

{4x (-2} + {{—JJ X %} - {% % 4}

—14 Coefficient of x
2 Coefficient of

In general, it can be proved that if o, B, v are the zeroes of the cubic polynomial
ax* + bx* + ¢x + d, then

==8-1+2=-T=
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b
a+f+y= 2
[
of +Br+m=
—d
o ﬂ Y= ? "

Let us consider an example.

Example 5% : Verily that 3, -1, —% are the zeroes of the cobic polynomial
pix)=3x"— 5x! - 11x— 3, and then verify the relationship between the zeroes and the
coefficients.

Solution : Comparing the given polynomial with ax® + bx? + cx + d, we get
a=3b=-5.¢c=-11.d=-3. Further
pI=3x3P-0x3®-(11x3)-3=81-45-533-3=0,
p-1)=3x(-1P-5x(-1P-1%(-1)-3=-3-5+11-3=0,

3]

sk g S By
9 9 3 3 3
1
Therefore, 3, —1 and -*; are the zeroes of 32* — 52 - 1la—3.
So,wetakeg =3, fi=-1 and y= =y

Now,

I'_I__g_S_—(—S}_—E?
508 3 a

cr.+B+1r:’3+{-lJ+[~§ = =il

u;ﬁ+|jT+-Tu=3><{—I}+{—I}|><[—%J+(—£Jx3=—3+§—T=%l=£-

! :|:_'{_3}:_d
3 a

D:BT=3>H-1}><(-§

* Not from the examination point of view.,
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EXERCISE 2.2

1. Find the zeroes of the following quadratic polynomials and verify the relationship between
the zeroes and the coefficients.

@ PF-Ix—% (o) def—ds+1 i} -3 -Tx

vl did + Bu (v} =15 (vi) Jat-x—4
2, Find a quadratic polynomial each with the given numbers as the sum and product of its
zerpey respectively,
1 1

0 5! i V2.5 (it) 0,3

! L1 i l 1 THRr- |
) L 2 it (vi} 4,

2.4 Division Algorithm for Polynomials
You know that a cubic polynomial has at most three zeroes. However, if you are given
only one zero, can vou find the other two? For this, let us consider the cubic polynonial
2 —3x? —x + 3. If we tell you that one of its zeroes is 1, then you know that x — | is
a factor of x! — 32 — x + 3. So, you can divide x* — 3x* — x + 3 by x - 1, as you have
learnt in Class IX, to get the quotient »* — 2 — 3.

Next, you could get the factors of ¥* — 2x — 3, by splitting the middle term, as
{x + 1)(x — 3). This would give you

B-3x-x+3=(x-1)x-2x-3)
= (x—1Mx+ 1)(x—3)

So, all the three zeroes of the cubic polynomial are now known o you as
1,-1,3.

Let us discuss the method of dividing one polynomial by another in some detail.
Before noting the steps formally, consider an example.

Example 6 : Divide 22* + 3x+ 1 by x + 2. 2z -1
Solution : Note that we stop the division process when 42 128+ 3%+ 1
either the remainder is zero or its degree iz less than the Sty e
degree of the divisor. So, here the quotient is 2x - 1 and -~ RS e Sm
the remainder is 3. Also, x+ 1
(2= 1 x+ 2+ 3=20+3x-2+3=22+ 3x + | P
e, 224+3x+l=(G+2(-1)+3 3

Therefore, Dividend = Divisor ¥ Quotient + Remainder
Let us now extend this process to divide a polynomial by a quadratic polynomial,
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Example 7: Divide 37 + # + 2+ 5by 1 + 2x + &4 355§

Solution : We first arrange the terms of the #°+ 2z + J A4 426+ 5
dividend and the divisor in the decreasing order 35+ b +3x
of their degrees. Recall that arranging the terms —

in this order is called writing the polynomials in ‘jx: -t

standard form. In this example, the dividend is ;5*' ‘+ 10 % 3

already in standard form, and the divisor, in o+ 10
A

standard form, is x4+ 2x + 1.

Step 1 : To obiain the first term of the quotient, divide the highest degree term of the
dividend (i.e., 3x°) by the highest degree term of the divisor (i.e., #%). Thig is 3x, Then
carry out the division process. What remains is =532 = x + 3.

Step 2 : Now, 1o obrain the second term of the quonient, divide the highest degree term
of the new dividend (i.e., ~5x%) by the highest degree term of the divisor (i.e., %), This
gives —5. Again carry out the division process with —52% — x + 3.

Step 3 : What remains is 9x + 10. Now, the degree of 9x + 10 is less than the degree
of the divisor x* + 2x + 1. S0, we cannot continue the division any further,

So, the quotient is 3x — 5 and the remainder is 9x + 10, Also,
(C+22x+D)xBx-5+Ox+10)= 3"+ 628+ Ix -5 - 10x -5+ 92+ 10
=30+ + 2+ 5
Here again, we see that
Dividend = Divisor % Quotient + Remainder

What we are applying here is an algorithm which is similar to Euclid’s division
algorithm that you studied in Chapter 1.

This says that
If pix) and g(x) are any two polynomials with g(x} # 0, then we can find
polynomials g(x) and rix} such that
pix) = glx) = qlx) + rix),
where 1(x) = 0 or degree of r(x) < degree of g{x).
This result is known ag the Division Algorithm for polynomials,
Let us now take some examples to illustrate its use.

Example 8 : Divide 32% = x* = 3x + 5 by x - | =272, and verify the division algorithm.
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Solution : Note that the given polynomials i-1
HTE. rfnt in standmjﬂ form. TO. cfarr}r out 4z ‘ﬂ P 4353245
division, we first write both the dividend and 3 '

e : . -t K- %
divisor in decreasing orders of their degrees. P
So, dividend = -x* + 3x - 3x + 5 and 33 - Ix4 5
divisor = " +x— 1, s R
Division process is shown on the right side. = _3

We stop here since degree (3) =0 <2 =degree (2 + x - 1).
S0, quotient = x — 2, remainder = 3.
Now,

Divisor ¥ Quotient + Femainder
=(-x2+x-1)(x-2)+3
=047 -x+22-2x+2+3
=34+ 32 -3 +5

Dividend
In this way. the division algorithm is verified.

Example 9 : Find all the zeroes of 2x* = 331 = 3x° + 6x - 2, if you know that two of
its zeroes are .f2 and /7.

Solution : Since two zeroes arc 2 and _f3. (x—ﬁ)[x i -UIEJ =xr-2152a
factor of the given polynomial. Now, we divide the given polynomial by x* — 2.

2y -3x 4
-2 '-35 - 354 a2 : N 3
) : First term of quotientis —; = 2x
ir -4z %
- +
-3+ £+ 6x-1 e ez S
38 Es Second term of quotient is T ~3x
+ i
% -1 x*
2 9 Third term of quotient is A 1
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So.2x -3 -3 + - 2= (- 222 - 3x + 1)

Now, by splitting —3x, we factorise 2x* — 3x + 1 as (2x— 1)(x — L). So, itz zeroes

I
are given by x = — and x = 1. Therefore, the zeroes of the given polynomial are

V2,

1"

2.

2

—ﬁ. éi and 1.

EXERCISE 2.3
Divide the polynomial p(x} by the polynorial g{x) and find the quotient and remainder
in each of the following :
i pl)=r—-3x*+3x-3, plxi=x*-1
M) plry=x'-3xt+dx+5, gxi=x*+l-rx
(i) ple) =3*—5x+86, gl =2

Check whether the first polymomial isa factor of the second polynomial by dividing the
second polynomial by the first polynomani:

@ A=3,2+3F-28 -0 12
i) +3x+ 1,0t +500 -T2+ 2042
(i) B -Fx+1, S—dete e+ 1

5
Obtain afl other zeroes of 3x*+ 67 — 2x%— 10x— 5, if two of 113 Zerves are J; and —E-

On dividing »® - 327 + x+ 2 by a polynornial gix), the quotient and remainder were x— 2
and =2x +4, respectively, Find g{x},

Give examples of polynomials plx), g(x), g{x) and r(x}, which satisfy the division algorthm
and

(i} deg p(x)=deg gix) (i} deg gix)=deg rix) (iiy deg rix)=0

EXERCISE 2.4 (Optional)*

Verify that the numbers given alongside of the cubic polynomials below are their zeroes,
Aldso verify the relationship between the Zeross and the coeilicients in each case:

1
i) 2ad4+xi—S5z+2; 3 ,-2 (i z* =4+ 52 2.1.1

Find a cubic polymomial with the sum, sum of the product of its zeroes taken two at a
time, and the product of its zeroes as 2, -7, — 14 respectively.

*These exercises are not from the examination point of view.
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3. Tfthc zeroes of the polynemial #* ~ 32’ +x+ larea—h, a. g+ b, find a and b.

4, Tfrwo zerces of the polynomial #* — 62— 2657 + 138y — 35 are 2 + f3, find other zeroes.
5. Ifthe polyoomial x* — 6% + 1658 — 251 + 10 is divided by another polynonmial 2% — 2x + k,
the remainder comes oul o be x4 o, find & and 4.
25 Summary
In this chapter, you have studied the following points:

1. Polynomdals of degrees 1, 2 and 3 are called linear, goadratic and cubic polynomials
respectively.

2. A quadratic polynomial in x with real coefficients is of the form ax®+ bx + ¢, where a, b, ¢
are real numbers witha= 0.

3. The zeroes of a polynomial pix) are precisely the x-coordinates of the points, where the
graph of ¥ = p(x) intersects the x-axis.

4, A quadratic polynomial can have at most 2 zeroes and a cubic polynomial can have
AL most 2 Zeroes,

5. If o and P are the zeroes of the quadratic polynomial ax® + bx + c. then
u.+[i:—£. cf=—

@
6. 1 ¢, B, are the zeroes of the cubic polynomial g + bx® + cx + 4, then

[r.+|3+w,r=j.
[

cfi+ v+ yo= =
i

—d
and afy=—-
a

7. The division algorithm states that given any polynomial pix) and any mon-zero
polynomial gix), there are polynomials g(x) and #{x) such that
plx) = glx) glx) + r(x),
where rix) = 0 or degree rix) < degree g(x).
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PAIR OF LINEAR EQUATIONS
IN TWO VARIABLES

3.1 Introduction
You musi have come across sitvations like the one given below ;

Akhila went to a [air in her village. She wanted to enjoy rides on the Giant Wheel
and play Hoopla (2 game in which you throw a ring on the items kept in a stall, and if’
the ring covers any object completely, you get it). The number of times she played
Hoopla iz half the number of fdes she had on the Giant Wheel. If each ride costs
Fs 3, and a game of Hoopla cosis Rs 4, how would you find oot the number of nides
she had and how many times she played Hoopla, provided she spent Rs 20,

May be you will try 1t by considering different cases. IF she has one ride, 15 it
possible? Is it possible 1o have two rides? And so on. Or you may use the knowledge
of Class IX, to represent such sitnations as linear equations in two variables.

I“Il""'l"'

'*“ j‘.,;'; "H'Ef'
’ﬂr: 0= E-E:?‘{dau
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Pair oF Lingar Equanons is Two VARIABLES

Let us try this approach.

Denote the number of rides that Akhila had by x, and the number of times she
plaved Hoopla by v. Now the simation can be represented by the two equations:

= [
J"I_ 2‘1: {:}
3x+4dy= 20 (2)

Can we find the solutions of this pair of equations? There are several ways of
finding these, which we will study in thiz chapter.
3.2 Pair of Linear Equations in Two Variables

Recall, from Class LX, that the following are examples of linear equations in two
variables:

2x+3y=35
1—2vy-3=0
and x—0y=2 ie, x=2

You also know that an equation which can be put in the form ax + by + ¢ =0,
where a, I and ¢ are real numbers, and @ and b are not both zero, is called a linear
equation in two variables x and y. (We often denote the condition g and & are not both
zero by a* + b # (), You have also studied that a solution of such an equation is a
pair of values, one for x and the other for y, which makes the two sides of the
cquation equal,

For example, let us substitute x = | and y = 1 in the left hand side (LHS) of the
equation 2x + 3y = 5. Then

LHS = 2{1+3%1)=2+3=5,
which is equal 1o the right hand side (RHS) of the eqoation.
Therefore, x = 1 and y = 1 is a solution of the equation Zx + 3y = 3.
Now let ns substitute x = 1 and vy = 7 in the equation 2x + 3y = 5. Then,
LHS = 2 +3(N=2+21=23
which is not equal to the RHS.
Therefore, x = 1 and y = 7 is not a solution of the equation.

Geometrically, what does this mean? It means that the point (1, 1) lies on the lina
representing the equation 2x + 3y =35, and the point {1, 7) does noi Lie on it. So, every
solution of the equation is a point on the line representing it.
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In fact, thiz is true for any linear equation, that iz, each solution (x, ¥) of a
linear equation in twe variables, ax + by + ¢ = 0, corresponds te a point on the
line representing the eqnation, and vice versa,

Now, consider Equations (1) and (2) given above. These cquations, taken
together, represent the information we have abowt Akhila at the fair.

These two linear equations are in the same two variables x and y. Equations
like these are called a pair of linear equations in two variables.

Let us see what such pairs look like algebraically,
The general form for a pair of linear equations in two variables x and y is
ax+by+o=0
and ax+by+e,=0
where a,. b, ¢, a,, b,, c, are all real numbers and a] + b} 2 0, a] + b} 2 0.
Some examples of pair of linear equations in two variables are:
x+3y-T=0and 9x-2y+8=0
Sx=yand Tx+2y+3=0
x+y=Tand [T=y
Do you know, what do they look like geometrically?

Recall, that vou have studied in Class IX that the geometrical (i.c., graphical)
representation of a linear equation in two variables is a straight line. Can vou now
suggest what a pair of linear equations in two variables will look like, geometrically”?
There will be two straight lines, both to be considered together.

Yon have also stndied in Class LX that given two lines in a plane, only one of the
following three possibilities can happen:

{i) The two lines will intersect at one point.
(i} The two lines will not intersect, i.¢., they are parallel,
{iii} The two lines will be coincident.

We show all these possibiliies in Fig. 3.1
In Fig. 3.1 (a), they intersect.
In Fig, 3.1 (b), they are parallel.
In Fig. 3.1 {(c). they are coincident.
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&
F Y
b 4
v

E 3
Y

(a) (b (e
Fig. 3.1
Both ways of representing a pair of linear equations go hand-in-hand — the

algebraic and the geometric ways. Let us consider some examples,

Example 1 : Let us take the example given in Section 3.1, Akhila goes to a fair with
Rs 20 and wants to have rides on the Giant Wheel and play Hoopla. Represent this
sitmartion algebraically and graphically (geometrically).

Solution : The pair of equations formed is :
1

y= 5%
ie., x—2y=10 (1)
dx+d4v=20 (2}

Let us represent these equations graphically. For this, we need at least two
solutions for each equation. We give these solutions in Table 3.1.

Table 3.1

_
3

-

Il
b | =

i

'

|

(i) (i)

Recall from Class TX that there are infinitely many solutions of each hinear
equation. So each of you can choose any two values, which may not be the ones we
have chosen. Can you guess why we have chosen x =0 in the lirst equation and in the
second equation? When one of the variables is zero, the equation reduces to a linear
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equation in one variable, which can be solved easily. For instance, putting x =0 in
Equation (2), we getdy =20, i.e., y = 5. Similarly, putting ¥ = 0 in Equation (2}, we get

. 20 X
3.11:2[},!..&.,.1::?.31]‘;&8 ? is

not an integer, it will not be easy io

plot exactly on the graph paper. So, :
we choose y = 2 which gives x =4,

an integral value,

Plot the points A0, 0), B(2, 1)
and P(0, 5), Q(4, 2), corresponding
to the solutions in Table 3.1. Now
draw the lines AB and PO,

representing  the  equations

x—2v=0and 3x + 4y = 20, as

Fig. 3.2
In Fig. 3.2, observe that the two lines representing the two equations are

shown in Fig. 3.2

intersecting at the point (4, 2). We shall discuss what this means in the nex! section.

Lxample 2 : Romila went to a stationery shop and purchased 2 pencils and 3 erasers
for 9. Her friend Sonali saw the new variety of pencils and erasers with Romila, and
she alzo bought 4 pencils and 6 erasers of the same kind for ¥ 18. Represent this
sitnation algebraically and graphically.

Solution : Let us denote the cost of | pencil by ¥ x and one eraser by ¥ y. Then the
algebraic representation is given by the following equations:
2x+3p=9 (1
dr+6Gy= 18 (2)
To obtain the equivalent geometric representation, we find two points on the line

representing each equation. That is, we find (wo solutions of each equanon,
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These solutions are given below in Table 3.2.

% 0145
=ax] .| .
(i)
We plot these points in a graph -

paper and draw the lines, We find that -
both the lines coincide (see Fig. 3.3). 2
This is so. because, both the 3
equations are equivalent, i.e., one can -
be derived from the other,

Example 3

ihe equations :

are given in Tahle 3.3

Two rails are
represented by the equations
x4+ 2v—d=0and 2x+4y—-12=0. ¢
Represent this situation geometrically.

Solution : Two solutions of each of -

i+2y-4=10
Dx+dy—12=0

(i)

Table 3.2

Table 3.3

}F:

12— 2x

4

(i)

To represent the equations graphically, we plot the poinis R(0), 2) and 5(4, 0}, to
get the line RS and the points P(0, 3) and Q(6, 0) to get the line PQ.
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lines do not intersect anywhere, 1.e.,

they

situations which can be represented
by a pair of linear equations. We
have seen their algebraic and
geometric representations. In the

next
how

used to look for solutions of the pair
of linear equations,

1.

We observe in Fig. 3.4, thatthe ©

are parallel.

S0, we have seen several

few sections, we will discuss
these representations can be

EXERCISE 3.1
Afiab tells his danghter, "Seven years ago, [ was seven fimes as old as yon were then.
Alzo, three years from now, I shall be three times as old a8 you will be.” (Tan’t this
interesting?) Represent this situation algebraically and graphically.
The coach of a ericket team buys 3 bats and 6 balls for T 3900. Later, she buys anather

bat and 3 more balls of the same Yand for ¥ 1300, Represent this situation algebraically
and geornetmcally.

The cost of 2 kg of apples and 1kg of grapes on a day was found to be T160, After a
maonth, the cost of 4 kg of apples and 2 kg of grapes is T 300. Represent the situation
alpebraically and geometrically.

3.3 Graphical Method of Solution of a Pair of Linear Equations

In the previous section, you have seen how we can graphically represent a pair of
linear equations as two lines. You have also seen that the lines may intersect; or may
be parallel, or may coincide. Can we solve them in each case? And if so, how? We
shall try and answer these questions from the geometrical point of view in this section.

Let us look at the earlier examples one by one.

# In the situation of Example 1, find out how many rides on the Giant Wheel
Alhila had, and how many times she played Hoopla.

In Fig. 3.2, you noted that the equations representing the situation are
geometrically shown by two lines intersecting at the point (4, 2). Therefore, the
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point (4, 2) lics on the lines represented by both the equations x — 2y = 0 and
3x + 4y =20, And this is the only common point.

Let us verify algebraically that x = 4, v = 2 is a solution of the given
pair of equations. Substituting the valueg of x and y in each equation, we get
4—2x%2=0and 3(4) + 4(2) = 20. So, we have verified that x =4, y=2 iz a
solution of both the equations, Since (4, 2) is the only common point on hoth
the lines, there is one and only one solation for this pair of linear eguations
in two variables,

Thus, the number of ndes Akhila had on Giant Wheel 15 4 and the nomber
of tmes she played Hoopla is 2.

® In the situation of Example 2, can you find the cost of each pencil and each
graser?

In Fig. 3.3, the situation is geometrically shown by a pair of coincident
lines. The solutions of the equations are given by the common points.

Are there any common poinis on these lines? From the graph. we observe
that every point on the line is a common solution to both the equations. So. the
equations 2x + 3y = 9 and 4x + 6y = 18 have infinitely many solutions. This
should not surprise us, because if we divide the equation 4x + 6y =18by 2 . we
gel 2x + 3y =9, which is the same as Equation (1). That i3, both the equations arc
equivalent. From the graph, we see that any point on the line gives us a possible
cost of each pencil and eraser. For instance, each pencil and eraser can cost
T3 and ¥ respectively, Or, each pencil can cost ¥3.75 and eraser can cosi
F0.50, and so on.

® In the situation of Example 3, can the two rails cross each other?

In Fig. 3.4, the situation is represented geometrically by two parallel lines.
Since the lines do not intersect at all. the rails do not cross. This also means that
the equations have no common solution.

A pair of linear equations which has no solution, is called an inconsistent pair of
linear equations. A pair of linear equations in two variables, which has a solution, is
called a consistent pair of linear equations. A pair of linear equations which are
equivalent has infimtely many distinct common solutions. Such a pair is called a
dependenr pair of linear equaiions in rwo variables. Note that a dependent pair of
linear equations is always consistent.

We can now summarige the behaviour of lines representing a pair of linear equations
in two variables and the exisience of solutions as Tollows:
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{i) the lines may intersect in a single point. In this case, the pair of equations
hias a unique solution {consistent pair of equations).

(i) the lines may be parallel. In this case. the equations have no solution
(inconsistent pair of equations).

(iif) the lines may be coincident. In this case, the equations have infinitely many
solutions [dependent (consistent) pair of equations].
Letus now go back to the pairs of linear equations formed in Examples 1, 2, and
3, and note dewn what kind of pair they are geometrically.
(i) x=2y=0and 3x+dv=20=0 {The lines intersect)
(i) 2xr+3y-9=0and4x+ 6y - 18=0 (The lines coincide)
i) x+2y—-4=0and2x+4y - 12=0  (The lines are parallel)

" .a, b ¢
Let us now write down, and compare, the values of —-» —- and

=l
: 1
three examples. Here, a, b, ¢, and dy, h}, ¢, denote the coefficents of equations
given in the general form in Section 3.2.

in all the

Table 3.4
- G4 | A |la . .
Sl | Pairof lings 5 . Compargthe | Graphieal Algehraic
Mo, : 2 ratios represeniation finferpretation
1| =) o |m &
I |x=2y=0 E e E —— g Intersecting |Exactly ane
Ix+4y-20=0 4 % lines solution
{unique)
slaenasg | & 2| = i_i_i[?' ident  [Infinitely
y=0= i = [ =% — . |Comciden L
4 [ -8 (273 @ L= 3 i
Ax+6y- 1820 lines lman}r solonons
3 i |22 = izﬂ*c_ll’amﬂellin No soluti
| a2y —4= 5 3 ~12 | a b: & es [No solution
2x+dy—12=0

FFrom the table above, you can obgerve that if the lines represented by the equation
gx+by+c =0

and aIx—I-hk}H—:‘z:U
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] b
are (i) intersecting, then i M
4 b

()} coincident, then a_h_qg,
4 b o

(i) parallel, then e b =,

y Cy

In fact, the converse is also true for any pair of lines. You can verify them by
considering some more examples by vourself.

Let us now consider some more examples to illustrate it,

Example 4 : Check graphically whether the pair of equations

x+3y=10 (1)
and 2x=-3y=12 (2)
is congistent. If so, solve them graphically.

Solution : Let ug draw the graphs of the Equations (1) and (2). For this, we find two
solutions of each of the equations, which are given in Table 3.5

Table 3.5
X f] 6 g : :
i 2x-12
i 31 AR ¥= kq 4 | =2
Plotthe points A0 21 BG.0%

P(0, — 4) and Q(3, — 2) on graph
paper, and join the points to form the
lines AB and PQ as shown in
Fig. 3.5

We observe that there is a point
B (6, 0) common to both the lines
AB and PQ). S0, the solution of the
pair of linear equations is x= 6 and L
y=10, i.e., the given pair of equations
is consistent,

Fig. 3.5



48 Mamuewanics

Example 5 : Graphically, find whether the following pair of equations has no solution,
unigue solution or infinitely many solutions:

5x—8y+1=0 (1)
3 s +§ 0 (2
X~ oY g = )
Solution : Multiplying Equation (2) by 3 we get
Sx-8y+1=10

Bui, this is the same as Equation (1). Hence the lines represented by Equations (1)
and (2} are coincident. Therefore, Equations (1) and (2) have infinitely many solutions.

Plot few points on the graph and verify it yourself,

Example 6 : Champa went to a *Sale’ to purchase some pants and skirts. When her
friends asked her how many of each she had bought, she answered. “The number of
skiris is two less than twice the number of pants purchased. Also, the number of skirts
is four less than four times the number of pants purchased”. Help her friends to find
how many pants and skirts Champa bought.

Solution : Let us denote the number of pants by« and the number of skirts by v Then
the equations formed are :

y=2x=2 (1)
and y=dx—4 (2}

Let us draw the graphs of
Equations (1) and (2) by finding two
solutions for each of the equations.
They are given in Table 3.6,

Table 3.6

Fig. 3.6
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Plot the points and draw the lines passing through them to represent the equations,
as shown in Fig. 3.6.

The two lines intersect at the point {1, 0). So, x= 1, y = 0 is the required solution
of the pair of lincar equations, i.¢., the number of pants she purchased i3 1 and she did
not buy any skirt,

Verify the answer by checking whether it satisfies the condiiions of the given
problem.

EXERCISE 3.2

1. Form the pair of linear eguations in the following problems, and find their solutions
graphically.

Gy 10swmdents of Class X wok part in a Matheraatics quiz, If the number of girls 15 4
meore than the number of boys, find the number of boys and girls who took part in
the quiz,

(ii} 5 pencils and 7 pens together cost § 50, whereas 7 pencils and 5 pens together
cost ¥ 46. Find the cost of one pencil and that of one pen.

2. On comparing the ratios :J; gl— and zl , find out whether the lines representing the
i
following pairs of linear equatiﬁlns intersect at a poini, are parallel or coingident:
i} Sx—4y+8=0 (m Sx+3y+12=0
Te+y—=9=0 182+ 6y 24=0
{ii} Ge—3y+10=0
2x—y+9=0

&y b c
3. On comparing the ratios f—- E‘- and Ei“ find out whether the following pair ol linear
2 iy

equations are consistent, or inconsistent.
i} 3x+2y=5: Ze=3p="T (i) 2x-3y=8§, 4x—Gp=9

] %x-v %y =7:0e-T=14 (v) Sxe=3y=11; - Wx+6y==22

4
(v) X+ Ir=8; 2ee2y=12

4. Which of the following pairs of linear equations are consistent/inconsistent? If
congistent, obtain the solution graphically:
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i} x+y=35, 2x+2y=10
(i} x-y=8, Je-3y=16
(i) 2x+y-6=0, dx-2y-4=10
() 2x=2p=2=0), #dx—d4y—5=0
5. Half the pertmoeter of a rectangular garden, whose length is 4 o more than its width, is
36 m. Find the dimengions of the garden.
6. Given the linear equation 2x + 3y — 8 =10, write another linear equation in two variables
such that the geomeirical representation of the pair so formed is:
(i) intersecting lines (iiy parallel lines
iiii} coincident lines
7. Draw the graphs of the equations x —y + 1 =0 and 3x + 2y — 12 = (), Determine the

coordinates of the vertices of the triangle formed by these lines and the y-axis, and
ghade the wriangular region.

3.4 Algebraic Methoeds of Solving a Pair of Linear Equations

In the previous section, we discussed how to solve a pair of linear equations graphically.
The graphical method is not convenient in cases when the point representing the

solution of the linear equations has non-integral coordinates like (-uﬁ, W7 )

13 19

such coordinates. Is there any alternative method of finding the solution? There are
several algebraic methods, which we shall now discuss.

4 1
{-1.75, 3.3}, [— e ] . et¢. There is every possibility of making mistakes while reading

3.4.1 Substitution Method : We shall explain the method of substitution by taking
some examples.
Example 7 : Solve the following pair of equations by substitution method:
Tx—15y=2 (1)
x+2y=3 (2)
Solution :
Step 1 : We pick either of the equations and write one variable in terms of the other.
Let us consider the Equation (2)
x+2y=3
and wrile il as x=3=2y 3)
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Step 2 : Substitute the value of x in Equation (1). We get
HWI-2¥)}—15v=2

ie 21 - 14y - 15y =12

ie., -~ 29y = 19

Therefore, y= 2
29

Step 3 : Substimting this value of y in Equation (3), we get

19 49
x=193- 2(3{:‘3]— 29

i 49 19
Therefore, the solutbon is x = 29 = 3"
T - 49 19 , :
Verification : Substituting x= 79 andy= 5g *youcan verify that both the Equations

(1) and (2) are sausfied.

To understand the substitution method more clearly, let us consider 11 stepwise:
Step 1 : Find the valve of one vaniable, say;_.lin terms of the other vanable, 1.e., x from
either equation. whichever is tonvenient.

Step 2 : Substitute this value of y in the other equation, and reduce it to an equation in
onevariable, ie. interms of x, which ¢an be solved. Sometimes, as in Examples 2 and
10 below, you can get statements with no variable. If this statement is true, you can
conclude that the pair of linear equations has infinitely many solutions. If the statement
is false, then the pair of linear equations is inconsistent.

Step 3 : Substitute the value of x (or ¥) obtained in Step 2 in the equation used in
Step 1 tw obtain the value of the other variable.

Remark : We have substitnted the value of one variable by expressing it in terms of
the other variable 1o golve the pair of linear equations. That is why the method is
known as the substifution mefhod.

Example § : Solve Q.1 of Exercise 3.1 by the method ol substitution,

Solution : Let s and ¢ be the ages (in vears) of Altab and his daughter, respectively.
Then. the pair of linear equations that represent the situation is

Fs—T=T{-T,le,5-Tt+42=0 (13
and s+3=30t+3,1e,.5-3=06 (2)
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Using Equation (2}, we get s = 3r+ 6.
Putting this value of 5 in Equation (1), we get
(3t+06)-Tr+42=10,
1e.. 4r= 48, which givesr= 12,
Putting this value of rin Equation (2), we get
§=3(12)+6=42

S0, Aftab and his daughter are 42 and 12 vears old, respectively.

Verify this answer by checking if it satisfies the conditions of the given problems.
Example 9 ; Let us consider Example 2 in Section 3.3, i.e., the cost of 2 pencils and

3 erasers is ¥9 and the cost of 4 pencils and 6 erasers is ¥ 18, Find the cost of each
pencil and each eraser.

Solution : The pair of linear equations formed were:

2x + 3;_5: =5 i1}

4x + Giy= 18 (2)
We [irst express the value of x in terms of y [rom the equation 2x + 3y =9, (o get

9-3
= T}I (3}
Now we substitute this value of x in Equation (2), to get
4(9 — 3y)
2

ie., I8 —Gv+oy= 13
1e., 18= 13

This statement is true for all values of y. However, we do not get a specific value
of y as a solution. Therefore, we cannot obtain a specific value of x. This situation has
arisen beause both the given equations are the same. Therefore, BEquations (1) and (2)
have infinitely many solutions. Observe that we have obtained the game solution
graphically also. (Refer wo Fig. 3.3, Section 3.2.) We cannot find a unigue cost of a
pencil and an eraser, becanse there are many common solutions, to the given sifuation.

Example 10 : Let us consider the Example 3 of Section 3.2. Will the rails cross each
other?
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Solution : The pair of linear equations Tormed were:

x+2y—4=10 (1
x+4y-12=10 (2)
We express x in terms of y from Equation (1) to get
x=4=2y

Now, we substitute this value of xin Equation (2) to get
Wd—-2y)+dy—-12=0
e, 8-12=10
i.e, —4=10
which is a false slatement,
Therefore, the equations do not have a common solution. So, the two rails will not
cross each other,

EXERCISE 3.3
1. Solve the following pair of insar equations by the subsutuiion method,

i) z+y=14 (i) s—1=3
TR |
— Tt = —_—t—= 6
r-y=4 373
i) 3—y=3 Gv) 0:22+03y=13
Yx—Gy=9 Odx+05y=23
3z 5
() 2a+3y=0 o5 5 =—2
S b
= is — =
Jix \"E}'—ﬂ 3 R
2. Solve 25+ 3y = 11 and 2x - 4y = — 24 and hence find the value of ‘m* for which
y=mx+3.

3. Form the pair of lincar equations for the following problems and find their solution by
substitution method,
(i} The difference berween two numbers is 26 and cne number is three times the other.
Find them.
(i} The larger of two supplementary angles exceeds ihe smaller by 18 degrees. Find
therm.

(it The coach of a cricket 1eam buys 7 bais and & balls for T 3800, Later, she buys 3
bats and 3 balls for ¥ 1750, Find the cost of each bat and each ball.



54 Mamuewanics

iiv) The taxi charges in a city congist of a fixed charge together with the charge for the
distance covered. For a distance of 10 km, the charge paid is ¥ 105 and fora
journey of 15 km, the charge paid is T 155, What arc the fixed charges and the
charge per km? How much does a person have to pay for travelling a distance of
25km? 9

(v} A fraction bgcomes ﬁ ,Af 2 13 added to both the numerator and the denominator.

If, 3 is added o both the numerator and the denominator it becomes g . Find the
fraciiomn.

ivi} Five years hence, the age of Jacob will be three times that of his son. Five years
ago, Jacob's age was seven times that of hig son. What are their present ages?

3.4.2 Elimination Method

MNow let us consider another method of eliminating (i.e., removing) one variable. This
is sometimes more convenient tham the substitution method. Let us see how this method
works,

Example 11 : The ratio of incomes of two persons is 9 : 7 and the ratio of their
expenditures is 4 : 3. If each of them manages to save ¥ 2000 per month, find their
monthly incomes.

Solution : Let us denote the incomes of the two person by ¥ 9x and ¥ 7x and their
expenditures by ¥ 4y and T 3y respectively. Then the equations formed in the situation
1sgiven by :

Ox — 4y = 2000 (1
and Tx = 3y = 2000 (2)

Step 1 : Multiply Equation (1) by 3 and Equation (2) by 4 to make the coefficients of
y equal. Then we get the equations:

27x — 12y = G000 (3)
28x = 12y = BOOO 4)

Step 2 : Subtract Equation (3) from BEquation (4) to eliminare y, becanse the coefficients
of v are the same. 50. we get

{28x = 27x) = (12y = 12y) = 8000 - 6000
ie. x = 2000
Step 3 : Substituting this value of x in (1), we get
9(2000) - 4y = 2000
1e., v = 4000
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So, the solution of the equations 15 x = 2000, ¥ =4000. Therefore, the roonthly incomes
of the persons are ¥ 18,000 and T 14,000, respectively.

Verification : 18000 : 14000 = 9 : 7. Also, the ratio of their expenditures =
15000 — 2000 ; 14000 - 2000 = 16000 : 12000=4:3

Remarks :
1. The method used in solving the example above is called the efimination method,
because we eliminate one variable first. to get a linear equation in one variable.

In the example above, we eliminated ¥. We could also have eliminated x. Try
doing it that way,
2. You could also have used the substitution, or graphical method, to solve this
problem. Try doing o, and see which method is more convenient.
Let us now note down these steps in the elimination method :
Step 1 : First multiply both the equations by some suitable non-zero constants to make
the coefficients of one variable (either x or v) numerically equal.

Step 2 : Then add or subtract one equation from the other so that one variable gets
climinated. If you get an equation in one variable, go to Step 3.

If in Step 2, we obtain a true statement involving no variable, then the original
pair of equations has infinitely many solutions.

TFin Step 2, we obtain a false statement involving no vanable, then the original
pair of equations has no solution, i.e., it is inconsistent,
Step 3 : Solve the equation in ome variable (x or y) so obtained to get its value,

Step 4 : Substitute this value of x (ory) in either of the original equations to get the
value of the other variable,

Now to illustrate it, we shall solve few more examples.

Example 12 : Use elimination method to find all possible solutions of the following
pair of linear equations ;
2e+3y=28 (1}
de+b6y=17 2}
Solution :

Step 1 : Multiply Equation (1) by 2 and Equation (2) by 1 to make the
coefficients of x equal. Then we get the equations as :

dx+ 6y = 16 (3)
dx+by=7 4
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Step 2 : Subtracting Equation {(4) from Equation (3),

(4x —dx) + (6y—-6v)= 16-7
1.e., 0= 9, which iz a false statement,
Therefore, the pair of equations has no solution.

Example 13 : The sum of a two-digit number and the number obtained by reversing
the digits is 66. If the digits of the number differ by 2. find the number. How many such
numbers are there?

Solution : Let the ten’s and the unit’s digits in the first nurmber be x and y, respectively.
So. the first number may be written as 10x 4+ ¥ in the expanded form (for example,

56 = 10(5) + 6).

When the digits are reversed, x becomes the unit’s digit and v becomes the ten’s
digit. This number, in the expanded notation is 10y + x (for examyple, when 56 is
reversed, we get 65 = 1{6) + 5).

According to the given condition.

(10 + y) + (10y +x) = 66
ie. ix +v)= 66
1.€.. x+y==0 {1}
We are also given that the digits differ by 2, therefore,
either x=y=12 (2)
or y=x=2 (3)

If x — v =2, then zolving (1} and (2} by elimination. we geta =4 and v = 2.
In this case, we get the number 42,

If y —x = 2, then solving (1) and (3) by elimination, we getx=2 and v=4.
In this case. we get the number 24.
Thus, there are two such numbers 42 and 24,
Verification : Here 42 + 24 =60 and4 -2=2 Also 24 +42 =6band 4 -2=12,

EXERCISE 3.4
1. Solve the following pair of inear equations by the elirdnation method and the subzitution
method ;
(i) x+y=5 and Zx-3y=4 () 3x+dy=10 and 2x-2y=2

S I
i) 3x—35p-4=0 gnd Yr=2y+7 (iv) 2 +?y=-lﬂﬂ'jx-§:3
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2. Form the pair of linear cquations in the following problems, and find their solutions
(if they exist} by the elimination method :

i Ifweadd | tothe numerator and subtract | from the denominator, A fraction reduces
1
2

(if} Fiveyears ago, Nuri was thrice as old as Sonw, Ten vears later, Nun will be twice as
old as Somu. How old are Nuri and Senu?

to 1. It becomes — if we only add 1 to the denominator, What is the fraction”?

(it The sum of the digits of a two-digit number iz 9. Also, nine times this nunber is
rwice the number obtained by reversing the order of the digits. Find the number.

(v} Meena went 10 a bank to withdraw ¥ 2000, She asked the cashier to give her
750 and 100 nows only. Meena got 25 notes in all, Find how many notes of
F30and T 100 she received,

(v} A lending library has a fixed charge for the first three days and an additional charge
foreach day thereafter, Saritha paid ¥27 for a book kept for seven days. while Susy
paid ¥ 21 for the book she kept for five days. Find the fixed charge and the charge
for each exira day,

3.4.3 Cross - Multiplication Method

So far, you have learnt how to solve a pair of linear equations in two variables by
graphical, substitution and ehmination methods. Here, we introduce ome more algebraic
method to solve a pair of linear equations which for many reasons is a very useful
method of solving these equations. Before we proceed further, let us consider the
following situation.

The cost of 5 oranges and 3 apples is T 35 and the cost of 2 oranges and 4 apples
is T28. Let us find the cost of an orange and an apple.

Let us denote the cost of an orange by 7 x and the cost of an apple by #v. Then,
the equations formed are :

Sx+3y=135 ie,524+3y-35=0 (1)
2x+4y= 25 1e,2x4+dy-28=10 2}
Let us use the eliminaton method to solve these equations.
Multiply Equation (1) by 4 and Equation (2) by 3. We get
(D)5 + D3y + (4)-35 =0 (3)
(32 + (Dd)y + (3)(-28) = 0 (4)
Suobtracting Equation (4) from Equation (3), we get
[(5)(4) — (3N2)hx + T(4)(3) — (3N)]y + [4(-35) — (3N-28)] =0
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_ —[4-35) - (3)(-28)]
- (5)4) —(2)

()28 ~(H(=35)
T 5 - (06
If Equarions (1) and (2) are written as a x+ by +c¢, =0and ax+ by + ¢, = 0.
then we have
a=5%b=3¢=-35a=2b=4.c=-28

Therefore,

ie.. (5)

Then Equation (5) can be written as x = LS \
aby — ayhy

i Ly — Cydy
Similarly, you can get y= ;1bz_£2bl
By simplyfing Bquation (5), we get

. -84 +140 4
T20-6
Similarly. _ 32 -6)-28) 70+ 140
206 14

Therefore, x =4, ¥ = 5 is the solution of the given pair of equations.

Then, the cost of an crange is ¥ 4 and that of an apple is T3,

Verification : Cost of 5 oranges + Cost of 3 apples = ¥ 20 + T 153 = ¥35. Cost of
2 oranges + Costof 4 apples= T8 + T20= T28

Let us now see how this method works for any pair of linear equations in two
variables of the form
ax+by+e¢ =0 (1)

and ax+hby+e,=10 (2)
To obtain the values of x and v as shown above, we [ollow the following steps:

Step 1 : Multiply Equation (1} by b, and Equation (2 by b,. to get
bax+bby+be =0 3)
bax+bby+bec,=0 )

Step 2 : Subiracting Equation (4) from (3), we gel:

(ba,-ba) x+(bp -bb,)y+ (be~-bec)=0
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e (ba, —ba) x = b, - by,
b, — e
So, yu SGTHG ,provided a b, —ab #0  (5)
by — by
Step 3 : Substitating this value of x in (1) or (2), we get
Gy — G38)
Y s {3
by — aghy
Now, two cases arise |
Case 1: ab, —ab, #0.In this case i 5 . Then the pair of linear equations has
a unique solution, S
Case 2 : ab, —ab =0 If we write 2 :ﬂ=k cthena =ka,b =kb,
G
Substituting the values of a, and b, in the Equation (1), we get
klax+by)+c =0 (T
It can be observed that the Equations (7) and (2) can both be satisfied only if
c,=kc, Le. ;—:= k.

Il ¢, = ke, any solution of Equation (2) will satisfy the Equation (1), and vice

versa. So, if 2L = b =51 — &, then there are infinitely many solutions to the pair of
o b oG
linear equations given by (1) and (2).

I ¢, # k¢, then any solution of Equation (1) will not satisfy Equarion (2} and vice
versa. Therefore the pair has no solution,

We can summarise the discussion above for the pair of linear equations given by
(1) and (2} as follows:

; ! b . .
(i) When - # -, we get a unigue solution.
L) ]
i a h c g ; .
{ii) When =1 = —lftharﬂ are infinitely many solutions.
fy Dy Oy

. a b ¢ ) .
{il) When — = —L # L there is no solution.
a, ;
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Note that you can write the solution given by Equations (5) and (6) in the
following form :

x L 1

= — B
by ~bye,  om —ca ab —ah ®

In remembering the above result, the following diagram may be helpful to

£ v I
b I X {:I X ﬂl X bl
bi‘- S 4, b]
The arrows between the two numbers indicate that they are to be multiplied and
the second product is to be subtracted from the first.
For solving a pair of lincar equations by this method, we will follow the following

sIeps :
Step 1 : Write the given equations in the form (1) and (2).

you :

Step 2 : Taking the help of the diagram above, write Equations as given in (8).

Step 3 : Find x and y, provided g b,—a,b # 0

Step 2 above gives you an indication of why this method is called the
cross-multiplication methed.

Example 14 : From a bus stand in Bangalore , if we buy 2 tickets to Malleswaram and
3 tickets to Yeshwanthpur, the total costiz T 46; but if we buy 3 tickets to Malleswaram
and 5 tickets to Yeshwanthpur the total cost 18 ¥ 74. Find the fares from the bus stand
to Malleswaram, and to Yeshwanthpur.

Solution : Let ¥ x be the fare from the bos stand in Bangalore to Malleswaram, and
7 v to Yeshwanthpur. From the given information, we have

2x+ 3y =46, ie. 2x+3y-46=0 (L)
3x+5v=T4, 1e, Ix+5v-T74=0 (2)

To solve the equations by the cross-multiplication method, we draw the diagram as

given below. - ¥ |
3 - 46 2 3
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x v 1
Th - : = _
e () (—T4) — (5)(—46) ~ (—46)3) - (—74)(2)  (2)5) - (B)3)
ie 2 = Y —ds
Tty ~222+230 —13R+148 10-9
; x oy 1
108, g = ID { |
: x 1 2 L
ie. E—lr;u'u:l 10 = 1
ie., x=8and y=10

Hence, the fare from the bus stand in Bangalore to Malleswaram is T 8 and the fare to
Yeshwanthpuris T 10,

Verification : You can check from the problemn that the solution we have got is correct.
Example 15 : For which values of p does the pair of equations given below has unique

solution?
dy+py+8=10

x+2y+2=10
Solution : Here g =4.a,=2, b =p. b, = 1.

_ _ _a
Now for the given pair to have a unique solution : — # —-
3

4
Le., E # g
Ligis p# 4.

Therefore, for all values of p, exceprt 4. the given pair of equations will have a unique
solution,

Example 16 : For what values of k will the following pair of linear equations have
infinitely many solutions?
kx+3y-k-3)=0
1224+ ky - k=0

E b 3 =3
Solution : Here, e ECCA L SPL L BN
ﬂ] 12 bl k 1:2 k.

_q

Cx

For a pair of linear equations to have infinitely manv solutions :

\}T—' ||—I:r

L3
fy
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k 3 k-3
S0, we need 1—2': I_T
k 3
o, E = E
which gives =36, ie,.k==0,
3 k=13
Also, I = P

gives 3k =k - 3k, i.e, 6k = & which means k=0 or k= 6.

Therefore, the value of , that satisfies both the conditions, is & = 6. For this valoe, the
pair of linear equations has infinitely many solutions.

EXERCISE 3.5

1. Which of the following pairs of lincar equations hag unique solution, no solution, or
infimitely many solutions. In case there is a unique solution, find It by using cross
multiplication method.

@) x=3p=3=0 () 2x+y=3
I-9y-2=0 I+ 2y=8

(i) 3x—35y=20 fivi x-3y-7=0
fx— 10y=40 Ix=3y-15=0

2 (i) Forwhich valaes of o and b does the following pair of linear equations have an
infinite number of solutions?

2+ Iy=T
a-bx+la+bhy=3a+b-2
{ii) For which value of &k will the following pair of linear equations have no solution?
Ix+y=1
(k- z+k—1)p=2k+1

3. Solve the following pair of linear equations by the substitution and crogs-multiplication
methods :

Br+5y=0
Jx+dv=4

4. Form the pair of linear ecquations in the following problems and find their solutions (if
they exist) by any algebraic method :
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i} A part of monthly hostel charges is fixed and the remaining depends on the
number of days ong has taken foad in the mess. When a student A takes food for
201 davs she has to pay ¥ 1000 as hostel charges whereas a student B, who takes
food for 26 days, pays T 1180 as hostel charges: Find the fixed chargss and the
cost of fond per day.

1 1
(i} A fracton becomes 3 when 1 is subtracted from the numerator and it becornes T

when 8 18 added 1o 115 denominator, Find the fraction,

(i} Yash scored 40 marks in a test, geiting 3 marks for each right answer and losing |
mark for each wrong answer, Had 4 marks been awarded for each correct answer
and 2 marks been deducted {or each incorrect answer, then Yash would have
scored 50 marks. How many questions were there in the test?

(v} Places Aand B are 100 kom apart on a highway. One car starts from A and another
from B at the same tine. If the cars travel in the same direction at different speeds.
they meet in 3 hours. If they trave] towards each other, they meet in 1 hour. What
are the speeds of the two cars?

(v} The arca of a rectangle gots reduced by 9 square units, if its length is reduced by
5 unils and breadth is increased by 3 units. If we increase the length by 3 units and
the breadth by 2 units, the arca incroases by 67 square units, Find the dimenzions
ol the rectangle.

3.5 Equations Reducible to a Pair of Linear Equations in Two Variables

In this section. we shall discuss the solution of such pairs of equations which are not
lingar but can be reduced o lingar form by making some suitable substitutions. We
now explain this process through some examples,

Example 17 : Solve the pair of equations:

+

et [ ong [

= 13

=_-32

Hlt o w |

Solution : Let us write the given pair of equations as
1 1

2(—]+ 3(—} = 13 (1)
X ¥
x v

(2)
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These equations are not in the form ax + by + ¢ = . However, il we substitute
| | . .
—=pand —=g 1n Equations (1) and (2), we get
X ¥

Ip+3g= 13 (3)
Sp-4g=-—12 (4)

S0, we have expressed the equations as a pair of linear equations. Now, you can use
any method to golve these equations, and get p=2, g = 3.

1 1
You kmow that p = = and g = ;

Substitute the values of p and g to get

=3,ie,y=—

1 |
—=2, e, x=— and —
2 ¥ 3

x
- 5 I B ; ;
Verification : By substituting x=— and y= = im the given equations, we find that
both the equations are satisfied.

Example I8 : Solve the following pair of equations by reducing them to a pair of
lincar equations :
5 1
—_
-1 y-2
[ 3

=1 =2

Il
b3

I 1
Solution : Letusput 7 =7 and o =4, Then the given equations

5‘[_1_ e
x=1 }—2:2 o
l 1
6 =3 s
[x—l] [J'—l]" @)
can be wrillen as : Sp+g=2 (3

bp—3g=1 4
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Equations (3) and (4) form a pair of linear equations in lhri: general f-::irm. Now,

you can use any method to solve these equations, We gei p= - andg= -

3 3
Now, substituiing

for p, we have

x_

L

x-1" 3
ie., x—1l=3 1e, x=4
Stroilarly, substituting | 3 for g. we get

}| .
L 1

¥=2 3

ie., 3= y-2, ie,y=5

Hence, x =4, y = 3 is the required solution of the given pair of equations.

Verification : Substitute x = 4 and ¥ = 5 in (1) and (2) to check whether they arc
satishied

Example 19 : A boat goes 30 km
upstream and 44 km downziream in
10 hours. In 13 hours, it can go
40 km upstream and 55 km
down-stream. Determine the speed
of the stream and that of the boat in
stll wazer.

Solution : Let the speed of the boat
in still water be x km/h and speed of
the stream be y km/h. Then the
speed of the boat downstream

= (x+ y) km/h,
and the speed of the boat upstream = (x — v} kin/h

distance
peed
In the first case, when the boat goes 30 km upstream,. let the time taken, in hour,
be ¢,. Then
1

Also, time =
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Let 1, be the time, in hours, taken by the boat to go 44 km downstream. Then

Iy = il The total time taken, £, + £,,18 10 hours. Therefore, we get the equation
4+ ¥
30 44
—tt = 10 (1)
X—y x+¥

In the second case, in 13 hours it can go 40 km upstreamn and 55 km downstream. We
get the equation

4
0 o33 ye )
j—}l' I+J.-'
! =y and =Y .
Put i Tty (3)

On substituting these values in Equations (1) and {2). we get the pair of linear
equations:

0u+44v=10 or Wu+44-10=0 (4)
A0u + 55v =13 or 4Du+55v-13=0 (5)
Using Cross-multiplication method, we get
u v 1
44(=13)—55(—10) _ 40(=10) —30(-13) 30(55) — 44(40)
i ] Voo 1
ie. —22 T -10 110
] 1 |
ie. u= 3 v=17
Now pul these values of u and v in Equations (3), we get
11 L1
I—}’zg & -’f"“}'_ﬁ
ie., x—y=5and x+y=11 (6)
Adding these equations, we get
2= 16
ie.. i=8

Subtracting the equations in (6), we get
2y="H
ie., y=3
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Hence, the speed of the boat in still water is 8 knn/h and the speed of the stream
iz 3 kkm/he

Verification : Verify that the solution satisfies the conditions of the problem.

EXERCISE 3.6

1. Solve the following pairs of eqoations by reducing them to a pair of linear equations:

1 1 2 3
i} —t — =1 (@) —t—=12
2x 3y Jx J;
13 4 9
e b i = B A T, |
x 2y 6 Jr Jy
4 3 1
i _— — Y + :2
Gy —+3y=14 ) Y17 52
_4 _-33 _EI_ - _3’_ =
i el x—1 y-12
Ta— 2y :
) —==:J (vi) fix+3y=>Goy
x
Bx + Ty
= =15 2+ dy =Sy
1
) e 2 (vi) S S
Ity E-¥ 3x+y 3dz—-y 4
15 s P R |
x+y x=-¥% 23x+v) 2lt-y) 8

2. Formuplate the following problems as a pair of equations, and hence find their solotions:

(i) Ritmcanrow downstream 20 km in 2 hours, and upstream 4 km in 2 hours, Find her
speed of rowing in still water and the speed of the current.

(it 2 women and 5 men can together finish an embroidery work 4 days, while 3
women and 6 men can finish it in 2 davs. Find the time taken by | woman alone w
finish the work, and also that taken by | man alome.

i) Roohi fravels 300 km to her home partly by train and parily by bus, She takes 4
hours if she travels 60 km by train and the remaining by bus, If she vavels 100 km
by train and the remaining by bus, she takes 10 minotes longer. Find the speed of
the train and the bos separately.
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XERCISE 3.7 (Optional)#

1. The ages of two friends Ani and Biju differ by 3 years. Ani's father Dharam is twice as old
as Ani and Biju is twice as old as his sister Cathy. The ages of Carthy and Dharam differ
by 30 years. Find the ages of Ani and Biju.

2. One says, "Give me a hundred, friend! T shall then become twice as rich as yoo™. The
other replies, “Tf you give me ten, T shall be six times as rich as you™, Tell me what is the
amount of their (respective) capital? [From the Bijaganita of Bhaskara IT]

[Hint ; £+ 100=2{v— 100}, y+ 10=6(x—10}],

3. A train covered a certain distance at-a umform speed, IF the train would have been
10 km/h faster, it would have taken 2 hours less than the scheduled time. And, if the rain
were slower by 10 kem/h; it would have taken 3 howrs more than the scheduled time. Find
the distanco covered by the train.

4, The students of 4 class are made o stand 1n rows, I 3 students are exira in a row, there
would be 1 row less, If 3 students are less in a row, there wouold ba 2 rows more. Find the
number af students in the ¢lass.

. InaAABC, £ C=3B=2(< A+ £ B). Find the three angles.

6. Draw the graphs of the equations 31 - ¥ = 5 and 3x =y = 3. Determine the co-ordinates of

the vertices of the triangle formed by these lincs and the y axis.

7. Solve the following pair of linear equations:

L

(i) px+gy=p-g iy ax+hy=c
gr—py=p+g bx+ay=1+¢
x ¥

@@y ——5=0 (iv) (a—bic+(a+b) y=a*-2ab-b*
ax + by =t + bt (a+b)z+yi=p'+b?

(V) 152¢—378y=-T4
_378x + 152y =— 604

8. ABCD it a cvelic quadrilateral (see Fig. 3.7)
Find the angles of the cvelic yuadrilateral.

* These exercises are not from the examination point of view.
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3.6 Summary
In lig chapter, you have stuched the following points:
1. Two linear equations in the same two variableg are called a pair of linear equations in two
variables. The most general form of a pair of limear equations is
ax+by+e,=0
ax+by+c,=0
where @, a,. b, b,, ¢, ¢, are real numbers, such that a'f + E:,l =0, ﬂ}: +F bf # [,
2. A pair of linear equations in two variables can be represented, and solved, by the:
i1}y graphical method
(it} algeiraic method
3. Grophical Medhod ;
The graph of a par of linear cquations in two variables 18 represented by two lines.
(i} Tf the lines intersect af & peini, then that peini gives the unique solution of the two
equations. In this case, the pair of equations is consistent.
(ii} If the lines coincide. then there are infinitely many solutions — each point on the
ling being a solution. Tn this case, the pair of eguations is dependent (consistent).
(i} 1f the lines arc parallel, then the pair of cquations haz no solution. In thiz case, the
pair of equations 1s inconsistent,
4. Algebraic Methods : We have discussed the following methods for finding the solution(s}
of a pair of linear equationg :
(i} Substitution Method
(i Eliminaton Method
(iii} Cross-roaltplication Method
5. Ifapair of linear equations is given by ax + by + ¢, =0and ax+ by +¢, =0, then the
following situations can arise

i 4 22 Inthis cage, the pair of linear equations is conaistent,
1

Lo
L4 _ b g : ; : £ Ey :
(it — = # " :Inthis case. the pair of linear equations is inconsistent.
4G b
o6 _B_q : R . . -
iy —= E = — : In this case, the pair of linear equations is dependent and consistent.
d; Oz

6. There are several situations which can be mathematically represented by two equations
that are not Tingar to start with, But we alter them so that they are reduced to a pair of

lingar equations,
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QuADRATIC EQUATIONS

4.1 Introduction

In Chapter 2, you have stdied different types of polynomials. One type was the
quadratic polynomial of the form ax? + bx + ¢, a 2 0. When we equate this polynomial
to zero, we get a quadratic equation. Quadratic equations come up when we deal with
many real-life situations. For instance, suppose a
charity trust decides o build a prayer hall having
a carpet area of 300 square metres with its length 300 m?
one metre more than twice its breadth. What
should be the length and breadth of the hall?

Suppose the breadth of the hall is x metres. Then, 2x+1
its length should be (2x + 1) metres. We can depict E

this information pictorially as shownin Fig. 4.1, Fig. 4.1
Maow, area of the hall = (2Zx + 1), x m2 = (Zx? 4+ x) m*

So, 2xt +x = 300 (Given)

Therefore, 2 +x=300=0

So, the breadth of the hall should satisfy the equation 2 + x — 300 = 0 which isa
quadratic equation,

Many people believe that Babylonians were the [irst to solve quadratic equations.
For instance, they knew how to find two pogitive nurabers with a given positive sum
and a given positive product, and this problem is equivalent to solving a quadratic
equation of the form »# — gx + g = 0. Greek mathematician Euclid developed a
geometrical approach for finding ont lengths which, in our present day terminology,
are solutions of quadranic equations. Solving of quadratic equations, in general form, 15
often credited to ancient Indian mathematicians, In fact, Brahmagupta (C.E.598-663)
gave an explicit forroula to solve a quadratic equation of the form ax® + bx = ¢. Later,
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Sridharacharya (C.E. 1025} derived a formula, now known as the quadratic formula,
(as quoled by Bhaskara IT) for solving a quadratic equation by the method of completing
the square. An Arab mathematician Al-Khwarizmi (about C.E. 800) also studied
guadratic equations of different types. Abraham bar Hiyya Ha-Nasi, in his book
‘Liber embadorum’ published in Europe in C.E. 1145 gave complete solutions of
different quadratic equations.

In this chapter, you will study quadratic equations, and various ways of finding
their roots. You will also see some applications of quadratic equations in daily life
situations,

4.2 Quadratic Equations

A quadratic equation in the variable x is an equation of the form & + bx+ c=0), where
a, b, ¢ are real numbers, g # 0. For example, 222 +x — 300 = 0 is a quadratic equation.
Similarly, 2x2 — 3r + 1 =0, 4x — 3x*+ 2=0and 1 — x* + 300 = 0 are also quadratic
equations,

In fact, any equation of the form p(x) = (). where p(x) is a polynomial of degree
2, is a quadratic equation. But when we write the terms of p(x) in descending order of
their degrees, then we get the standard form of the egoation. Thatis, m@ +bx+ c=0,
a # 0 is called the standard form of a gquadratic equation.

Quadratic equations arise in several situations in the world around us and in
different fields of mathematics. Let us consider a few examples.
Example 1 : Represzeni the following situations mathematically:

(i) John and Jivand together have 45 marbles. Both of them lost 5 marbles each, and
the product of the number of marbles they now have is 124. We would like to find
out how many marbles they had (o start with.

(i) A cottage industry produces a certain number of toys in a day. The cost of
production of each toy (in rupees) was tound to be 55 minus the number of toys
produced in a day. On a particular day, the total cost of production was
Rs 750. We would like to find out the number of toys produced on that day.

Solution :
(iy Let the number of marbles John had be x.
Then the number of marbles Jivanti had = 45 — x (Why7).
The number of marbles left with John, when he lost 5 marbles =+ — 5
The number of marbles left with Jivanti, when she lost 5 marbles =45 -x -5
=40 -x
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Therefore, their product = (x — 5) (40 — x)
=405 — x* - 200 + 5x
— xt + 45— 200
S0, ~ 32+ 45 -200= 124 (Caven that product = 124)
ie. —x2445¢-324=10
Le., XB_45x+324=0
Therefore, the number of marbles John had, satisfies the quadratic equation
2 =45x+324 =0
which is the required representation of the problem mathematically.
(ii) Let the number of toys produced on that day be x.
Therefore, the cost of production (in rupees) of each toy that day = 55 - x

(]

]

So, the total cost of production (in rupees) that day = x (55 - x)

Therefore, 1 (55 —x)="T50
ie., 55x—x*=750
is, = x2+55x=750=0
ie, =35+ T750=0

Therefore, the namber of toys produced that day satisfies the quadyatic equation
2 —55x+750=0
which is the required representation of the problem matheratically.

Example 2 : Check whether the following are quadratic equations:
() (x—2Ff+1=2x-3 M ax+D+B8=(x+2)(x—2)

(i) x (2x +3) ="+ 1 (V) (x+ 2P =2°—4

Solution :
() LHS=(x-2F+ l=x-dr+d+ =2t -dx+3

Therefore, (x — 2)*+ 1 = 2x — 3 can be rewritten as
x2-4x+5=2x-3
Le., r-6x+8=10
It is of the form ax* + bx + ¢ = 0.
Therefore, the given equation 15 a quadratic eguation.



Capramic BEguamons T

(if})

(i)

(iv)

Sincezx(r4+ 1) +8 =22+ c4+Band v+ x—2)=x2-4

Therefore, Frx+8=x1-4

Le:, x+12=10

It is not of the form ax’ + bx + ¢ =0,

Therefore, the given equation is not a quadratic equation.

Here, LHS=x(2x +3) = 22% + 3x

So, x(2x+3) ="+ 1 can be rewritten as
22+ %=+ 1

Therefore, we get 2+ 3x-1=10

It is of the form ax® + bx +¢ =0,

So, the given equation is a quadratic equation.

Here, LHS =(x +2F= 2+ 65+ 125+ §

Therefore, {x + 2P = x® — 4 can be rewritten as
B4o+ 1254+ 8=2"-4

le., G+ 12+ 12=0 o, ¥#*+2x+2=0

It isof the formax® + bx + ¢ =0,
So, the given equation is a quadratic equation.

Remark : Be carefull In (ii) above, the given equation appears to be a quadratic
equation, but it is not a quadratic equation.

In (iv) above, the given equation appears to be a cubic equation (an equation of

degree 3) and not a quadratic equation. But it tarns oot to be a quadratic equation. As
vou can see, often we need to simplify the given equation before deciding whether it
15 quadratic or not.

EXERCISE 4.1

1. Check whether the following are quadralic equalions :

M (x+1P=2(x-3) (i) ¥—2x=(-2}(3-2
(i) (x—2Wax+1d=0x—1¥x+3) (iv) fr=32x +1)=xlx+5
) (Zx—D{x=3=E+5x-1) (Vi) 2 +3c+ 1 =(x-2)%

(vii) (x+2P=2x(3-1) (vill}) ¥4 —x+l=(x-27

2. Represent the tollowing situations in the form of quadratic equations :

1) The arca of a rectangular plot 15 528 m*. The length of the plot {in metres) i4 one
more than twice its breadth, We need (o find the length and breadih of the plot,
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{i) The product o' two consecutive pogitive inlegers is 306, We need w find the
inlegers.

{ifl} Rohan's mother is 26 vears older than him. The product of their ages {in years)
3 years from now will be 360, We would like to find Rohan's present age.

{iv) A train mavels a distonce of 480 km at a oniform speed. If the speed had been
8 kmv'h less, then it would have taken 3 hours more to cover the same distance, We
need to find the speed of the train.

4.3 Solution of a Quadratic Equation by Factorisation

Consider the quadratic equation 252 — 3x + | = (. If we replace x by 1 on the
LHS of this equation, we get (2 x 12 — (3 x 1) + | = (0 = RHS of the equation.
We say that | is a root of the quadratic equation 2x* — 3x + | =0, This also means that
1 is a zero of the quadratic polynomial 2x* — 3x + 1.

In general. a real number o is called a root of the quadratic equation
axt +by+e=0,a201if 4 0f + o+ ¢ =0. We also zay that x = ¢ is a solution of
the quadratic equation, or that o satisfies the guadratic equation. Noie that the
zeroes of the quadratic polynomial ax® + hx + ¢ and the roots of the quadratic
equation ax® + bx + ¢ = 0 are the same.

You have observed, in Chapter 2, that a quadratic polynomial can have at most
two zeroes, So, any quadratic equation can have amost (wo roots.

You have learnt in Class IX, how to factorise quadratic polynomials by splitting
their middle terms. We shall use thiz knowledge for finding the roots of a quadratic
equation. Let us see how:

Example 3 : Find the roots of the equation 2x* — 5x + 3 = 0, by factorisation.

Solution : Let us first split the middle term — 5x as —2r =3z [because (-2x) x (=32 =
Gaf = (2a2) %3]

B0, 2@ =9x+3=2x'-2r-3x+3=2x - D=-3x=-11=Cx=3kx-=1)
Now, 22— 5x+ 3 = 0 can be rewritten as (2xr — 3)(x - 1) = 0.
So. the values of x for which 22— 5x+ 3 = 0 are the same for which (26— 3)(x - 11 =10,
1e;either 2Zx=3=0orx=1=0.

3
Now, 2x — 3 =0 gives -f=3 amdx-1=0gvesx=1.

3
So, % =E and x = 1 are the selutions of the equation.

3
In other words. 1 and E are the roots of the equation 232 — Sx + 3= (.

Verify that these are the roots of the given equation,



Capramic BEguamons 73

Note that we have found the roots of 2+ — 55 + 3 = 0 hy factorising
2%~ 5x + 3 into two linear factors and equating each factor to zero.

Example 4 : Find the roots of the quadratic equation 6x? —x —2=10.
Solution : We have
Gt - x—2=06x+dx—4x-2
=3x (Zx+ 1) =2 (2x 4+ 1)
=(3x-2N2x + 1)
The roots of 642 — x— 2 = 0 are the values of x for which (32 - 2)2x + 1y =0
Therefore, 3x - 2=0or2x + 1 =0,

; 2 =1
ie. x= T or x="7
2 1
Therefore, the roots of 6x* —x — 2 =0 are = and =
2 1
We verify the roots, by checking that Y and 5 satisfy 6x°— x—2=10.

Example 5 : Find the roots of the quadratic equation 3,4 _ZJE,I-F 2=0.

Solution :3x2 —2Bx+2 = 352 —\JBx —f6r + 2

Vis{ 5B} ~E(\Bx~3)
- ({55 J7)(\x )

S0, the roots of the equation are the values of x for which

(ﬁx-ﬁ)( x -\E)=ﬂ'
Now, «f3x—+f2 =0 for % =E.

So, this root is repeated twice, one for each repeated factor -qﬁx —-\E ;

Therefore, the roots of 3% —24f6x+2=0 are E E
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Example 6 : Find the dimensions of the prayer hall discussed in Section <. 1.

Solution : In Section 4.1, we found that if the breadth of the hall is x m, then x
satisties the equation 2x* + x — 300 = 0. Applying the factorisarion method, we write
this equation as

=2 +25x=-300=10
2elx—=12y4+25{(x-12)=10
LE., (x—1232x + 25)=0

S0, the roots of the given equation are x= 12 orx=— 12.5. Since x is the breadth
of the hall, it cannot be negative.

Thus, the breadth of the hall iz 12 m. Its length=2x + 1 =25 m,

EXERCISE 4.2
1. Find the roots of the following quadratic equations by factorisation:
M x*-3x—10=0 M) 2¢ +x-6=0

1
(i) \5:1 +7x +5-|ﬁ:ﬂ (vl 21“—x+;:{!
(v) 1002 -20x+1=0
2. Solve the problems given in Example 1.
3. Find two numbers whose sum is 27 and product is 182,
4. Find two consecutive positive integers, sum of whose squares is 3063,

5. The altitnde of a right triangle 15 7 cm less than its base. If the hypotenuse is 13 ¢m, find
the other two sides.

6. A cottage industry produces a certain number of pottery articles in a day. Tt was observed
on a particular day that the costof production of each article (in rupees) was 2 more than
twice the number of articles produced on that day. If the total cost of production on that
day was ¥ 90, find the number of articles produced and the cost of each article.

4.4 Solution of a Quadratic Equation by Completing the Square

In the previous section, you have learnt one method of obtaining the roots of a quadratic
equation. In this section, we shall study another method.

Consider the following situation:
The product of Sunita’s age (in years) two years ago and her age four years
from now is one more than twice her present age. What is her present age?

To answer this, let her present age (in years) be x. Then the product of her ages
two years ago and four years from now is (x — 2){x+ 4).
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Therefore, (x—2Mz+4d)= 2x+ 1
ie., X+2x—8=2+1
ie, x—-0=0

So, Sunila’s present age satisfes the quadratic equation x* — 9 = 0.

We can write this asx* = 9. Taking square roots, we zet x = 3 orx =— 3. Since
the age is a posilive number, x = 3,

So, Sunita’s present age is 3 years.

MNow consider the quadratic equation (x + 22 — 9 = 0. To solve it, we can write
it as (x + 2)* = 9. Taking square rools, we getx+ 2=3orx +2=-13.
Therefore, x=1 or x=-5
S0, the roots of the equation (x + 2} — 9 =0 are | and — 5.

In both the examples above, the term containing x is completely inside a square,
and we found the roots easily by taking the square roows. But, what happens if we are
asked to solve the equation # + 45— 5 = 07 We would probably apply factorisation 1o
do 50, unless we realise (somehow!) that ¥ +dx —5=(x + 2¥ - 9.

S0, solving x2 + 4x — 5 = 0 is equivalent to solving (x + 232~ 9 =0, which we have
seen is very quick to do. In fact, we can convert any guadratic equation to the form

(x +a)* = B = 0 and then we can easily find its roots. Let us see if this is possible.
Look at Fig. 4.2.

In this Ggure. we can see how 2 + dx is being converted o (x + 232 - 4.

X _ 4 & 4 X 2 2
X +x - _ =x
x +dx L o+ 2+ 2
x 2 2
X e =
= e = 2=x+2 — 2
2 4
1 L. 2
2 x+12
(x+T)x+2xx £+ D x+2%x+ 21 x+2 -2

Fig. 4.2
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The process is as follows:
o d
Stde= @+ 70+ Tx
=x'+2x+ 2

x+2)r+2xy
=+ x4+ 2xr+2x2-2x2
(x+2)x+(x+2) 2 -2 x2
x+2) (x+2) =22
x4+ 2p—4
So, Z4+dr-5=0x+2P-4-5=(x+27-9

S0, '+ 4x— 5 =0 can be written as (x + 2)*— 9 = 0 by this process of completing
the gquare. This is known as the method of completing the square.

In brief, this can be shown as follows:

Bl (x+—;]] —Ej =(.r+;]l—4

So, x4 dx — 5 =0 can be rewritten as
4
e | =4 =5 =
iE. (x+2F-9=0

Consider now the equation 3x* — 5x + 2 = 0. Note that the coefficient of x*is not
a perfect square. So, we multiply the equation throughout by 3 1o get

- 15x+6=0

5
Now, Ot~ [Sx+ 6= f31'J1—3>c31xE+f'

5 5 3
(P = 2%l =2 6
w L) xxx2+{2]l [2]+

b Fs 5 1
N | Ly P Iy e
(" J e "("" J a
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So. 92 — 155 + 6 =0 can be written as

5 ]

5 |
So, the solutions of 9% — 15¢ + 6 = 0 are the same as those of [ir—iji—-

5 il 5 1
- LB = e o =
ie, 3x el 2 3

5 1
{We can also write this as 3I—E= + E . Wwhere ‘£’ denotes ‘plus minus’.)

Thus, = E+l or 3x=-5——-£

2 2 2 2

8 1 5 1

_ = —+— or x=———

50 =667 6 6
4
Therefore, x:iurx:E
. 2
L.E:; x= lorx= E

2
Theretore, the roots of the given equation are | and E

Remark : Another way of showing this process is as follows :

The equation 3P -5x+2=10
is the same as

. % .4 _TEsNE  FIps® 2
s Focerz= Fglz P imT) 43
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5%.2 25
8173 36

SN

So, the solutions of 3a2 — 3x + 2 =0 are the same az those of [ _%T _.[.:;j =0,
2
3

which are.x —

= W RV

1 s
=+—, e, a=—+—=1andx=
6

Let us consider some examples to illustrate the above process.

Example 7 : Selve the equation given in Example 3 by the method of completing the
square,

¥ 3
Solation : The equation 2% — 5x + 3 = 0 is the same as x* i +E:'1

” 2 5.3 5 3.2 5y 1
T YRR E YT IR ) TIR ) T1e

& 1
Therefore, 22% — 5x+ 3 = 0 can be wrillen as [I—ET —E=ﬂ.

e |

So, the roots of the equadon 2x* — 5r+ 3 = 0 are exacily the same as those of

5¥ 1 5% 1 5 1
=3 == . Now, _I_d T =0 15 the same as | x 7 =16

5 |
Therefore, I_I = :l:z
5.1
ie., x= Iiz
ie: = i-i—l or ,rzi—l
J 4 4 4 4
i 3
Le., x= Enrx:l
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: ) 3
Therefore, the solutions of the equations are x == and 1.

-

Let us verily our solutions.

3 I
Puting o in 2x% — 5x + 3 = 0, we gei 2(’5) —5(—2—)+3=D* which is

correct. Similarly, you can verify that x = | also satisfies the given equation.
In Example 7, we divided the equation 2x* — 5x + 3 = 0 throughout by 2 (o get

5 3
- Ex o () to make the first termn a perfect square and then completed the

-

square, Instead, we can multiply throughout by 2 to make the first term as 422 = (2x)4
and then complete the square.

This method is illustrated in the nexi example.
Example 8 : Find the roots of the equation 5 — 6x — 2 =0 by the method of completing
the square.
Solution : Multiplying the equation throughout by 3, we get
257 -30x-10=10
This is the same as
BapPR=-2x(50x3+3=32=10=0

B (5x-37-9-10=0
B, Gx—-3F-19=0

Le., (5x—3P%=19
ie., s5c-3= +J10

1.E., Sx= 3:|:-Jﬁ
3410
S0, x=

3

Therefore. the roots are

3+:‘1_9 - 3—4@_

5

3419 3-J19
5 and P

5

Verify that the roots are
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Example ¥ : Find the roots of 4% + 3x + 5 = 0 by the method of completing the
square.

Solution : Note that 422 + 3x + 5 = () is the same as

3 (3 3 .
f2x}f’+2x(2x}x3+(EJI—[ngl+3 =

3¢ 9
i.E‘:.. [21+E)Z— Ed{-j =1
_ 21+3‘+71
b 7)1
3
1e., {zfﬁ'ij—%{ﬂ

3
But [1\: +EJl cannot be negative for any real value of x (Why?). So, there is
no real value of x satisfying the given equation. Therefore, the given equation has no
real roots

Now, vou have scen several examples of the use of the method of completing
the square. So, let us give this method in general.

Consider the quadratic equation ax?+ bx + ¢ =0 {a# 0). Dividing thronghout by

i i [
a, we get =4 —==
i ]
b b ;
This is the same as (x+_]z_[T]4 +E=9
24 2] a
: . b _52—4!.2{' -
e, & e

So, the roots of the given equation are the same as those of

Y B —dac . b Y B —dac
X+ - =0, je., those of | x+— | =———— (1)

24 44 2a 4
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If b — 4ac = (0, then by taking the square roots in (1), we get

Therefore, I=

—b++B —4ac and =2 _JF —4gc
29 2z '
b —dge = 0. If b* - dac < 0, the equation will have no real roots. (Why?7)

So, the roots of ax* + br+ c= 0 are il

Thus, if b* — 4ac = 0, then the roots of the quadratic equation

-bh = Jﬁz —dae
20

This formula for finding the roots of a gquadratdc equation is known as the
quadratic formula.

Let us consider some examples for illustrating the use of the quadratic formula.

ax’ + bx +¢ = 0 are given by

Example 10 : Solve Q. 2(3) of Exercise 4.1 by vsing the quadratic formula.

Solutien : Let the breadth of the plot be x metres. Then the length is (2x + 1) metres.
Then we are given that x(2x + 1) =528, 16, 24 +x - 528 =0.

This is of the form ax* + bx + ¢c=0, wherea =2, b= |,c = - 528,

So, the quadratic formula gives us the solution as

B —lt.,ﬂl+4[2][5231 o —li-J-’-I-ZZi _—=1%63

A=
4 4 4
ok ﬁmr ;—.__ﬁﬁ
L&, & 1
33
ie. x=16 o x=——
Sl

Since x cannot be negative, being a dimension, the breadth of the plot is
16 metres and hence, the Iength of the plot is 33m.

You should verify that these values satisfy the conditions of the problem.
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Example 11 : Find two consecutive odd positive integers, sum of whose sguares
15 290,

Solution : Let the smaller of the two consecutive odd positive integers be x. Then. the
second integer will be x + 2. According to the question,

¥4 (r+ 20 =290

ie. 2+t +dx+4= 29
1e., 22+ 4x-286=10
iL.e.. ¥4+ 2r—-143=0

which is a quadratic equation in x,
Uszing the quadratic formula, we get

—2.i:~!4+5'.-'2. 2414576 2+

A‘: — —

Zz 2 2

Le., r=1l or x=-13

But x is given to be an odd positive integer. Therefore, x# < 13, x=11.

Thus, the two consecutive odd integers are 11 and 13,

Check : 1124 132=121 + 169 =290,

Example 12 : A rectangular park is to be designed whose breadth is 3 m less than itz
length. Its area is to be 4 sguare metres more than the area of a park that has already

been made in the shape of an isosceles tiangle with its base as the breadth of the
rectangular park and of aldtude 12 m (see Fig. 4.3). Find its length and breadth.

Solution : Let the breadth of the rectangular park be x m.

So, its length = (x + 3) m.

Therefore, the area of the rectangular park = x{x+ 3) m* = (x* + 3x) m2 12
Now, base of the isosceles triangle = x m.

1
Therefore, its area = E ®¥xx 12=>6xm

According to our requirements, x+3
x4 3x=6Gx+4
1E., r-Ix-4=10

Uszing the quadratic formula, we get
Fig. 4.3
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(W1

x_?::tvrf_ﬁii
= % T g

But x # - | (Why?). Therefore, x= 4.

=4 or—1

Sa, the breadth of the park = 4m and its length will be Tm.,
Verification : Area of rectangular park = 28 m?®,
area of triangular park = 24 m? = (28 — 4) m?

Example 13 : Find the roots of the following quadratic equations, if they exist, using
the quadratic formula:

(i) 3t-5x+2=0 (i) 2+ dx+5=0 (i) 28 -2 JZx+1=0
Solution :

(i) 33— 5x+2=0.Here,a=3,b= -5,c=2. 580, P -dgc=25-24=1>0.

S+l 541

Therefore, x = — ., le,x=10r x=
& o

| pa

2
So, the roots are E and 1.

(i) ¥ +4x+5=0.Here.a=1,b=4,¢=5580, P —4dac =16 —20=—4 < ().

Since the square of a real number cannot be negative, therefore -.Jbl —dge will

not have anyv real value.

So, there are no real roots for the given equation.

(i) 2¢ - 225+ 1=0.Here,a=2.b= 22 . ¢= 1.

8o, Hedar=8-8=0
2220 A2, 1
==+ je,r=—0
Therefore, » 3 2 . N

50, the roots are ] ,L*
NN
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Example 14 : Find the roots of the following equations:

|
(i) x+—1—=3.x-atﬂ i) —— =3, x#0.2
s X A=
Solution @
1
(i) x+—=3 . Multiplying throughout by x, we get
i
O2+l=3x
K- 1 —3x + 1 = 0, which is a quadratic equation.
Here, a=1,b=-3¢e=1
So, B -dac=9-4=5>0
3t
Therefore, K= —E—‘G (Why")
So, the roots are 3+‘J§ and 3"@‘
2 2
1 |
() ————=3x20, 2,
r x-32

As x# 0, 2, multplying the equation by x(x — 2), we getl
(=D =-x=3%(x-2)
=XV — 6y

So, the given equation reduces to 3xi— 6x + 2 = 0, which is a quadratic equation.

Here, Aa=3b==6e=2 8So, P—dac=36—-24=12>0
6+J12 61243 3143
Therefore, X= 5 = G = S

3+3~.5 and 3—3\5_

So, the roots are
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Example 15 : A motor boat whose speed is 18 km/h in still water takez | hour more
to go 24 km upstrean than Lo return downstream 10 the same spot. Find the speed of
the stream.

Solution : Let the speed of the stream be x km/h.
Therefore. the speed of the boat upstream = (18 - z) km/h and the speed of the boat
downstream = (18 + x) km/h.

distance 24

The tme taken to go upsiream = R 18— hours.
24

Similarly, the time taken to go downsteam = TSt hours.
According to the question,

4 N {

18~x [8+x

e, 2418 +x) - 2418 —x) = (18 - 2) (1B + =)
Le, H+48x—324=0

Using the quadratic formula, we get

—48+ I8P 11296 48 +/3600
2 - 2

x=

— 48460
= T =fhor-=-54

Since x is the speed of the stream, it cannot be negative. So, we ignore the root
= — 54, Therefore. x = 6 gives the speed of the stream as 6 km/h.

EXERCISE 4.3
1. Find the roots of the following quadratic eguations, if they exist, by the method of
completing the square:
i 2x'=Tx+3=0 (i) 2+ r=4=0
i) 4x1+4ﬁx+3=ﬂ {iv) 224 x4+4=0

2. Find the roots of the quadratic equations given in ().1 above by applying the quadratic
[armula,
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10.

11.

. Two water taps together can fill a tank in 7 3

. Pind the roats of the following equations:
L | 1 11
M x——=3x=0 (i) — ———=— xz=-4.7
£ x+4 x=-7 30

The sum of the reciprocals of Rehman's ages, (m years! 3 vears ago and 5 years from
1

THOW 1% ':; Find his present age.

In & class test, the sum of Shefali’s marks in Mathematics and English i5 30, Had she got

2 marks more in Mathematics and 3 marks less in English, the product of their marks
would have been 210. Fing her marks in the owo subjects.

. The diagonal of a rectangular eld is 60 metres more than the shorter side. I the longer

side 18 30 matres mors than the shorter gide, find the sides of the Geld.

. The difference of squares of two numbers 15 130, The square of the smaller number s 8

times the Targer number Find the two numbers.

A train travels 360 km at a wniform speed. If the speed had been 5 km'h more, 1t would
have taken 1 hour leas for the same journey. Find the spesd of the rain,

g hours. The tap of larger diameter takes 10

hours lezs than the smaller one to £ill the tank separately. Find the time in which cach lap
can separately fill the (ank.

An express train takes | hour less than a passenger train ta ravel 132 km between
Mysore and Bangalore (without taking into consideration the time they stop at
intermediate stations ). If the average speed of the express train is 11km/h more than that
of the passenger train, find the average speed of the two Tains.

Sum of the areas of two squares is 468 m?. If the difference of their perimeters is 24 m,
find the sides of the two squares.

4.5 Nature of RRoots

In the previous section, you have seen that the roots of the equation ax® + bx + ¢ =0

are given by
~b kb — dac
X= Eﬂ
. . b b* —dac
If 4! — 4ac > 0, we get two distinct real roots ety and
a a

b

2

B -..,E:z —4ac _

2a
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b ; b b
Ifb* =dge =0, then x = hE_a 0, ie., 1= _E of —E'

Sa, the roots of the equation ax + bx + ¢ = 0 are both ;_al

Therefore, we say that the quadratic equation ax* + bx + ¢ = 0 has two equal
real roots in this case.

If B - dac < 0, then there is no real number whose square is 5 - 4ac. Therefore,
there are no real roots for the given quadratic equation in this case.

Since b ~ dac determines whether the quadratic equation ac® + bx + ¢ =0 has
redal roots or not, b* — dac is called the diseriminant of this quadratic equation.

S0, a quadralic equation ax® + bx + ¢ =0 has
(i) two distinet real roots, if b* = dac > 0,
(ii) two equal real roots, if ¥ — dac = 0,
(iii) no real roots, if #* — dac < 0.
Let ug consider some examples.

Example 16 : Find the discriminant of the guadratic equation 22* - 4x + 3 =0, and
hence find the nature of its roots.

Solution : The given equation is of the formax?+ be+ e =0, wherea=2,b=—4 and
¢ = 3. Therefore, the discriminant

P—dac=(-4P-{4x2%x3)=16-24=-8=<0

So, the given equation has no real roots.

Example 17 : A pole has to be erected at a point on the boundary of a circular park
of diameter 13 metres in such a way that the differences of its distances from two
diametrically opposite fixed gates A and B on the boundary is 7 roetres. Is it possible o
do so? If yes, at what distances from the two gates should the pole be erected?!

Solution : Let us first draw the diagram
{see Fig. 4.4).

Let P be the required location of the
pole. Let the distance of the pole from the
gate B be x m, i.e., BP = x m. Now the
difference of the distances of the pole from
the two gates = AP — BP (or, BP - AP) =
7 m. Therefore, AP ={x + 7) m.

Fig. 4.4
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MNow, AB = 13m, and since AB is a diameter,
ZAPE = 90° (Why?)

Therefore, AF* 4+ PB*= AB* (By Pythagoras theorem)

Le.. (x+TP+x= 13

Le., 24 l4x + 49 + ¥ = 169

ie, 27+ 14x-120=0

S0, the distance “x" of the pole from gate B satisfies the equation
2+T7xr-060=10

So, it would be possible 10 place the pole if this equation has real roots, To see if this
18 50 of nof, et us consider its discriminant, The discriminant is

P-dao=T—4 % | (—60)=28=0.

So, the given gquadratic equation has two real roots, and itiz possible w erect the
pole on the boundary of the park,

Solving the quadratic equation »% + Tx — 60 =0, by the quadratic formula, we get

-T+28 -7%17
2 T2

Therefore. x =35 or — 12,

Since x is the distance between the pole and the gate B, it must be positive.
Therefore, x =— 12 will have to be ignored. So, r=3,

Thus, the pole has to be erected on the boundary of the park at a distance of 5m
from the gate B and 12m from the gate A.

1
Example 18 : Find the discriminant of the equation 32* - lx+§ = () and hence find
the nature of its roots. Find them, if they are real.

|
Solution : Herea=3, b=~ 2 and f-‘=§,

1
Therefore, discriminant b —4ac = (-2 -4 x 3 x -3— =4_-4=10
Hence, the given quadratic equation has two equal real roots.

Th tsareub = 18 £ x i L.
& T —— T, = = 1B, = =,
28 2a 6 6 3 3
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EXERCISE 4.4

1. Find the nature of the roots of the following quadratic equations, If the real roots exist,

find them:
0 20-3x+5=0 (i) 3¢ - 4B r+4=0
i) 2x-6x+3=0
2. Find the values of k for each of the following quadratic equations, so thal they have (wo
equal roots.
M 2+ kr+3=0 i) keix-2)+6=0

3. Is 1t possible to design a rectangular mango grove whose length is twice 1ts breadth,
and the area is 800 m*? Tt so, find ns length and breadth,

4. Is the [ollowing situation possible? If so, determine their pressnl ages.
The sum of the ages of two friends is 20 years. Four years ago, the product of their ages
in years was 48.

5. 1z it possible to design arectangular park of perimeter 30 m and area 400 m*! I so, find
18 length and breadth.

4.0 Summary
In this chaptler, you have studied the following points:
1. A guadratic eqoation in the variable x iz of the form ax®+ by + c=0, where o, b, ¢ are real
numbers and o = 0,

2. A rteal number ¢t is said to be a root of the quadratic equation ax®+ bx + ¢ =0, if
aget+ bit+ o =1{ The zeroes of the quadratic polynomial axi+ bx + cand the roots of the
quadratic equation gt + by + ¢ = () are the same,

3. If we can factorize ax? + br +c, a #0, info a product of bwo linear factors, then the roots
of the quadratic equation ax* + bx + ¢= 0 can be found by equating each factor to zero.

4. A guadratic eqoation can also be solved by the method of complering the square,
5. Quadratic formula: The roots of 4 quadratic equation @ + bx + ¢ = 0 are given by

SN e

24

s provided i - 4ac = 0.

6. A quadratic equation ar*+ by + ¢ =0 has
[ twior distinet real roows, i(6? - dac =0,
(ii) two equal roots (i.e.. coincident roots), ifb* — dgc =1, and
{1i1) no real roos, it 5 —dac <0,
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In case of word problems, the obtained solutions should always be
verified with the conditions of the original problem and not in the
equations formed (see Examples 11, 13, 19 of Chapter 3 and
Examples 10, 11, 12 of Chapter 4).
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ARITHMETIC PROGRESSIONS

5.1 Introduction

You must have obgerved that in nature, many things follow a certain pattern, such as
the petals of a sunflower, the holes of a honeycomb, the grains on a maize cob, the
spirals on a pineapple and on a pine cong eic.
We now look Tor some patterns which oceur in our day-te-day life, Some such
examples are :
(i) Reena applied for a job and got selected. She
has been offered a job with a starting monthly
salary of 8000, with an annual increment of
T 300 in her salary. Her salary (in3) for the 181, |
2nd, 3xd, . . . years will be, respectively I
8OO0, R"S00, 9000,....
(i) The lengths of the rungs of a ladder decrease
uniformly by 2 ¢m from bottom to top
{see Fig, 5.1). The botiom rung is 43 cm in
length. The lengths (in em) of the 1st, 2nd,
3rd, . . ., Bth rung from the bottom to the top
are, respectively

45,43,41, 39, 37, 35, 33, 31

Fig. 5.1

5
i) In a savings schome, the arnount becomcs E times of itself after every 3 years.

The maturity amount (in¥) of an investment of T 8000 after 3, 6, 9 and 12 vears
will be, respectively :
10000, 12500, 15625, 19331.25
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{iv) The number of unit squares in squares with side 1, 2. 3, . . . units (see Fig. 5.2)
are, respectively
12,23 32
Fig. 5.2

{(v) Shakila puts T100 into her daughter s money box when she was one year old
and increased the amount by ¥ 50 every year. The amounts of money (in¥) in the
box on the lst, 2nd, 3rd, 4th, . . . birthday were

100, 150, 200, 250... . respectively,

(vi) A pair of rabbits are too young to produce in their first month. In the second, and
every subsequent month, they produce a new pair. Each new pair of rabbits
produce a new pair in their second month and in every subsequent month (see
Fig. 5.3). Assuming no rabbit dies, the number of pairs of rabbits at the start of
the 1st, 2nd, 3rd, . . ., 6th month, respectively are :

112,35, 8

e

s G E%&m%&m :%&’a
%%ﬁ&%%%%ﬁ&im

Fig. 5.3

=
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In the examples above. we observe some patterns. In some, we find that the
succeeding terms are obtained by adding a fixed number, in other by multiplying
with a fixed number, in another we find that they are squares of consecutive
numbears, and so on,

In thiz chapter. we shall discuss one of these patterns in which succeeding terms
are obtained by adding a fixed number to the preceding terms. We shall also see how
to find their ath terms and the sum of # consecuiive terms, and use this knowledge in
solving some daily life problems.

5.2 Arithmetic Progressions
Consider the following lists of numbers ;

M 123 4.

(i) 100, 70, 40, 10,...

i) -3, -2, -1, 0, ...

(i) 3, 3,3; 3,...

(v) =1.0,=-1.5,=2.0, =25, . ..

Each of the numbers in the list is called a term.

(Given a term, can you write the next term in each of the lists above? If so, how
will you write it? Perhaps by following a patiern or rule. Let us observe and write the
rule.

In (i}, each term is 1 more than the term preceding it

In (i1}, each term is 30 less than the term preceding it.

In (iii), cach term is obtained by adding | w0 the term preceding it.

In (iv), all the terms in the list are 3 | i.e.. each term is obtained by adding
{or subtracting) 0 to the term preceding it.

In (v), cach term is obtained by adding — 0.5 to (i.e., subtracting 0.5 from) the
term preceding it

In all the lists above, we see that successive terms are obtained by adding a fixed
number to the preceding terms. Such list of numbers 15 said 10 form an  Arithmetic
Progression { AP ).

S0, an arithmetic progression is a list of numbers in which each term is
obtained by adding a lixed number to the preceding term except the First
term.

This [ixed number is called the common difference of the AP. Remember that
it can be positive, negative or zero.
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Let us denote the first term of an AP by a . second term by a,, . . .. nth term by
a_and the common difference by 4. Then the AP becomes a, a,0a, ..., 0,

M
So, 'ﬂg_"’ﬂ:%_ﬂ;:'"=‘L_“..-;:d-

Some more examples of AP are:
(a) The heights ( in cm ) of some students of a school standing in a queue in the
morning assembly are 147 , 148, 149, ., 157.

(b) The minimum temperatures ( in degree celsius ) recorded for a week in the
month of January in a city, arranged in ascending order are

=31, -30,-29,-28,-27,-26,-2.5

(c) The balance money ( in ¥ ) after paying 5 % of the total loan of T 1000 every
month is 950, 900, 850, 800, . . ., 50,

(d) The cash prizes { in ¥ ) given by a school to the toppers of Classes T to XTI are,
respectively, 200, 250, 300, 350, ... ., 750.

{e) The total savings (in ) after every month for 10 months when ¥ 50 are saved
each month are 50, 100, 150, 200, 250, 300, 350, 400, 450, 500,

It is left ag an exercige for you to explain why each of the lists above is an AP

You can see that
a,a+d a+2d, a+3d, ...

represents an anthmetic progression where a 15 the first term and o the common
difference. This is called the general form of an AP,

Note that in examples (a) to (e) above, there are only a finile number of terms.
Such an AP is called a finite AP. Also note that each of these Arithmetic Progressions
{APs) has a last term. The APs in examples (i) to (v) in this section, are not finite APs
and so they are called infinite Arithmetic Progressions. Such APs do not have a
Tast term.

Now, to know about an AP, what is the mininwm information that you need? Is it
enough to know the first term? Or, is it enough to know only the common difference?
You will find that you will need to know both — the first term a and the common
difference .

For instance if the first term g is 6 and the common difference d is 3, then
the AP is
6,912, 15,...

and if @ is 6 and d is — 3, then the AP is
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Similarly, when
ga=—7, d=-2, thedPis -7.—-9,—-11,-13,...
a= 1.0, d=0.1, theAPisz 1.0,1.1,1.2, 1.5, ...
1 , l 1
a= 0, d=1—, the APis 0, 1=,3,4—.6,...
2 2 2

a=2, d=10, the APiz 2,2,2,2,...

So, if you lcnow what a and d are, you can list the AP What about the other way
round”? That is, if you are given a list of numbers can you say that it is an AP and then
find a and d? Since a is the first term. it can easily be written. We know that in an AP,
every succeeding term is obtained by adding d to the preceding term, So. d found by
subtracting any term from its succeeding term, i.e., the term which immediately follows
it should be same for an AP.

For example, for the list of numbers :
0, 9,12, 15,0
We have a-a,=9-6=73,
a,—a,=12-9=3,
g,-a,=15-12=3

Here the difference of any two consecutive terms in each case is 3. So, the
given list is an AP whose first term g is 6 and commaon difference dis 3.

For the list of numbers : 6, 3,0, -3, ...,
f—d,= 3-—6G==3
a-a=0-3==3
@, —a,=-3— =-3
Similarly this iz also an AP whose first term is 6 and the common difference
is =3,
In general, for an AP a,, a,. . . ., a, we have
= a,.,-a,
where @, and g, are the (k + 1)th and the kth terms respectively.
To obtain d in a given AP, we need not find all ofa, -~ a,a, - a, a,-a
It is enough to find only one of them.

Consider the list of numbers 1, 1, 2, 3, 5. .. . . By looking at it, you can tell that the
difference between any two consecutive terts 18 not the same. So, this is not an AP,

e
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Woie that to find  in the AP : 6, 3,0, -3, . . ., we have subiracted 6 from 3
and not 3 from 6, 1.e., we should subtract the kih term from the (& + 1) th term
even if the (& + 1) th term iz smaller,

Let us make the concept more clear through some examples.

Example 1 : For the AP : %—. %—. - -%. - -;- v+ o Write the first term q and the
common difference 4,

' ooy 1A
Solution : Here, a= 2.d= 2~ 3 =" 1;

Remember that we can find 4 using any two consecutive lerms, once we know that
the numbers are in AP

Example 2 : Which of the following list of nambers form an AP? If they form an AP,
wrile the next two ferms ;
(i) 4,10, 16,22, . .. @ 1,-1,-3,=5....
@) =2, 2 =22, =2, 0 el 2 B Ao B
Solution : (i) We have a,—a =10-4= 6
a,—a, =16-10=6
a,—a, =21-16 =6

ie, 4 a, is the same every time.

1
So, the given list of numbers forms an AP with the common difference d = 6.

The next two terms are; 22 + 6 = 28 and 28 + 6 = 34,
{ a,-a =-1-1==-2
a,—a,=-3-(-1)=-3+1=-2
2,—a,=-5-(-3)=—5+3=-2

Le., a

L .1 — @ 18 the same every time.

So, the given list of numbers forms an AP with the common difference d =-2.
The next rwo erms are:
—54=2)==T and ~T+{-2)==9
(i} al—:;r,]=2 —(-2)=2+2=4
as,.ﬂa=-2-2.=-‘4
Asa,—a # a,—a,, the given list of numbers does not form an AP,
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iv) g, —a,=1-1=0
o =a,=1=1=0
a;—a3=2—7 =1

Here, a

T d = —d, F A a,

S0, the given list of number: does not form an AP,

EXERCISE 5.1

1. Inwhich of the following situations, does the list of nurabers involved make an arithmetic
prograssion, and why?
{i) The taxi fare afrer each ko when the fare is F15 for the first km and ¥ 8 for each
additional lum,
{{i} The amount of air present in 3 evlinder whan 3 vacuum pump removes = of the
air remaining in the eylinder at a time. 4
{iii) The cost of digging a well after every metre of digging, when itcosts ¥ 150 for the
first metre and rises by T 30 for each subsequent metre.

{(iv) The amount of money in the acconnt every year, when 3 10000 iz deposited at
compoond interest at 8 % per annam.

Write [irst four terms of the AP, when the first 1erm e and the common difference d are
given as Tollows:

i) a=10, d=10 (i) a=-2. d=0
(ii) a=4, d=-3 ivia=-1, d=
{(v) a=—1.25, d=-0325
3. Forthe ollowing APs. write the first term and the common dilference:
M3 L-1-3 i)y =35.-1L3,7....
1 5 9 13

@333

!.h'l

B | —

SN (ivy 0.6,1.7,28,39,...

4. Which of the following are APs ? T they form an AT, find the common difference 4 and
write three more terms.

i) 2,4,8,16,... @ 2,230,
2 2
i) —1.2.-3.2,-52,-7.2,... jivi —1h-6,-2.2,...
(v) 3,3+4/2,3+ W2, 3432, ... () 02,022,0222,02222, ..
. S T Y
(vid). 0,—4.—-8,-12,... ‘:ml__:!"_z'_"z_’_z"”
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=) 1,3.9.2%,... (%) e, 2,30, 4a, ...
(JJ-} ﬂqﬂ!,ﬂauﬂ‘n--- I:Iil} ﬁaﬁhﬁbﬁ. s
i) 3, 46,40, 12, ... (ev) 13,32,5%77, .,

1 I e R R

5.3 nth Term of an AP

Let us consider the situation again, given in Section 5.1 in which Reena applied for a
job and got selected. She has been offered the job with a starting monthly salary of
% B0OOO. with an annual increment of ¥ 500. What would be her monthly salary for the
fifth year?

To answer this, let us first see what her monthly salary for the second vear
would be.

1t would be ¥ (8000 + 500) = T 8500, In the same way, we can find the monthly
salary for the 3rd, 4th and 5th year by adding ¥ 500 to the salary of the previous year.
So, the salary for the 3rd vear = T (8300 + 500

T (3000 + 500 + 500)

T (BOOO + 2 x 500)

T [8000 + (3 = 1) = 500] {for the 3rd year)
= T 9000

Salary for the 4th year = (9000 + 500)

7 (8000 + 500 + 500 + 500)

= Z (2000 + 3 = 500)

T (3000 + (4 = 1) = 500] (for the dth year)

T 9300

T(9300 + 500)

T (8000+500+500+500 + 5007

T (B0O0O + 4 = 500)

T 2000 + (5 - 1) = 500] (for the Sth year)
= T 10000

Observe that we are getting a list of numbers

B000, 8500, 9000, 9300, 10000, . ..
These numbers are in AP, (Why?)

Salary for the 5th year
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Now. looking at the pattern formed above, can vou Gnd her monthly salary for
the 6th year? The 15th year? And, assuming that she will still be working in the job,
what about the raonthly salary for the 25th vear? You would calculate this by adding
% 500 each time to the salary of the previous year to give the answer, Can we make
this process shorter? Let us see. You may have already got some idea from the way
we have oblained the salaries above,

Salary for the [5th year
= Salary for the 14th year + 500

5004 5004500 + .. .+ 500
13times

g[smm ]+ 7500

Z[3000 + 14 x 500]
Z[B000 + (15 - 1) x 500] = T 15000

Le., First salary + (15 — 1) ¥ Annual increment.
In the same way. her monthly salary for the 25th yvear would be
< [8000 + (25 - 1) x 500] = T 20000
= First salary + (25 — 1) x Annual increment

This example would have given you some idea about how to write the 15th term,
or the 25th term, and more generally, the ath term of the AP.

Let L S be an AP whose first term a 15 g and the common
difference iz .
Then,
the second term a

1

a+d=ag+2-1)d
the thirdterm 4 = g, +d=(a+d+d=a+2d=a+(3-1)d

the fourthterm a,= a,+d=(a+2d)+d=a+3d=a+(@d=1)d

rrrrrrrr

Looking at the patwern, we ¢an say that the nth terma_=a + (n - 1) .

So. the nth term a, of the AP with first term a and common differ cnce d is
givenbya, =a+in-1) 4
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a_1s also called the general term of the AP. I there are m terms in the AP, then
a_ represents the last term which is sometimes also denoted by /.

Let us consider some examples.

Example 3 : Find the 10th term of the AP : 2, 7,12, ...

Solution : Here, a=2, d=7-2=3 and n= 10

We have a=a+n-1)d

So, a,=2+10-1)x5=2+45=47

Therefore, the 10th term of the given AP is 47.

Example 4 : Which term of the AP: 21, 18, 15, .. _is — 817 Algo, is any term 07 Give
reason for your answer

Solution : Here, a =21, d=18-21=-3 and a,=- 81, and we have to find n.

As a":ﬂ.+{n—ljﬂ’.

wehave -—-Bl=21+(m-1}-3)
-81=24-3n
=105==3n

S0, =35

Therclore, the 35th term of the given AP is — 81,

Next, we want to know il there is any n for which a = 0. If such an » is there, then
2l +(n-1)(=3r=0,

Le., Hn-1)= 21

LE.. n=8

So, the eighth term is 0.

Example 5 : Determnine the AP whose 3rd term is 5 and the 7th term iz 9,

Solution : We have

.[;3=£I+{3“]Jd=ﬂ+2d=5 (1
and a=a+{7-1)d=a+6d=9 (2)
Solving the pair of linear equations (1) and (2), we get
g=3, d=1

Hence, the required APis 3,4,5.6,7, ...
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Example 6 : Check whether 301 is a term of the list of numbers 5, 11, 17,23, ...
sSolution : We have |
a,— @ = 11-5=86, a,—a,= I7T-11=46, q‘—ai*:iﬁ- 17=6

AE 4, ., —4, iz the same for &= 1, 2, 3, etc., the given list of numbers iz an AP,
Nowr, =15 and d=2=8.
Let 301 be a term, say, the pth term of the this AP,
We know that
a4 =4a +(n—1)d

50, =35+ n-1)x6
ie, 30l=6n-1

302 151
5 e Ve

But n should be a positive integer (Why7). S0, 301 is not a tetm of the given list of
numbers.

Example 7 : How many two-digit numbers are divigible by 37

Solution : The list of two-digit numbers divisible by 3 is;
12,15, 18,:...,99

Is this an AP? Yes it is. Here, a=12, d=3, a =99.

As a,=a+(n-1)d,
we have 9= 12+ m-1Vx3
ie., Bl=(n-1x3

. a7

i, n—l=?=1@

e, n=29+1=30

So, there are 30 two-digit numbers divisible by 3.

Example 8 : Find the 1lth tezm from the last term (towards the first term) of the
AP:10.7.4,...,- 62

Solution : Here, a=10, d=7-10=-3, == 62,

where = a+{n=11d
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To find the 11th term from the last term, we will find the total number of terms in
the AP

So, =62 = 104+ (n—1){-3)
ie. -72=(n - 1)(-3)

Le.. n—1=24

or n=23

So, there are 25 terms in the given AP.
The 11th term from the last term will be the 15th term. (Note that it will not be
the 14th term. Why?)
5o, g, =10+(15-1)(-3)=10-42=-32
i.e., the 11th term from the last term is — 32.
Alternative Solution :
If we write the given AP in the reverse order. thena = - 62 and d= 3 (Why?)
So, the question now becomes finding the 11th term with these a and 4.
So, a,=—-62+(l-1)x3=-62+30=-32
So, the 11th term, which is now the required term, is — 32,
Example 9 : A sum of 1000 is invested at 8% simple interest per year. Calculate the

interest at the end of each vear. Do these interests form an AP If so, find the interest
at the end of 30 vears making use of this fact.

Solution : We know that the formula to calculate simple interest is given by

PxRE=T
Simple Interest= ———
mp eres 100
. : 1000x8x1
So, the interest at the end of the Ist vear =3 T T TED
. . _ 1000x8x2
The interest at the end of the 2nd year =¥ —— o= = T160
1000x<8%x3
The interest at the end of the 3rd year=7% T =T240

Similarly, we can obtain the interest at the end of the 4th year, 5th year, and 50 on,
So, the interest (in Rs) at the end of the 1st, 2nd, 3rd, . . . vears, respectively are
80, 160, 240, ...
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It is an AP as the difference between the consecutive terms in the list is 80, Le..
d = 80. Also, o = 80,

So, to find the interest at the end of 30 years, we shall find a_.
MNowr, a, = a+(30-1)d=280+ 29 x 80 =2400
S, the interest at the end of 30 years will be T 2404,

Example 10 : In a flower bed, there are 23 rose plants in the first row, 21 in the
second, 19 in the third, and so on. There are 5 rose plants in the last row. How many
rows are there in the flower bed?

Solution : The number of rose plants in the 1st, 2nd, 31d, . . ., rows are

23,21, 1955
It forms an AP (Why7). Let the number of rows in the flower bed be n.
Then a=23, d=21-23=-2,4a =35
As, a =a+m-1d
We have, =23 +in=1K=2)
ie, ~18=(n-1(-2)

g n= 10

5o, there are 10 rows in the flower bed.

EXERCISE 5.2

1. Fill in the blanks in the following table, given that a i% the first term, 4 the common
difference and g, the ath term of the AP:

a d n a,

(D 7 3 8
(i) - 1B i 10 0
(i) < =3 I8 =)
(v} | 189 25 (i i
(v) 5 ] 105 =
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2. Choose the correct choice in the Tollowing and justily :
(it 30ch term of the AP 10L7, 4, ..., 8

(At B 77 <y =77 3 — 87
() 11t term of the AP: — 3, __%.2. s
(A) 28 ®) 22 © 38 ) 435
3. Inthe following APs, find the missing werms in the boxes ;

oz [ ] 2
@[ ] 1 [] 3
(i) 5. :l I:l 9%

w-4 [ [] [} ] s
w[ ] =[] [][] -2

4. Whichterm of the AP: 3, 8,13, 18.. .. 15 787
5. Find the number of terms in ¢ach of the following APs -

() 7.13,19,...,205 (i) 18, 15%,|3,..., 47

6. Check whether— 150isatermofthe AP 11, 8,5, 2...
7. Find the 31st term of an AP whose | 1th term is 38 and the | Gth term is T3,

8. An AP conzists of 30 terms of which 3rd term iz 12 aned the last term s 106, Find the 29th
teri

9. Ifthe 3rd and the 9th lerms of an AP are 4 and — 8 respectively, which term of this AP ig
zern?
16, The 1 7th term of an AP exceeds its | (fth term by 7. Find the common difference.
11. Which term of the AP ; 3, 15, 27,39, ... will be 132 more than its 34ih term?

12. Two APshave the same common difference. The difference between their 100th terms is
100, what is the difference between their 1000th terma?

13. How many three-digit nembers are divisible by 77

14. Tow many multiples of 4 lie between 10 and 2507

15. Forwhat value of n, are the rith terms of two APs: 63, 65,67, ... and 3, 10, 17, . . . equal?
16. Determine the AT whose third term is 16 and the Tih term exceeds the 5th term by 12,
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17, Find the 20th term from the last term ol the AP 3, 8, 13, .., 253,

18. The sum of the 4¢h and 8th terms of an AP 15 24 and the sum of the 6th and 1 0th terms is
44, Find the first three terms of the AR,

19. Subba Rao started work in 1993 gt an annual salary of 5000 and received an increment
of T 200 each vear. In which year did his income reach 70007

20. Ramkali saved T 51n the first week of a year and then increased her weekly savings by
T L.75.Tf in the nth week, her weekly savings become ¥ 20.75, find i,

5.4 Sum of First n Terms of an AP

Let us consider the situation again
given in Section 5.1 in which Shakila
put T 100 into her daughier s money
box when she was one year old,
T 150 on her second birthday,
2 200 on her third birthday and will
continue in the same way, How much
rooney will be collected in the money
box by the time her daughter is 21
vears old?

Here, the amount of money (in ¥ ) put in the money box on her first, second, third,
[ourth . . . birthday were respectively 100, 150, 200, 250, . . . il her 21st birthday. To
find the total amouni in the money box on her 215t birthday, we will have to write each
of the 21 numbers in the list above and then add them up. Don’t you think it would be
atedious and time consuming process? Can we make the process shorter? This would
be possible if we can find a method for getting this sum. Let ugs see.

We consider the problem given to Gauss (about whom vou read in
Chapter 1), to solve when he was just 10 years old. He was asked to find the sum of
the positive integers from | to 100, He immediately replied that the sum i 5050. Can
you goess how did he do? He wrote

S=1+4+2+3+.. . +99+100
And then, reversed the nuribers to write
S=100+99+ . +3+2+|
Adding these two, he got
5= (100 + 1)+ (99 4+ 2)+ .. .+ {3 +98) + (2 +99) + (1 + 100}
= 1014101+, .+ 1004+ 101 (100 times)

100 101
So, S = +=ﬁﬂﬁﬂ.i.¢.,ﬂ1e siag = 5050;
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We will now use the same echnique to find the sum of the first i terms of an AP ;
ga+d a+2d ...

The mth term of this APis g + (h — 1) 4. Let 5 denaote the sum of the first nterms
of the AP, We have

S=a+{a+d)+(@a+2d)+...+[a+{n-1)d] 1)
Rewriting the terms in reverse order, we have
S=fa+n-0dl+[a+mn-2)d]+.. . +{a+d)+ a (2

On adding (1) and (2), term-wise. we gel

[2a+ (n —1d]+[2a+ (n —Dd] +...+ [2a + (n —1)d] +[2a+ (n —1)d]
n times

8=
or 28=mn[la+n-11d] {Since, there are # terms)
H
or, S=T[2a+(n—1]-d]

So, the sum of the first n terms of an AP is given by

s:% [22 + (n-1)d]
We can also write thiz as S:%[a+a+{n~l'id]
ie. S = % (@+a,) (3)

Now, if there are only n terms in an AF, then 4= [, the last term.
From (3), we see that

S=— @+l 4
= +1) 4

This form of the result is useful when the first and the last terms of an AP are
given and the commeon difference is not given.

Now we retumn to the question that was posed to us in the beginning. The amouni
of money (in Rs) in the money box of Shakila’s daughter on 1st, 2nd, 3rd, 4th birthday,
... were 100, 150, 200, 250, . . ., respectivelw.

This is an AP We have to find the total money collected on her 21stbirthday, i.e.,
the sum of the first 21 terms of this AP



ARTTHMETIC PROGRESSIONS 109

Here, a= 100, d =350 and n = 21. Using the formula :

S= :;-[’;!a+{n—l} d],

21 21
we have 5= s [2 x100 +(21 1) x50] = E[E’ﬂﬂ +1000]

"
= '—lx 1200 = 12600
2
So, the amount of money collected on her 2 1st birthday is ¥ 12600.
Hasn't the use of the formula made it much easier to solve the problem?

We also use 5 in place of S 10 denote the sum of first n terms of the AP We
wrile S_ (o denote the sum of the first 20 terms of an AP. The formula for the sum of
the first n terms involves four quantities S, a. d and #. If we know any three of them,

we can find the {oorth,

Remark : The wth term of an AP i3 the difference of the sum to first £ terms and the

sum (o first (n — 1) terms of it ie, @ =§ =S .
Let us consider some examples.

Example 11 : Find the sum of the first 22 terms of the AP: 8,3, -2, ...

Solution : Here, a =8, d=3-8=-5 n=22

We know that

S =—[2a+(n—-1d]

b |

Therefore, § = —[16+21(=5)] = 11(16 - 105) = | 1(-89) = - 979

vs | B3

S0, the sum of the first 22 terms of the AP is — 979,

Example 12 : If the sum of the first 14 terms of an AP is 1050 and its first term is 10,
find the 20th term.

Solution : Here, SM = 1050, n =14, a=10.

As § o %[iez-r (n—1)d],

50, 1050 = 1—;[20+13d]= 140 +91d
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1e., Qi0= 9ld
on d= 10
Therefore, ay, = 10+ (20 1) x 10 =200, 1.e. 20th terr is 200,

Example 13 : How many terms of the AP : 24, 21, 18, . . . must be taken so that their
sum is 787
Solution : Here, 2=24, d =21 -24=-3, § =78. We need to find .

We know that 8 = ;[2ﬁ+{n—1}d:[
ml ) n
So, 78 = E[4R+(n ~)(-3)] = E[EI—SH]
or It =5ln+1356=0
or n=1Tn+52=10
or (n—d)pn—13)=0
or =4 ar 13

Both values of s are admissible. So, the number of lerms 18 either 4 or 13,
Remarks:
1. In thizs case, the sum of the first 4 terms = the sum of the first 13 terims = 78,

2. Two answers are possible because the sum of the terms from 5th to 13th will be
zern. This is because a is positive and d is negative, 5o that soroe terms will be
positive and some others negative, and will cancel out each other,

Example 14 : Find the sum of :
(1) the first 1000 positive integers (i1} the first n positive integers
Solution ;
(i) LetS=1+2+3+...4 1000

Using the forraula 8, = %{a +1} for the sum of the first 7 terms of an AP, we
have '

1000

S =~ (1+1000) =500 1001 = 500500

1000
S0, the sum of the first 1000 positive imegers 15 300500,

(@) LetS =1+2+3+...+n
Here a = | and the last term { 1= m.
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(+n) (n+1)
Therefore, G Ry

S0, the sum of first # positive integers is given by
i+ 1)
' fI 2

Example 15 : Find the sam of first 24 terms of the list of nombers whose nth term is
given by

a=3+2n
Soluofion :
As a = 3+2n,
80, a=3+2=3
a, = 342x2=7
a,=3+2x3=9

List of numbers becomes 5, 7,9, 11, . ..

Here, T-5=9-7=11-9=2and s0 on.
S0, it forms an AP with common difference d = 2.

Tofind S, wehaven=24, a=35, d=12

Therefore, 5, = -22—4[2X5+f24—1)x'2] = 12[10 + 46] =672

S0, sum of first 24 terms of the list of numbers 15 672,

Example 16 : A manufacturer of TV sets produced 600 sets in the third vear and 700
sets in the seventh year. Assuming that the production increases uniformly by a fixed
number every vear, find
(i) the production in the 1st vear (i) the production in the 10th year
(iii) the total production in first 7 years

Solution : (i) Since the production increases uniformly by a fixed number every year,
the number of TV sets manufacmredin 15, 2nd, 3ed, . . ., vears will form an AP,

Let us denote the number of TV seis manufactured in the ath year by a .
Then, a, = 600 and a, =700
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on a+ 2d = 60l

and a + 6d = 700

Solving these equations, we get d =25 and 4 =550,

Therefore, production of TV sets in the first vearis 350,

(i) Neow a, =a+94=550+9%x25=775
So, production of TV sets in the 10th year is 775.

[2 %550 +(7 — 1) x 25]

(i) Also, 8 =

[1100+ 150] = 4375

pa | =2 3| =2

Thus, the total production of TV seis in first 7 yvears is 4375,

EXERCISE 5.3
1. PFind the sum of the following APs:

@ 2,7.12,.. ., to 10 terms. (i) ~37.-33,-29, .. .. io12 termis.
i) 0.6,1.7.28,. . to100erms.  (v) .1 L 1011 terms.
15" 12710

2. Find the sums given below

ﬁ,}?+1[!é+14+...+34 (i) 3d+32330+... +10

() =3 + (B (—11)4. .. +{-230)
3. Inan AP:
@) givena=35,d=3,a =50, findnand S,
(i) givena=7. a, =33, finddand S .
(i) givena =37, d=3,findgand § .
{iv) givena3= 15, sz 125, find 4 andﬂm,
(v) givend=5,5 =75, findaanda,.
(vi) givena=2, d=8, § =90, findnand & .
(vii) givena=8,a =62, 8 =210, find n and d.
iviii) givena =4,d=2, § =-14.find n anda.
(i) givena=3,n=8858=192,findd
(x) given/=28, S=144, and there are total ¥ terms. Find a.
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4!

How many terms of the AP 19, 17, 25, . .. must be taken 1o give a sum of 6367

. The frst term of an AP 13 5, the last berm 15 45 and the sum 15 40}, Find the number of terms

and the common difference.

The first and the last terms of an AP are 17 and 350 respectively, If the commaon difference
i5 9. how many terms are there and what is their sum?

TFind the sum of tirst 22 terms of an AP in which =7 and 22nd term iz 149,

8. Find the sum of first 31 terms of an AP whose second and third (erms are |4 and [B

10.

11.

12.

13,
14.
15,

16.

17.

18,

respectively.
If the sum of first 7 terms of an AP is 49 and that of 17 terms is 289, find the sum of
firstm terms,
Show thate ,a, ...« ... forman AP where a_is defined as below :
() a =3+4n (i) @ =9-5n
Also find the sum of the first 15 terms in each case.
If the sum of the first # terms of an AP is 41— nt, what is the first term (that is §,)? What

18 the surn of Tirst two lerms? Whal is the second lerm Y Similardy, find the 3rd, the 10th and
the ath terms.

Find the sum of the first 40 positive mtegers divisible by 6.
Find the sum of the Grst 15 muldples of 8.
Find the sum of the odd numbers between [ and 50,

A coniract on consbruction job specifies a penalty for delay of completion bavond a
certain date as follows: § 2040 for the first day, § 250 for the second day, TI00 for the therd
day, etc., the penalty for each sugceeding day being ¥ 50 more than for the preceding day,
[low much money the contractor has to pay as penalty, if he has delayed the work by 30
days"

A gum of 700 is to be used (o give seven cash prizes (o students of a schoel Tor their
overall acadernic performance. If each prize is T 20 less than its preceding prize, find the
value of each of the prizes.

In 4 school, students thought of planling rees in and around the school (o reduce air
pollotion. Tt was decided that the nurober of trees, that each section of each class will
plant, will be the same as the class, in which they are studying, e.g., 8 section of Class T
will plant 1 tree, a section of Class IT will plant 2 tre¢a and 8o on till Class XIL There are
three sections of each class. How many trees will be planted by the students?

A spiral is made up of successive semicircles, with centres alternately at A and B,
starting with centre aL A, of radii 0.5 cm, | 0 em, 1.5 cm, 2.0 em, .. . &5 shown in
Fig. 54. What is the total length of such a spiral made up of thirleen conseculive

22
semicircles? | Take n= ry )
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19.

P |

<H,'.-Lf_. 1]

_.,?J.. I
& a o £y = o i 1%

Fig. 5.4
[Hint : Length of successive semicireles is {, .!_‘ J's, L. owithcentresat A, B A B, ..
respectively.]
200 Togs are stacked in the following manner: 20 logs in the botiom rowy, 19 in the next row,

18 in the row next to itand so on (see Fig. 3.3}, In how many rows are the 200 logs placed
and how many logs are in the top row?

Fig. 5.5

In & potato tacs, abucket is placed at the startimg point, which i3 5 m from the first potato,
and the other potatoes are placed 3 m apart in a straight line, There are ton polatoss in the
line (see Fig, 5.6).

Sm im Im .

Fig. 5.6

A competitor starts from the bucket, picks up the nearest potato, runs back with it. drops
it in the bucket, runs back to pick up the next potato. runs o the bucket Lo drop it in, and
she continnes in the same way until all the potatoes are in the bucker. What is the tolal
distance the competitor has to run?

[Hint : To pick up the first potato and the second porato, the total distance (In momes)
run by 8 competitoris 2> 5+ 2 (5 +3)]
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EXERCISE 5.4 (Optional)*

1. Which termofthe AP 121,117, 113,.. .is
its first negative term?
[Hint : Find n fora <0]

2. The sum of the third and the seventh tarms
of an AP ig 6 and their product is 8. Find
thi sum of first sixteen terms of the AP

3. A ladder has rungs 25 c¢m aparl.
(see Fig. 5.7). The rungs decrease
uniformly in length from 45 om at the [ ! 2
bertom 1o 25 cm al the op, I the top and

1
the baltom rungs are ZE m aparl, what 13

the length of the wood required for the ] 2:1‘““
rangs? Jreeremmm— . S
[Hint : Numbemfrungs=%+1] Fig. 5.7

4. The houses of a row are numbered consecutively from | o049, Show that there iz a value
of x such that the sum of the nuinbers of the houses preceding the house numbered xis
equal to the sum of the numbers of the houses following it. Find this value of x

[Hint : 5. =8 - S;]

5. Asmall terrace at a football ground comprises of 13 steps each of which is 50 m long and
buoilt of solid concrete.
Each step has nrise of % m and a rread of IE m. (see Fig. 5.8). Calculate the total volume
of concrete required to build the terrace.

1 I
[Hint : Volume of concrete required to build the first step = 7 X = x50 my

Fig. 5.8

* These exercises ara not from the examinaiion point of view.
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55 Summary
Tn this chapter, you have studied the following points

1. Anarithmetic progression | AP} is a list of numbers in which each term is obtained by
adding a fixed number 4 to the preceding term, excepl the frst term. The fixed number J
15 called the common difference .

The general form of an AP isa, a+4d, 0+ 24, a+34,...

2. A given list of numbers a,, a,, a;, - . . is an AP, if the differences &, — a,, a, —a,

, — iy, . .., give the same value, e, ifa, | — a, 15 the same for different values of k.

3. 1n an AP with [irst term @ and common diffarence d, the nth term (or the general lerm) is
givenby a =a+{n—1)d

4. The sur of the first n terma of an AP 18 given by :

§$= %[za +(n —1)d]

5. If I is the last term of the finite AP, say the sth term, then the sum of all terms of the AP
15 given by :

n
= —la+{)
2

A NoTE TO THE READER

a+c
If q, b, c are in AP, then b = ‘T and b is called the arithmetic

mean of @ and e




6.1 Iniroduction

You are familiar with triangles and many of their properties from your earlier classes.
In Class IX, you have studied congruence of triangles in detail. Recall that two figures
are said (o be congruent, il they have the same shape and the same size. Tn this
chapter, we shall study abont those figures which have the same shape but not necessarily
the same size. Two figures having the same shape (and not necessarily the same size)
are called similar figures. In particular, we shall discuss the similarity of triangles and
apply this knowledge in giving a simple proof of Pythagoras Theorem learnt earlier,
Can you guess how heights of mountaing (say Mount Everest) or distances of
some long distant objects (say moon) have been found out? Do you think these have

WAH WAHI
Soon I will
reach the moon,

AAH
It is 50 easy
to meogure the
height of the
mountain,




—
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been measured directly with the help of 4 measuring tape? In fact, all these heights
and distances have been found out using the idea of indirect measurements, which is
based on the principle of similarity of figures {see Exaraple 7, Q.15 of Exercize 6.3
and also Chaplers 8 and 9 of this book).

6.2 Similar Figures

In Class IX, vou have seen that all circles with the same radii are congruent, all
squares with the same side lengths are congruent and all equilateral riangles with the

same side lengths are congruent.

Now consider any two (or more)
circles [see Fig. 6.1 (3}]. Are they
congruent? Since all of them do not
have the same radius, they are not
congruent to each other. Note that
SOINE arc G[lngﬂ]ﬂﬂ[ and some are not,
but all of them have the same shape.
So they all are, what we call, similar.
Two similar figures have the same
shape but not necessarily the same
gize, Therefore, all circles are gimilar,
What about two (or mote) squates or
two (or more) equilateral triangles
[see Fig. 6.1 (i1} and (iii}]? As observed
in the case of circles, here also all
squares are similar and all equilateral
inangles are similar.

From the above, we can say
that all congruent figures are
signilar but the similar figures need
not be congruent.

Can a circle and a square be
similar? Can a triangle and a square
be similar? These questions can be
answered by just looking at the
figures (see Fig. 6.1). Evidently
these figures are not similar. (WhyT)

Qoo

(ii)
(ifi)
Fig. 6.1
P 5

A D 3
B 1 C QQ

Fig. 6.2
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What can you sayv about the two guadrilaterals ABCD and PQRS
{see Fig 6.2)7Aze they similar? These [gures appear to be similar but we cannot be
certain about it. Therefore. we must have some definition of similarity of figures and
based on this definition some rules to decide whether the two given figures are similar
or net, For this, let us look at the photographs given in Fig. 6.3

Fig. 6.3

You will at once say that they are the photographs of the same monument
('Taj Mahal) but are in dilferent sizes. Would you say that the three photographs are
similar? Yes,they are,

What can you say about the two photographs of the same size of the same
person one at the age of 10 years and the other at the age of 40 vears? Are these
photographs similar? These photographs are of the same size but centainly they are
not of the same shape. So, they are not similar,

What does the photographer do when she prints photographs of different sizes
from the samme negative? You must have heard abous the stamp size, passport size and
posteard size photographs. She generally takes a photograph on a small size film, say
of 35mm size and then enlarges it into a bigger size, say 45mm (or 55mm). Thus, if we
congider any line segment in the smaller photograph (figure), its corresponding line
segment in the bigger photograph (fgure) will be % [Uf j:
This really means thal every line segment of the smaller photograph is enlarged
(increased) in the ratio 35:45 (or 35:55), It can also be said that every line segment
of the bigger photograph is reduced {decreased) in the ratio 45:35 (or 55:35). Further,
if you congider inclinations (or angles) between any pair of corresponding line segments
in the two photographs of different sizes, you shall see that these inclinations(or angles)
are always egual. This is the essence of the similarity of two figures and in particular
of two polygons. We say that:

] of that of the line sezment.

Two polygons of the same number of sides are similar, if (i) their
corresponding angles are equal and (i7) their corresponding sides are in the
sawte ratio (ar proportion).
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MNote that the same ratio of the corresponding sides is referred to as the scale
factor (or the Representative Fraction) [or the polygons. You muost have heard that
world maps (i.e., global maps) and blue prints for the construction of a building are
prepared uging a suitable scale factor and observing certain conventions,

In order to understand similarity of figures more clearly, let us perform the following
activity:
Activity 1 : Place a lighted bulb at a 0
point O on the ceiling and directly below
it a table in your classroom. Lel us cut a
polyzon, say a quadnlateral ABCD, from
a plane cardboard and place this
cardboard parallel to the ground between
the lighted bulb and the table. Then a
shadow of ABCD is cast on the table.
Bdark the outline of this shadow as
A'B'CTY (see Fig.6.4),
Note that the quadrilateral A'B'CD" is
an enlargement (or magnification) of the
quadrilateral ABCD, This is because of
the property of light that light propogates
in a straight line. You may also note that
A’ lies on ray OA, B’ lies on ray OB, C’
lies on OC and D’ lies on OD. Thus, quadrilaterals A'B'C'D" and ABCD are of the
same shape but of different sizes,

So, quadrilateral A'B'C'D’ is similiar to quadrilateral ABCD. We can also say
that quadrilateral ABCD is similar to the quadrilateral A'B'C'DY,

Here, you can also note that vertex A’ corresponds to vertex A, vertex B
corresponds to vertex B, vertex C' corresponds to vertex C and vertex D' corresponds
1o vertex D. Symbolically, these correspondences are represented as A’ ¢ A, B« B,
'« C and D’ « D. By actually measuring the angles and the sides of the two
quadrilaterals, you may verify that

(NLA=ZAN . LB=LB . LC=£C, LD=LD"and

~ BC CD DA
A'B" BCY

) CD' DA

This again emphasises that rwo polygons of he same number of sides are
similay, if (i) all the corresponding angles are equal and (ii) all the corresponding
sides are in the same rativ (or proportion).
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From the above, you can easily say that quadrilaterals ABCD and PQRS of
Fig. 6.5 are similar,

g 3.0 cm Q

Fig. 6.5

Remark : You can verify that if one polygon is similar to another polygon and this
second polygon is similar to a third polygon, then the first polygon is sirilar to the third
polygon.

You may note that in the two guadrilaterals (a square and a rectangle) of
Fig. 6.6, corresponding angles are equal, bul their corresponding sides are not in the
same ratio,

D 3 em C 3.5 ¢cm
n O] Ry = g
Jem Jem Jom Jem
[] P ] []
A Acem B is5em Q
Fig. 6.6

So, the two quadrilaierals are not simailar. Similarly, you may note that in the two
quadrilaterals (a square and a rhombus) of Fig, 6.7, corresponding sides are in the
same ratio, but their corresponding angles are not equal, Again, the two polygons
{quadrilaterals) are not similar,
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D 2.1 cm C

21ecm 2.1 e

B 4.2 em

2.1 em

Fig. 6.7

Thus. either of the above two conditions (§) and (i) of similarivy of two
polygons is not sufficient for them 1o be similar.,

EXERCISE 6.1
1. Fill in the blanks using the cotrect word given in bracksts |
() Allcrclesare _ (congroent, similar)

(i) Allsquares are — . {similar, congruent)

(i) Al triangles are simifar. (isosceles, equoilateral)

{iv) Two polygons of the same number of sides are similar, if {a) their corresponding
angles avre _ and (b} their corresponding sides are . {equoal,
proportional)

2. Give wwo different examples of pair of
(i) similar figures. (i) non-similar fignres,
3. Slate whether the following guadrilaterals are similar or not:

n 3cm C
) L]
8 15em R 3em 3cm
1.5 cm Sem
L ]
r L5 cm Q B 3 cm B
Fig. 6.8
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6.3 Similarity of Triangles
What can you say about the similarity of two triangles?

You may recall that triangle is also a polygon. So, we can state the same conditions
for the similarity of two triangles. That is:

Twa irigangles are similiar, if
(i} their corresponding angles are equal gnd

{if) their corresponding sides are in the same ratic (or proporiion).

Note that if corresponding angles of two
triangles are equal, then they are known as
equiangular iriangles. A famous Greek
mathematician Thales gave an important troth relating
{o two equiangular triangles which is as follows:

The ratio of gy two corresponding sides in
two equiagngular triangles is always the same.
1t is believed that he had used a result called

the Basic Proportionality Theorem {now known as

the Thales Theorem) for the same. Thales
640 — 546 B.C.)

To understand the Basic Proportionality
Theorem, let us perform the following activity:
Activity 2 : Draw any angle XAY and on its one
arm AX, mark points (say five poinis) P, Q, D, R and
B such that AP = PQ =0QD = DR =EEB.

Now, through B, draw any line intersecting arm
AY at C (see Fig. 6.9).

Also, through the point 1D, draw a line parallel
to BC to intersect AC at E. Do vou observe from

Fig. 6.9

AD 3
vour constructions that DB = 3 ! Measure AE and

-

AE AE 3
EC. What about O T Observe that BC is also equal to 5" Thuos, you can see that

AD  AE
inA ABC, DEIIBC and DB = B Is it a coincidence? No, it is due to the following

theorem (known as the Basic Proportionality Theorem):
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Theorem 6.1 : If a line is drawn parallel to one side of a triangle to intersect the
other two sides in distinct points, the other two sides are divided in the same
ratio.

FProol : We are given a triangle ABC in which a line
parallel to side BC intersects other two sides AB and
AC at D and E respectively (see Fig, 6.10}.

We need hat —= =
& need o prove (hat DE—_EC.
Letus join BE and CD and then draw DM L AC and
EN 1 AB. Fig. 6.10

| |
Now, area of A ADE (= 5 base x height) = E AD = EN.

Recall from Class TN, that area of A ADE is denoted as ar{ADE),

1

So, a(ADE) = 5 AD x EN
; 1

Similarly, ar(BDE) = 5 DB x EN,

1 1
ar(ADE) = 5 AE x DM and ar(DEC) = 5 EC x DM,

1

Therefore, ar(BDE) ~ lbﬂxm = [;BT (1)
2
! AExDM
and ar(ADE) _ 3~ "~ _AE 2)
a(DEC)  lpoypy EC
2

Nole that A BDE and DEC are on the same base DE and between the same parallels
BC and DE.

So, ar(BDE) = ar{DEC) (3}
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Therefore, from (13, (2) and {3). we have :
AD _ AE
DB EC

Is the converse of this theorem also true (For the meaning of converse, see
Appendix 1)? To examine this, let us perform the following activity:

Activity 3 : Draw an angle XAY on your
notebook and on ray AX, mark points B, B.,
B, B,and B such that AB, =B B,=B,B, =
BB, = BB.

Similarly, on ray AY, mark points
C, C, C,, C, and C such that AC, = C.C, =
C,C, = C,C, = CLC. Then join B C, and BC
{zee Fig. 6.11).

. AB,  AC 1.
Note that BlB = C[C {Each equal o fi }
You ¢can also gee that lineg B\C, and BC are parallel 1o each other, ie.,
BC I BC (1)
Similarly, by joining B,C,, B,C, and B,C,, vou can see that:
AB, AC, (_2
BB - C.C B and B.C, Il BC {2)
2 2
AB A 3
E'_z]-:: = é{; [:i] and B.C, | BC {3)
AB, AC, [ 4
ﬁ = ﬁ —I and ]3“]1:'.‘l I BC (4)
4 4

From (1}, (2}, (3) and (4), it can be observed thatif a line divides two sides ol a
triangle in the same ratio, then the line is parallel to the third side.

You can repeal this activity by drawing any angle XAY of different measure and
taking any number of equal parts on arms AX and AY . Each time, you will arrive at
the same result. Thus. we obtain the following theorem. which is the converse of
Theorem 6.1:
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Theorem 6.2 : If a line divides any two sides of a
triangle in the same ratio, then the line is parallel
to the third side.

This theorem can be proved by taldng a line DB such

AD AE ) .
tht DB EC and assuming that DE is not parallel

to BC (see Fig. 6.12).
If DE is not parallel w» BC, draw a line DE’

parallel to BC. Fig. 6.12
AD AE

So, DE - EC (Why 7
AE AR

Theretfore, %E = E”E (Why

Adding | to both sides of above, you ¢an see that E and E’ must coincide.
(Why 7)
Let us take some examples to illustrate the use of the above theoreis.

Example 1 : Tf a line intersects sides AB and AC of a A ABC at D and E respectively

. AD AR .
and is parallel to BC, prove that — = — (sec Fig. 6.13).

AB AC
Solution : DE Il BC (Given)
g AD  AE h 6.1
o, DB = EC (Theorem 6.1)
A

DB _EC

% AD ~ AE
EH = gﬂ D

o AD T AE E

AB _ AC
H AD ~ AE

B

g AD  AE E
. AB = AC Fig. 6.13
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Example 2 : ABCD is a trapezium with AB || DC. A B

E and F are points on non-parallel sides AD and BC / \

respectively such that EF is parallel to AB F ¥
Fig. 6.14}. Show that B

(see Fig. 6.14}). Show D EC’

Solution : Let us join AC to intersect EF at G N
(see Fig. 6.15). Fig. 6.14

AB I DC and EF | AB  (Given)

So, EFIIMC (Lines parallel to the same line are
parallel to each other)

Now, in A ADC, sz \
EGIl DC (As EF || DC) E .

ME-E (Th 6.1 1
B0y e eorermn 6.1} (1)

Similarly, from A CAB,

Fig. 6.15

Cr
BF

(2)

ie.,

Rz 3/8

BE
FC P
Therefore, from (1) and (2),

BF
FC

8|&

E le 3: In Fig. 6.16 E L) d 2 PST
txample 3 : In Fig. 6. .SQ—TRQFI =
£ PRQ. Prove that PQR is an isosceles triangle. Q i

Ps _ FPT Fi -
A S I L i L Y g. 6.16
Solution : It iz given that SQ TR

So, ST QR (Theorem 6.2)
Therefore, ZP5T= ZPOR (Corresponding angles) (1)




|28 B ATHEMATICS

Also, it is given that

ZPST = £ PRQ (2)
So, Z PRQ = £ PQR [From (1) and (2)]
Therefore, PQ =PR (Sides opposite the equal angles)

i.e., PQR is an isosceles triangle.
g

EXERCISE 6.2

1. InFig 6.17, (iyand{ii), DE | BC. Find EC in (i} and AD in (ii).

(i)
F'ig. 6.17 B
2. E and F are points on the sides PQ and PR /M(\
respecuvely of a A POR. For each of the following 4 L C
cases, state whether EF || QR \M

(i) PE=39¢m, EQ=3cm PF=36cmandFR =24 cm D

(i) PE=4oem, QE=4.5cm, PF=Bcmand RF=59cm Fig. 6.18
(i) POQ=128cm, FR=256cm, PE=0.18 crmand PF=0.36cm
3. InFig 6.18.if LM || CB and LN || CD, prove that

AM _ AN
AB AD D
4. In Fig. 6.19, DE || AC and DF Il AE. Prove that
BF _BE B : C
FE EC ¥ E
Fig. 6.19

—d
— =]
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5, In Fig. 6.20, DE Il OQ and DF || OR. Show that
LF 1R,

6. TnFig. 6.21, A. B and C are points on OP, OQ and
OR respectively such that AB 1| PQ and AC || PR.
Show that BC 1| QR.

7. Using Theorsm 6.1, prove that a line drawm through
the mid-point of one side of a riangle parallel w
anather side hisecis the third side, (Recall that you
have proved it in Class TX),

8. Using Theorem 6.2, prove Lhat the fine joining the
raid-points of any two sides of 4 iriangle is parallel
to the third side. (Recall that yoo have done it in
Class XD,

9. ABCD is a wapeziom in which AB Il DC and its
diagonals intersect cach other at the point 0. Show

ﬁ(:l o - "
BD Do fig, 6.21
10, The diagonals of a quadritateral ABCD mtersect each other at the point O such that
ﬁﬂ {:0 = Show that ABCD 1
BD DD o that 1% & trapeziom.

6.4 Criteria for Similarity of Triangles
In the previous section, we stated that two triangles are similar, if (1) their corresponding
angles are equal and (ii) their corresponding sides are in the same ratio (or proportion).
That i, in A ABC and A DEF, if
(VLA=LD LB=LE £C=LFand

.. AB_BC _CA , o )
[ = DE EF “m ' then the two triangles are similar (see Fig, 6.22).
A
A
B C E F

Fig. 6.22
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Here, you can see that A corresponds to D, B corresponds to E and C
corresponds to F. Symbolically, we write the similarity of these two riangles as
‘A ABC ~ A DEF’ and read it as ‘iriangle ABC is similar to triangle DEF’. The
symbol *~' stands for ‘is similar 10”. Recall that vou have used the symbol *=" for
‘15 congruent o’ in Class TX.

It must be noted that as done in the case of congruency of two triangles, the
similarity of two triangles should also be expressed symbolically, nsing correct
corregpondence of their vertices. For example, for the triangles ABC and DEF of
Fig. 6.22, we cannot write A ABC ~ A EDF or A ABC ~ A FED. However, we
can write A BAC ~ A EDE

Now a natural question arises : For checking the similarity ol two riangles, say
ABC and DEF, should we always look for all the equality relations of their corresponding
angles(£LA=4£D, £B=£E, £C= £ F)and all the equality relations of the ratios

s 2 AT I (oA O S 3 S :
of their comresponding sides DE _EF D | Let us examine. You may recall that

in Class IX, vou have obtained some eriteria for congruency of two tnangles involving
only three pairs of corresponding parts {or elements) of the two triangles. Here also,
let us make an atiempt to arrive at certain criteria for similarity of two ridngles involving
relationship between less number of pairs of corresponding parts of the two wriangles,
instead of all the six pairs of corresponding parts. For this, let us perform the following
activity:

Activity 4 : Draw two line segments BC and EF of two different lengths, say 3 cm
and 5 cm respectively. Then, at the points B and C respectively, construct angles PBC
and QCB of some measures, say. 60" and 40°. Also, at the points E and F. construct
angles REF and SFE of 60% and 40° respectively (see Fig. 6.23).

R
D
0o P
A
.l 4PN WA APNF
Jem 5e¢m

Fig. 6.23
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Let rays BP and CQ intersect each other at A and rays ER and FS intersect
each other at D. In the two triangles ABC and DEF, you can see that
LB=/E /C=/Fand £ A =2 D. That ig, corresponding angles of these two
iriangles are equal. What can you say aboul their corresponding sides 7 Note that

BC 3 AB Ch :
== — . /7
EF 3 What about DE and ? On measuring AB, DE, CA and FD, vou

will find that i;g and (F::; are also equal to 0.6 (or nearly equal to 0.6, if there 15 some

BC CA

error in the measurernent). Thos, el g You can repeat thig activity by

constructing several pairs of triangles having their corresponding angles equal. Every
time, you will find that their corresponding sides are in the same ratio (or proportion).
This activity leads us o the following criterion for similarity of two triangles.

Theorem 6.3 : If jn two triangles, corvesponding angles are equal, then their
carresponding sides are in the same ratio (or proportion) and hence the two
triaagles are similar

This criterion is referred to as the AAA
(Angle-Angle-Angle) criterion of A
similarity of two triangles,

This theorem can be proved by taking two
triangles ABC and DEF such that
LA=4D,£B=ZEand2C=<ZF B
{see Fig. 6.24)

Cut DP = AB and DQ = AC and join PQ.

So, A ABC = A DPQ (Why 7)
This gives LB=4LP =2F and PQUEF (How?)
Theref E_ DQ Why?
cIore, PE ot QF { }]
1.6,y DE - DF !
Gy, AB_BC . AB_BC_AC
¥ pETE "DE EF DF°

Remark : It two angles of a triangle are respectively equal to two angles of another
iriangle, then by the angle sum property of a triangle their third angles will also be
equal. Therefore, AAA similarity criterion can also be stated as follows:
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If two angles of one riangle are respectively equal 1o two angles of another
triangle, then the two wriangles are similar

This may be referred to as the AA similarity criterion for two triangles.

You have seen above that if the three angles of one triangle are respectively
equal to the three angles of another triangle, then their comresponding sides are
proportional (i.e., in the same ratio), What about the converse of this statement? s the
converse true? In other words, if the sides of a rriangle are respectively proportional to
the sides of another triangle, is it true that their corresponding angles are equal? Let us
exarmine it through an activity :

Activity 5 : Draw two triangles ABC and DEF such that AB =3 cm, BC = 6 cm,
CA=8cm, DE=4.5 cm, EF=9 cm and FD = 12 cm (see Fig. 6.25).

D
A
8 cm 4.5 con 12 em
3 cm
¥ & em c ' 9 ¢m B
Fig. 6.25
o voniavns AB_BC _CA o il
o, you have DE EF D each equal o 3]

Now measure < A, £ B, £ C, 2D, £ E and 2 F. You will observe that
LA=2D,£B=ZEand £ C= £ F ie., the corresponding angles of the two
riangles are equal.

You can repesat this activity by drawing several such triangles (having their sides
in the same ratio). Everytame you shall see that their corresponding angles are equal.
Tt is due to the following criterion of similarity of two triangles:

Theorem 6.4 : If in rwo triangles, sides of one triangle are proportional to
{i.e.. in the same ratig of ) the sides of the other triangle, then their corresponding
angles are equal and hence the rwo trigngles are similiar.

Thiz criterion is referred to as the 888 (Side—Side—Side) similarity criterion for
two triangles.

This theorem can be proved by taking two triangles ABC and DEF such that
AB BC CA

oE =ﬁ (< 1) (see Fig. 6.26):

=
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B C E
Fig. 6.26
Cut DP = AB and DQ = AC and join PQ,

It b that E —E d IlEF {How?
can be seen that PE = OF and PQ (How'T
So, ZF=ZF and Z£0Q=ZF
DP DQ PO

Therefore, p— e — S

So, == o= (Why)

So, BC=PQ (Why?)
Thus, A ABC = A DPQ (Why T)
So. LA=ZD, ZB=ZE and ZC=2£F (How?T)

Remark : You may recall that either of the two conditions namely, (i) corresponding
angles are equal and {ii) corresponding sides are in the same ratio is not sufficient for
two polygons o be similar, However, on the basis of Theorems 6.3 and 6.4, vou can
now say that in case of similarity of the two triangles, it is not necessary to check both
the conditions as one condition implies the other.

Let us now recall the various criteria for congruency of two triangles learnt in
Class TX. Youmay observe that 888 similarity criterion can be compared with the S58
congruency criterion.This suggests us to look for a similarity criterion comparable to
SAS congruency criterion of triangles. For this, let us perform an activity.

Activity 6 : Draw two wiangles ABC and DEF such that AB =2 cm, £ A = 507,
AC =4 ¢m, DE=3 em, £ D = 50° and DF = 6 cm (see Fig.6.27).
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D
A
siF
5 4em 6 cm
2 cm dcm
B & F
Fig. 6.27

2 .
BE = DF {each equal to 3 ) and £ A (included

between the sides AB and AC) = 2 D (included between the sides DE and DF}. That
iz, one angle of a miangle is equal to one angle of another triangle and sides including
these angles are in the same ratio (i.e., proportion). Now let us measure £ B, £ C,
< Eand £ F,

Youwill indthat £ B=Eand L C=ZF. Thatiz, ZA=2D, £ B=ZEand
£ C =2 F. So, by AAA similarity criterion, A ABC ~ A DEF. You may repeat this
activity by drawing several pairs of such triangles with one angle of a iriangle equal to
one angle of another triangle and the sides including these angles are proportional.
Everylime, you will find that the triangles are similar, 1tis due to the following criterion
of similarity of triangles:

Here, you may observe that

Theorem 6.5 : If one gungle of q viangle iz equal to one angle of the other
triangle and the sides including these angles are proportional, then the two
triangles are similar.

This criterion is referred to as
the SAS (Side—Angle-Side)
similarity criterion for two
triangles,

As before, this theorem can
be proved by taking two rangles
ABC and DEF such that
AB  AC B C
DE  DF (< 1)yand £ A=2D
{see Fig. 6.28). Cut DP = AB, DQ Fig. 6.28
= AC and join PQ.
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MNow, PQ Il EF and A ABC = A DPO) (How 1)
So, ZA=/D, /B=/Pad ZC=20Q
Therefore, A ABC ~ A DEF (Why?)

We now take some examples to illustrate the use of these criteria.

Example 4 : In Fig, 6.29, if PQ || RS, proye that A POQ - A SOR.

R
'F
0
Q 3
Fig. 6.29
Solution : PQ Il RS (Given)
So. LP=25 (Alternate angles)
and LQ=LTR
Also, ZPOQ = £ S0R (Vertically opposite angles)
Therefore. APOOQ - A SOR (AAA similarity criterion)

Example 5 : Observe Fig, 6.30 and then find £ B

Fig. 6.30

Solution : In A ABC and A PQR.
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AB_38 I BC_6 1  CA_3f3_1
RQ 76 2 QF 12 2™ PR " of3 2
3 E - E - C_ﬁ
That 15, RQ QP PR
Sa. A ABC ~ A RQP (S5S similarity)
Therefore, LZC=2£LP {Corresponding angles of sinmilar riangles)
But LC=1R0"-LA-LB {Angle sum property)

= 180° — 80" — 60" =407
So, LP=40°
Example 6 : In Fig. 6.31,
0A.0OB=0C.O0D.
Showthat ZA=ZCand £ZB=2D,
Solution : OA . OB =0C. 0D (Given)

OA  OD Fig. 6.31
So, = 5 (1) - B
Also, we have £ZA0D= £ COB (Vertically opposite angles) (2)
Therefore, from (1) and (2), A AOD ~ ACOB  (SAS similarity critgrion)
So, LA=LCand £LD=£LB

{Corresponding angles of similar iriangles)

Example 7 : A girl of height 90 cm is
walking away from the base of a
lamp-post at a speed of 1.2 m/s. If the lamp
is 3.6 m above the ground, find the length
of her shadow after 4 seconds.

Solution : Let AB denote the lamp-post
and CD the girl afier walking for 4 seconds
away from the lamp-post (see Fig. 6.32).

Frora the figure, you can see that DE is the ,
shadow of the girl. Let DE be x metres. Fig. 6.32
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Mow.BD=12mx4 =48 m.

Note that in A ABE and A CDE,
£B=2D  (Eachis of 90° because lamp-post
as well as the girl are standing
vertical to the ground)
and £LB=."E {Same angle)
So, A ABE ~ A CDE {AA similarity criterion)
Therefore, E = E
) DE CcD
ie., Ll (90 cm = Lol - 0.9 m)
x 0.9 - 100
i€, 48 +x=4dx
e, dx= 4R
Le., x=1.6

So, the shadow of the girl after walking for 4 seconds is 1.6 m long.

Example 8 : In Fig. 6.33. CM and EN are Q N P
respectively the medians of A ABC and
APQR. If A ABC ~ APQR, prove that : A

(i) A AMC ~ A PNE

M
cM_ 4B
@ RN~ PO c
E R

{iil) A CMB ~ A RNQ

Fig. 6.33

Solution : (i) AABC ~ A PQR (Given)
AB  BC_CA

So, PQ = QR RP (1)
and LA=LP ZAB=L0and L C=2LR (2}
Bur AB=2AMand PQ=2PN

(Ag CM and RN are medians)

2AM CA

So, from (1), maae

2PN = RpP
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1 ﬁ i E 3}
LE., PN = RP (

Also. S MAC = £ NPR [From (2)]  (4)

So, from (3) and (4),

(1) From (3),
But
Therefore,
(i) Again,
Therefore,

Also,
ie.,

ie.,

Therelore,

A AMC ~ A PNR

CM _ CA
RN  RP
Ca _ AB
RP  PQ
CM  AB
RN — PQ
AB _ BC
PQ ~ QR
tM  BC
RN QR

CM _AB_2BM
RN ~ PQ 20QN

cM _ BM
RN =~ ON
CM _BC_BM
RN ~ QR QN

A CMB ~ A RNQ

(SAS similarity) (3)

(6)

[From (1)] (7}

[From (6) and (7)] (8)

[Froma (1]

[From (&)] (9)

(10)

[From (9) and (10)]

(SSS similarity)

[Note : You can also prove part (iii} by following the same method as used for proving

part (i).]

EXERCISE 6.3

1. State which pairs of riangles in Fig. 6.34 are similar. Write the similarity eriterion used by
you for angwering the question and also write the pairs of similar iriangies in the symbolic

form
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P
A 6, A
pl80_afc D8 siig z5—C Q R
() (i)
M 5
5
27 ; :
/\ = Hﬁb\' 7

M=t E F N L Q o R
{iii) {iv)
/\ L ;

: .
m : e A o .
(v) {vi
Fig. 6.34

2. InFig 635, A0DC~AOBA, £BOC=125"

and £ CDO=T70°, Find #DOC, #DCOand < Dwr C N
< 0125
3, Diagonals AC and BD of a irapezium ABCD &
with AB [l DC intersect each other atl the - = 2 ‘
point O. Using a sirnilarity criterion for two Fig. 6.35
0OA OB
irianglzs, show that oc = oD,
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.

6.

8.

10.

InFig. 6.36 and & 1 =22, Show

QR _QT
"Q§ PR
that A PQS ~ ATQR.

5 and T are points on sides PR and QR of
A PQR zuch that # P = ~ RTS. Show that
ARPQ)-ARTS.

In Fig. 637, if A ABE = A ACD, show that
AADE ~AABC.

InFig. §.38, altitudes AD and CE of AABC
inlersect sach other at the point P Show
thad;

(i) AAEP~ACDP

() AABD - ACBE

(i) AAEP-AADB

(v} APDC-ABEC

E iz a point on the side AT produced of a
parallelogram ABCD and BE intersects CD
at F. Show that A ABE ~ A CFB.

InFig. 6.39, ABC and AMP are two right
triangles, right angled a1t B and M
respectively. Prove that

(1) AABC ~AANMP

CID and GH are respectively the bisectors
of & ACB and 2 EGF such that Dy and H lie
on sides AB and FE of A ABC and A EFG
respectively, If A ABC - AFEG, show that

CDh AC

W GH  FG
iy ADCB-AHGE
(§ii) ADCA ~AHGF

; E\
B C

T
/\
i 2
L8] § R

Fig. 6.36

Fig. 6.37
C
D
P
| E
E
Fig. 6.38
|
M
A \r
B
Fig. 6.39
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11. In Fig. 6,40, E is a point on side CB

12.

13,

14,

16.

prodduced of an isvaceles wiangle ABC
with AB = AC T AD L BCand EF L AC,
prove that A ABID ~ AECE,

Sides AB and BC and median AD of a
irangle ABC are respechively propor-
tional to sides PO) and QR and median
PM of APOR (sec Fig. 6.41). Show that
AABC~APQR.

I35 a point on the side BC of a triangle
ABC such that &£ ADC = BAC. Show
thar CA*=CB.CD.

Sides AR and AC and median AD of a
triangle ABC are respectively
proportional (o sides PQ and PR and
median PM of another irnangle PQR.
Show that A ABC ~ APQR.

Fig. 6.40

) - Q M R

Fig. 6.41

. A vertical pole oflength & m casis a shadow 4 m long on the ground and at the same time

a tower costs a shadow 28 m long. Find the height of the tower.

It AD and PM are medians of triangles ABC and POQR, respectively where

AB _AD

A ABC - APQR, prove that ﬁ “ M

6.5 Areas of Similar Triangles

You have learnt that in two similar triangles, the ratio of their corresponding sides is
the same. Do you think there is any reladonship between the ratio of their areas and
the ratio of the corresponding sides? You know that area is measured in square units.
So, you may expect that this ratio is the square of the ratio of their corresponding
sides. Thiz is indeed true and we shall prove it in the next theorem.

Theorem 6.6 :

The ratio of the areas

of two similar frigngles is equal to the

square of the

rario  of rtheir

correésponding sides.

Proof : We are

triangles ABC and POR such that
A ABC ~ A PQR (see Fig. 6.42),

given two B
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ar (ABC) [ABY (BCY (ca
We need to prove tha Lt {—} :(—T:[R_P ]=

ar (PQR) | PQ QR

For finding the areas of the two triangles, we draw aliitudes AM and PN of the
triangles.

Now, ar (ABC) = é BCx AM
I
and ar (PQR) = 5 QRxPN
L eBOXAM
s ar (ABC) R *P-XAY pexam O
! HI'(PQRJ‘ iquxPN QR = PN
Now, in A ABM and A PQN,
LB=2Q (As A ABC ~ A PQR)
and EM= 2N (Each is of 907)
So. A ABM ~ A PON {AA similarity criterion)
AR .
Therafore. ;I:L{ PQ (4]
Also, A ABC ~ A PQR (Given)
AB _BC_cA
So, PQ = QR RP ()
ar {(ABC) ﬂ AM
Therefore. ar (POQR) = PO N [From (1) and (3)]
- 20" % [From (2]
ABY
L PQ

Now using (3), we get

v - () () (o] s

Let us take an example 1o illustrate the use of this theorem,
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Example ¥ : In Fig. 6.43, the line segment A
XY is parallel w side AC of A ABC and it .
divides the triangle into two parts of equal
. OX
areas. Find the ratio iR
B C
Y
Fig. 6.43

Solution : We have XY Il AC (Given)
So, £ZBXY=2A and £BYX=2C  (Corresponding angles)
Therefore. AABC ~ AXBY (AA similarty criterion)

w (ABC) _ (AB
So, ar (XBY) = | XB (Theorem 6.6) (1)
Also, ar (ABC) = 2 ar (XBY) (Given)

w(ABC) 2
So, a (XBY) = | (2)
Therefore, from (1) and (2),

ABY _2 . AB_\2

XB) 1777 XB I

x3_ 1
& AB ~ 42
BB
= " AB 2
AB - XB _+2-1 AX _2-1 2-V2

oL, AR N L., AR e 2

EXERCISE 6.4
1. Let A ABC ~ A DEF and their areas be, respectively, 64 cmand 121 em?. If EF =
5.4 cm, find BC.

2. Diagonals of a mapezium ABCD with AB || DC intersect each other ar the point O.
TF AR = 2 CT. find the ratio of the areas of triangles AOB and COD.



|44 B ATHEMATICS

3. InFig. 644, ABC and DBC are two triangles on the A C
zame baze BC, If AD intersecis BC at O, show that

ar (ABO) _ AO. o
ar (DBC) DO

4, Ifthe areas of two similar iriangles are equal, prove B D
that they are congruenl. Fig. 6.44

5. b, E and F are respectively the mid-points of sides AB, BC and CA of A ABC, Find the
ratio of the areas of A DEF and A ABC.

6. Prove that the ratio of the areas of two similar triangles is equal Lo the sguare of the ratio
of their corresponding medians,
7. Prove that the area of an equilateral wiangle described on one side of a square 12 equal
to half the area of the equilateral triangle described on one of itz diagonals.
Tick the correct answer and justily :

8. ABC and BDE are two equilateral triangles such that D is the mid-point of BC. Ratio of
tha areas of tnangles ABC and BEDE is

(A) 2:1 B) 1:2 {Cr 41 oy 1:4
9. Sides of two similar triangles are in the rativ 4 : 9. Areas of these mangles are in the ratio
(A} 2:3 {B) 4:9 (C) Bl: 16 D) 16181

6.6 Pythagoras Theorem

You are already familiar with the Pythagoras Theorem from your earlier classes. You
had verified this theorem through some activities and made vse of it in solving certain
problems, You have also seen a proof of this theorem in Class TX. Now, we shall prove
this theorem using the concept of similarity of B
triangles. In proving this, we shall make use of
a resuli related to similarity of two triangles
formed by the perpendicular to the hypotenuse
fromo the opposite vertex of the right triangle.
Now, letus take aright triangle ABC, right

angled at B. Let BD be the perpendicular to the “ D ¢
hypotenuse AC (see Fig. 6.45). Fig. 6.45
You may note that in A ADB and A ABC
LA=LA
and LADB= £ ABC  (Why?
So, AADB ~ A ABC  (How?) (1)

Similarly, ABDC ~ A ABC  (How?) (2)

=
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So. from (1) and (2), triangles on both sides of the perpendicular BD are similar
(o the whole iriangle ABC.

Alzo, since AADB -~ A ABC
and ABDC -~ A ABC
Son, AADB ~ ABDC  (From Remark in Section 6.2)

The above discussion leads to the following theorem :

Theorem 6.7 : If a perpendicular is drawn from
the vertex of the right angle of a right triangle to
the hypotenuse then triangles on both sides of
the perpendicular are similar to the whole triangle
and la each ather.

Let us now apply this theorem in proving the
Pythagoras Theorem:

Pythagoras
(569 — 479 B.C.E.)

Theorem 6.8 : In g right rriangle, the square of the hypotenuse is equal to the
sum of the squares of the other two sides.

Proof : We are given a right triangle ABC right angled at B.

B
We need to prove that AC? = AB?* + BC? .
Let us draw  BD L AC (see Fig. 6.46). i
Now, A ADB ~ AABC  (Theorem 6.7) 1
A . C
AD  AB , _ "
So, AG = A0 (Sides are proportional) Fig. 6.46
r, AD . AC = AB? (1
Also, ABDC ~ AABC (Theorem 6.7)
g o _ B¢
BC =~ AC

ot CD.AC= BC? (2)
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Adding (1) and (2).
AD . AC+ CD. AC = AB? + BC*

o, AC (AD + CD) = AB* + BC?
or, AC . AC = AB* + B(?
o, AC! = AB? + BC? i

The above theorem was earlier given by an ancient Indian mathematician
Baudhayan (about N0 B.C.E.) in the following form :

The diggonal of a reciangle prodyces by itself the same area as produced
By irr both sides (i.e., length and breadrh).

For this reagon, this theorem is sometimes also referred to as the Baudhayan
Thearen.

What about the converge of the Pythagoras Theorem? You have already verified,
in the earlier classes, that this is also true. We now prove it in the form of a theorem.

Theorem 6.9 : In q triangle, if square of one side is equal to the sum of the
squares of the other two sides, then the angle opposite the first side iv a right
angle.

Prool : Here, we are given a triangle ABC in which AC? = AB? + BCZ,
We need to prove that .~ B = 90°,

To start with, we construct a A PQR nght angled at Q such that PQ = AB and
QR = BC (see Fig. 6.47).

C " I R m Q

Fig. 6.47
Now, from A PQR. we have :

PR? = P(¥ + QR? (Pythagoras Theorem,
as .« (=907

or, PR! = AB? + BC? (By construction) (13
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But AC? = AB* + BC? {(Given) ()
S0, AC=PR [From (1) and (2)] (3)
Mow, in A ABC and A PQE,
AB = POQ (Bv construction)
BC=0QR {By construction)
AC=PR [Proved in (3) above]
So, AABC = A POR (SSS congruence)
Therefore, /B=2/0Q (CPCT)
But 20 =90 (By construction)
So, LB =9()"° [ |

Note : Also see Appendix 1 for another proof of this theorem,
Let us now take some examples to illusirate the use of these theorems,

Example 10 : In Fig. 6.48, .~ ACE = 90° c

dCD LAB. P that BC:‘ . B
an . Prove ACT - AD
Solution : AACD - A ABC

(Theorem 6.7) A = B

. AC _ AD _.

0, AB -~ AC Fig. 6.48
oL, AC*= AB . AD (1)
Sirnilarly, ABCD ~ ABAC {Theorem 6.7)
. BC _BD

BA ~ BC

(T, BC*=BA .BD (2}

Therefore, from (1) and (2),

BC® BA-BD BD
ACE = AB-AD AD

Example 11 : A ladder 15 placed against a wall such (hat ils oot is al a distance
of 2.5 m from the wall and its top reaches a window 6 m above the ground. Find the

length of the ladder.
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Solution : Let AB be the ladder and CA be the wall A
with the window at A (see Fig. 6.49).

Also, BC=23mand CA=6m
From Pythagoras Theorem, we have:
AB* = BCY + CA*
= (2.50 + (6)
= 4225
So, AB = 6.3

Thus, length of the ladder is 6.5 m. 25m
Example 12 : In Fig. 6,50, if AD L BC, prove that Fig. 6.49
AB* 4+ CD? = BD* + ACY,
Solution : From A ADC, we have
AC2 = AD? + CD?
{Pythagoras Theorem) (1} D
From A ADB, we have
AB? = AD? + BD?
(Pvthagoras Theorem) (2)
Subtracting (1) from (2), we have
AB? - AC? = BI¥ - CD? B
or, AB?* + CD* = B + AC?

o m

Fig. 6.50

Example 13 : BL and CM are medians of a M
iriangle ABC right angled al A, Prove that
4 (BL! + CM*) = 5§ BC2,

Solution : BL and CM are medians of the v [
A ABC in which £ A = 90° (see Fig. 6.51). A

BC*= AB'+ AC* (Pythagoras Theorem) (1)
Froma A ABL,
BL?= AL + AB?
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AC - N
o, BL? = = + AB* (L is the mid-point of AC)
2
ar, BL:= £ + ABE
4
oL 4 BL:= AC?+ 4 AB? (2)
From A CMA,
CM? = AC? + AME
AB V2
oI, CM? = AC* + [?] {M is the mid-point of AB)
J‘!'J.Bl
or CME = ACE + T
or 4 CM* = 4 AC* + AB? (3)

Adding (2) and (3), we have
4 (BL*+ CM?Y = 5 (ACC + ABY

l.e;, 4 (BL*+ CM?) = 5 BC? [From (1]
Example 14 : O iz any point inside a A b
rectangle ABCD (see Fig. 6.52). Prove that
OB? + OD* = 0A® + OC%,

| R . Sl I 0
Solution ; 0
Through O, draw PQ || BC so that P lies on
AB and Q lies on DC. B c

Fig. 6.52

Now, PQ Il BC s
Therefore, PO LAB and PQ L DC (£ B =90 and £ C = 90°)
So, £ BPQ =907 and £ CQP =90°
Therefore, BPQC and APQD are both rectangles,
Now, from A OPE,

OB = BP! + OP? (N
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Similarly, from A OQD,

on? = O + DQ? (2)
From A OQC, we have

0C*= DQ* + CQ* (3)
and from A OAP, we have

OAZ = AP? + OP? (4)

Adding (1) and (2),
OB? + OD* = BP? + OP? + OQ? + DQ?
= CQF + OF + 00 + AP
(As BP = CQ and DQ = AP)
= CQ? + OQ* + OP® + AP?
= 0C* + DA? [From (3) and (4)]

EXERCISE 6.5

1. Sides of friangles are given below. Determine which of them are right triangles.
In case of a right tnangle, write the length of ifs hypotenuse.

(i} 7em, 24om, 25cm
(@) Icm, Bom, Gom
(i) S0cm, &80em, 100 cm
(v} 13 ¢ 12 e, Sem
2. POR is a triangle right angled at Pand M iz a
point on QR such that PM L QF. Show that C
PrE= (M. MR,
3. InFig. 6.53, ABD is atrangle night angled ar &
and AC_L BD. Show that
(i) AR*=RC.BD B A
?} AC".’=BC,DC Fig. 6.5
fiii} AD*=BD.CD
4. ABC is an isosceles miangle right angled at C. Prove that AB* = JACY,
5. ABC ig an isosceles triangle with AC = BC. If AB? = 2 ACH, prove (hat ABC is a right
triangle.
6. ABC is an equilateral triangle of side 2a, Find each of its altitudes,

7. Prove thar the sum of the squares of the sides of a rhombus is equal tw the sum of the
squares of its diagonals,
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81-

10,

11.

12,

13,

14!

16.

17,

In Fig, 6,534, O is a point in the interior of a tiangle

ABC, 0D LBC, OF L AC and OF L AB. Show that

(i) DAY+ OB+ 00 - 0D*- 0OE - 0OF = AF + BD?+ CEY,
(i) AF*+BD?*+CE'=AF*+CI[¥+BF.

A ladder 10m long reaches a window 8 m above the

ground. Find the distance of the foot of the ladder
from base of the wall,

A guy wire attached to a vertical pole of height 18 m
is 24 m long and has a stake attached to the other
end. [Mow far from the base of the pole shoold the
siakce be doven so (hat the wire will be tam?

An aeroplane leaves an airport and flies due north at a speed of 1000 km per howr. Avthe
same time, another aeroplane leaves the sams airport and [Hes due west at a speed of

|
1200 km per howr, How [ar apart will be the two planes after | 3 hours?

Twao poles of heights § m and 11 m stand on a
plane ground. If the distance between the feel
of the poles is 12 my, find the distance between
their tops.

> and E are poatits on the sides CA and CB
respectively of atniangle ABC night angled st C.

Prove that AE*+ BD?= AB* + DE*, c ]l;j B

The perpendicular from A on side BC of a
A ABC imersecis BC at D sachthat DBE=3CD Fig. 6.55
(see Fig. 6.55). Prove that 2 AB*=2 AC* + BCL

1
In an equilateral riangle ABC, D iz a point on side BC such that BD = 3 BC. Prove that
9AD*=T AB*

In an equilateral triangle, prove that three times the square of one side iz equal to four
times the square of one of its altitudes.

Tick the correct answer and justify : In AABC. AB= 633 cm, AC=12cmand BC=6cm.
The angle B is:

(A) 1207 By &0
(S (D) 45
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EXERCISE 6.6 (Optional)*

S P
L. InFig. £.56, PS is the bisector of £ QPR of A PQR. Prove that 2800 R
SR PR
P A
D N
0 S R L i B
Fig. 6.56 Fig. 6.57

2. InFig.6.57, Dis a point on hypotenuse AC of A ABC, such that BD L AC, DM L BC and
DN L AB. Prove that
(iy DMP=DN . MC (i) DN*=DM . AN

3. InFip. 6.58, ABC iz atriangle in which ~/ ABC > 90" and AD | CB produced. Prove that
ACP=AB*+BC'+ 2BC.BD.

A A
1\ / .
D 5 C B D C
Fig. 6.58 Fig. 6.59

4. In Fig. 6.59. ABC is 1 triangle in which £ ABC < 20° and AD L BC. Prove that
ACE=ABY+BC*-2BC . BD. A

5. InFig. 6.60, AD is a median of a riangle ABC and
AM 1 BC, Prove that -

BC
(i) AC*=AD*+BC.DM+ (? ]l

Fig. 6.60

* These exerciscs are not from examination point of view.
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(i) AE1=AD1—BC.IJM+lTj (i) AC?+AB'=2AD*+ - BC?

Prove that the sum of the squares of the diagonals of parallelogram 1s equal to the som
of the squares of its sides,

In Fig. £.61, two chords AB and CD intersect each other at the point P. Prove that

1) AAPC~ADPFB (i) AP.PB=CP.DP

.
L P —
_...lll"""';|

P C
Fig. 6.61 Fig, 6.62

In Fig. 6.62, two chords AB and CD of a circle intersect ¢ach other at the point P
(when produced) ouside the cirgle. Prove that

(i) APAC~APDE ) PA.PE=PC.FD
In Fig. 6.63, D 1 a point on side BC of A ABC
h 1 BD 4B Prove that AD is th
such that o= ve Lhat is the L "
bisector of £ BAC, T
Fig. 6.63

Mazima iz Ty fighing in & stream, The dp of
her fishing rod 15 1.8 m gbove the surface
of the water and the [ly at the end of the
string rests on the waler 3.6 m away and
2.4 m from a point directly under the Gp of
the rod. Assuming that her string
(From Lthe {ip of her rod Lo the [y) 1s taal,
how much string does she have out
{zee Fig. 6.64)7 If she pulls in the siring at
the rate of 5 cm per second, what will be
the harizontal distance of the fly from her
after 12 seconds?
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6.7 Summary

In this chapter you have studied the following points

1.

2,
3.

10.

11.

12.

13.

If in two right triangles, hypotenuse and one side of one triangle are
proportional to the hypotenuse and one side of the other triangle,
then the two triangles are similar. This may be referred to as the
RHS Similarity Criterion.

Iif you use this criterion in Example 2, Chapter 8, the prool will become
simpler.

Two fgures having the same shape but not necessarily the sams size are called sirmilar
figures.

All the congruent figures are similar but the converse is not true,

Two polygons of the same number of sides are simnilar, if (1) their corresponding angles
are equal and (ii) their comresponding sides are in the same ratio {i.e., proportion),

I a line is drawn parallel 10 one side of a wiangle o intersect the other two sides n
distinel points, then the other two sides are divided in the same ratio,

If a line divides any two sides of a iriangle in the same ratio, then theline is parallel 1o the
third side,

Ifin two triangles, cormesponding angles are eqoal. then their corresponding sides are in
the same ratio and hence the two triangles are similar { AAA similarity criterion).,

If in two triamgles. two angles of one triangle are respeciively equal to the two angles of
the other triangle, then the two triangles are similar (AA similarity eriterion).

Il in two triangles, corresponding sides are in the same catio, then their corresponding
angles are equal and hencs (he irangles are sirmlar (S58 similanty criterion).

If one angle of a triangle is equal to one angle of another trangle and the sides including
thege angles are in the same ratio (proportional). then the twriangles are similar
(SAS similarity criterion).

The ratio of the areas of two similar tiangles is equal to the square of the rado of their
corresponding sides.

Il a perpendicular is drawn trom the vertex of the rght angle of a nght tiangle 1o the
hypotenuse, then the wiangles on both sides of the perpendicular are similar Lo the
whole inangle and also (o each other,

Tn a right triangle, the square of the hypotenuse is equal to the sum of the squares of the
ather two sides (Pythagoras Theorem),

1 in & wriangle. square of one side iz equal to the sum of the squares of the other two
gides, then the angle opposite the first side i a right angle.

A No1E 10 THE READER
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CoORDINATE GEOMETRY

7.1 Introduction

In Class IX, you have studied that to locate the position of a point on a plane, we
require a pair of coordinate axes. The distance of a point from the y-axis is called itz
x-coordinate, or ahscissa. The distance of a point from the r-axis is called its
y-eoordinate, or ordinate. The coordinates of 4 point on the x-axis are of the form
(x, 0). and of a point on the y-axis are of the form (0, v).

Here is a play for you. Diraw a set of a pair of perpendicular axes on a graph
paper. Now plot the following points and join them as directed: Join the point A4, §) to
B3 9 o O3, 8) to D(1, 6) to E{1, 3) to B(3, 3) to G(6, 3) to H(8, 5) to [(§, 6) o
J(6, 8) 10 K(6, 9) io L(5, 8) to A. Then join the points P(3.3, 7), Q (3, 6) and R(4, 6) to
form a triangle. Also join the points X(5.5, 7), Y(5, 6) and Zi6, 6) to form a wiangle.
Now join 5(4, 5), T(4.5, 4) and U(5, 5) to form a triangle. Lastly join S to the points
(0, 5) and (0, 6) and join U to the points (9, 3) and (9, 6). What picture have you goti?

Also, yon have seen that a linear equation in two variables of the form
ax + by + ¢ =0, (g, b are not simultaneously zero). when represented graphically,
gives a straight line, Further, in Chapter 2, yvou have seen the graph of
y=ax?+ bx + ¢ (g #0), is a parabola. In fact, coordinate geometry has been developed
as an algebraic tool for studying geometry of figures. It helps us to study geometry
using algebra. and understand algebra with the help of geometrv. Because of this,
coordinate geometry is widely applied in various fields such as physics, engineering,
navigation, seismology and art!

In this chapter, vou will learn how to find the distance between the two points
whoge coordinates are given, and to find the area of the triangle formed by three given
points. You will alzo study how to find the coordinates of the point which divides a line
segment joining two given points in a given ratio,
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7.2 Distance Formula MNorth
Let us conzider the following situation: :'-:

A town B is located 36 km cast and 13
km north of the town A. How would you find
the distance from town A to town B without B
actually measuring it. Let us see. This situation
can be represented graphically as shown in
Fig. 7.1. You may use the Pythagoras Theorem Ale > Eaﬁf =
to calculate this distance.

15 km

3

Now, suppose two poinis lie on the x-axis.
Can we find the distance between them! For
instance, consider two points A(4, 0) and B(6, 0} Y
in Fig, 7.2. The points A and B lie on the x-axis.

From the figure you can see that OA = 4
units and OB = 6 units,

Therefore, the distance of B from A, ie.,
AB=0B -0A=6-4=2 units.

So, if two points lie on the x-axis, we can
easily find the distance between them.

Now, suppose we take two points lying on X
the y-axis. Can you find the distance between 1 2 3;/‘4 5767, .
them, Tf the points C(0, 3) and D(0, 8) lic on the @) Gk
y-axis, similarly we find that CD' =8 — 3 = 5 units Fig. 7.2
(see Fig. 7.2).

Next, can vou find the distance of A from C (inFig. 7.2)7 Since OA =4 units and

0C = 3 units, the disianee of A rom C,ie AC= ,||'3‘ + 4 =3 units. Similarly, you can
find the distance of B from D= BD = 10 units.

Now, if we consider two points not lving on coordinate axis, can we find the
distance hetween them? Yes! We ghall uzse Pythagoras theorem to do so. Let us see
an example.

InTFig. 7.3, the points P(4, 6) and Q(6, §) lic in the first quadrant. How do we use
Pythagoras theorem to find the distance between them? Let us draw PR and (5
perpendicular to the x-axis from P and Q respecuvely. Also, draw a perpendicular
from P on S (o meet Q5 at T. Then the coordinates of B and 5 are (4, () and (6, 0),
respectively. So, RS = 2 units. Also, QS = § units and TS = PR. = 6 units.
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Therefore, T = 2 anits and PT = RS = 2 units.
Now, uging the Pythagoras theorem, we
have
PC¥ = PT? + QT?
=L =8
So, PQ = 2.f7 units
How will we find the distance between two
points in two different quadrants?
Consider the points P(6, 4) and Q(-5, -3)
(see Fig. 7.4). Draw Q8 perpendicular to the
x-axis. Also draw a perpendicular PT from the

point P on QS (extended) to meet y-axis at the
point B

e

v w e,

R0, 4)

=

-t

=k W de RSN =] 08

#.8)

SR . | Ve - 1P
R T

(4.0)
Fig. 7.3

P (6. 4)

Fig. 7.4

Then PT = 11 units and QT = 7 units. {Why?)

Using the Pythagoras Theorem to the right triangle PTQ, we get

PQ= JI2+ 7 = 170 units.
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Let us now find the distance between any two Y
points P(x,, ¥ ) and Q(x,, y,). Draw PR and QS Qes )
perpendicular to the y-axis. A perpendicular from the
point P on QS is drawn to meet it al the point
T (sce Fig. 7.5). (x5 0

Then. OR=x,05=x,. S50, RS=x,-x =FL
Also, 8Q=y, ST=PR=y. So, QT =y -y,
Now, applying the Pythagoras theorem in A PTQ), we get <5 R gX
PQ? = PT? + QT ’
={x,—x )P +p-y)F
Theretore, PQ= (5~ 5 ) + (3~ )’

Note that since distance is always non-negative, we take only the positive square
root. So, the distance between the points Plx,, v) and Q(x,, ¥,) 15

2 2
PQ = 'J{-"z'x:j + {J’z'}'l} 1
which iz called the distance formula,
Remarks :

e
-

T

=S

L. In particular, the distance of a point P(x, y) from the origin O(0, 0}) 15 piven by

OP = [&2+y*.

2, We can also write, PQ - Jl:'xl_""l}: + [}"l = .}'1}} . {“.fh},q'}

Example 1 : Do the points (3, 2), (-2, =3) and (2, 3) form a mangle? If s0, name the
type of riangle formed.

Solution : Let us apply the distance formula to find the distances PQ, QR and PE.
where P(3, 2), Q(-2, -3) and R(2, 3) are the given points. We have

Pu = 'Jl'a' '!'2:]1 + (2 + 3}2 = .J'jz + 52 = J‘ﬁ = ?‘ﬂ? fappmx}
QR = ‘-j'[*-? *+(-3 -3 = J{-4J + (~6)* =452 =7.21 (approx.)

PR=[(3-27 +(2-3)" =[IF + (=1)f =+/Z = 141 (approx.)

Since the sum of any two of these distances is greater than the third distance, therefore.
the points P, Q and R form a iiangle.
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Also, PQ + PR = QR?, by the converse of Pythagoras theorem, we have £ P = 907,
Therefore, POR is a right triangle.

Example 2 : Show that the points (1, 7), (4, 2}, (-1, —1) and (- 4, 4) are the vertices
of a square.,

Solution : Let A(l, 7), B4, 2), C(-1, 1) and D{— 4, 4) be the given points. One way
of showing that ABCD is a square is to use the property that all its sides should be
equal and both iis digonals should also be equal. Now,

AB=\(l-4%+(7-2 =0+25=434
BC=\[(4+ 1)+ 2+ 1) =25+ 9 =434
CD =(-1+47 + (-1-4? =+ 25 =33
DA=\J(1+4)>+ (7 -4 =[25+9=34
AC =1+ 1%+ (7 +17 = J4+ 64 = /63
BD =4/(4+4)" + (2-4)* =.J64 + 4 =f68

Since, AB = BC = CD = DA and AC = BD, all the four sides of the quadrilateral
ABCD are equal and its diagonals AC and BD are alse equal. Thereore, ABCD is a
Square,

Alternative Solution : We find

the four sides and one diagonal, say,

AC as above. Here AD? + DC? =

34 + 34 = 68 = ACZ. Therefore, by

the converse of Pythagoras
iheorem, £ D =90°. A quadrilateral

with all four sides equal and one

angle 90° is a square. So, ABCD Rows
is a square,

—
=

Bk

Example 3 : Fig. 7.6 shows the
arrangement of desks in a
classroom. Ashima, Bharti and
Camella are seafed at A{3, 1),
B(6, 4) and C(E, 6) respectively. 1 2 3 4 5 6 7 8 9 10
Do vou think they are seated in a Colunns

line? Give reasons for your Fig. 7.6

Aanswer,

= b e e h 2 -1 GRS E
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Solution : Using the distance formula, we have
AB= \[(6-3 +(4—- 1) =0+0=118=32
BC= JB-6 +(6-4' = fi+4=y8=22
AC= JB-37 +(6-17 =35+ 25 =30 =52

Since, AB 4+ BC = 34/2 + 2./2 = 5J2 = AC, we can say that the points A, B and C
are collinear. Therefore, they are seated in a line,

Example 4 : Find a relation between x and y such that the point (x . y) is equidistant
from the points (7, 1) and (3, 5).

Solution : Let P(x, ) be equidistant from the points A(7, 1) and B(3, 3).
We are given that AP = BP. So, AP? = BP?

ie.. x=TP+(-1P=x=-3P+(y-5)°

1.€.. P-4+ 494V -2y+l=2—-0x+9+y - 10y + 25

1€., X=y=2

e

which 15 the required relation,

Remark : Note that the graph of the equation
x—y=2isaline. From your earlier studies,
you know that a peint which is equidistant
from A and B lies on the perpendicular
bisector of AB. Therefore. the graph of
x— v =12 is the perpendicular bisector of AB
(see Fig. 7.7).

Example 5 : Pind 8 point on the y-axis which
18 equidistant from the points A6, 5) and
B(-4. 3).

Solution : We know that a point on the
y-axis is of the form (0, y). So, let the point +* A
P(0, v) be equidistant from A and B. Then Fig. 7.7

(6-0P+(5-P=(-4-012+3-yp¢
ie. 3G6+25+v - 10y= 1642+ -6y
Le. dy = 306
ie. y=9

- o A e Un oS - BE

..

wills
L3
g o



-

CoorminATE GEOMETRY LGl

Sa, the required point is (0, 9).

Let us check oor solution : AP = J{ﬁ—ﬂ}z +{5-0) = [36+16 :JS_Z

BP = J(-4-01 + 3-9)* =f16+36 =+/52

Note : Using the remark above, we gee that (0, 9) is the intersection of the y-axis and
the perpendicular bisector of AB,

]!

. In a c¢lassroom, 4 friends are

EXERCISE 7.1
Find the distance between the following pairs of points :
(1} (2,304, 1) (1) (~3,7),(-1,3) (i) (a,b).(~a.~b)

Find the distance between the pointz (0, 0} and (36, 15). Can you now find the distance
between the two towns A and B discussed in Secton 7.2,

Determine if the pointe {1, 5), (2, 3) and (— 2, — 11} are collinear.
Check whether (5, —2), {6, 4) and (7, — 2) are the vertices of an 1sosceles triangle.

ary
=

seated at the points A4, B, C and
D as shown in Fig. 7.8. Champa
and Chamel: walk inlo the class
and after obseyving for a few
rinuies Champa asks Chameli,
“Don™t you think ABCID is a
square?” Chameli disagrees.
Using distance formula, lind
which of them 1s correct.

"l
C‘.—|
|
Name the type of quadrilaieral
formed, if any, by the following

points, and give reasons for D%

VOUr AN5WEL;
@ (1,210, (1,2, (3,00 1 2 3 4 § 6 7T &8 9% 10
(i) (-3.5),03, 1).(0,3). (-1, —4) Eaiwnins

(i} (4.5),(7.6),(4,3).(1,2) Fig. 7.8

Find the point on the saxis which is equidistant from (2, —5) and (-2, 9).

Find the values of y for which the distance between the poinds B2, — 3) and Q(10, y) is
1) umils.

Rows

L R R I R R - -
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9. IF Q0. 1) is cquidistant from P(3, —3) and Rix. 6), find the valucs of x. Alzo find the
distances QR and PR.
10. Find a relation between x and y sach that the point (1, ¥} 15 equidistant from the point
(3, 6rand (- 3, 4).

7.3 Section Formula

Let ns recall the sitnation in Section 7.2
Suppose a telephone company wants to v
position a relay tower aL P between A and B 4
is such a way that the distance of the tower
from B is twice its distance from A. ITP lies ) =
on AB, it will divide AB in the ratio | : 2 C
(see Fig. 7.9). If we take A as the origin O, . _A ,
and 1 km as one unit on both the axis, the 0 D E
coordinates of B will be {36, 15). In order to A
know the position of the tower, we must know

the coordinates of P. How do we find these
coordinates?

Let the coordinates of T be (x, y). Draw perpendiculars from P and B to the
x-axis, meeting it in I and E, respectively. Draw PC perpendicular to BE. Then, by
the AA similarity criterion, studied in Chapter 6, A POD and A BPC are similar,
s ODLOR 1 EBD 0P T

SO pe TP 2™ BC PB 2
1
So. S S, S
B—-3x 2 15—y 2
These equations give x = 12 and y=35. Bxy, 32)

You can check that P{12, 5) meets the 2
condition that OP : PBE =1 ; 2. ey

MNow let us use the understanding that my
you may have developed through this
example to obtain the general formula.

B(36, 15)

Fig. 7.9

>

Consider any two points Alx, ¥ ) and
B(x,, y,) and assume that P (x, y) divides
AB internally in the ratio m @ m,, ie., £ RS T X

5
%g = f"m:f (see Fig. 7.10). Fig. 7.10
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Draw AR, PS and BT perpendicular to the x-axis. Draw AQ and PC parallel 1o
the x-axis. Then, by the AA similarity criterion,

A PAQ ~ A BPC

PA_ AQ PQ
Therefore. BP_ PC - BC (1)
Now, AQ=RS=05-0R=x-x

1

PC =8T=0T-08=x,-x

PQ=PS-QS=PS-AR=y-y

BC=BT-CT=BT-PS=y, ~¥
Substituting these values in (1), we get

b SO S P S <
m; X=X Y=Y
: i A —X My Xy + Xy
Taking i . . L we getx = et BB i
ity Ay =X 4o,
i Y-y F ¥y A 1
" u " ] |
Similarly, taking — = L wegety= —122 T2
s Y¥i=VF o+ my

So, the coordinates of the point Pix, v) which divides the line segment joining the
points Afx,, y,) and B(x,, v,), internally, in the ratio m, : m, are

ity + ML, ] My ¥y + HLY @)
iy + My my + :
This iz known as the section formula.
This can also be derived by drawing perpendiculars from A, F and B on the
y-axis and proceeding as above.
If the ratio in which P divides AB is & : |, then the coordinates of the point P will be
.k":z""xi‘ ky, + |
k+1 b+

Special Case : The mid-point of a line segment divides the line segment in the ratio
1 : 1. Therefore, the coordinates of the mid-point P of the join of the points Afx , v )
and B(x,, ) is

1‘5E+I'L'L';,.I'_1Ir’1+|‘}'2 L xi+x#”_}_'l+]rz
1+1 1+1 2 2 :

Let us solve a few exarples based on the section formula.
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Example 6 : Find the coordinates of the point which divides the line segment joiming
the points (4, — 3) and (8, 3) in the ratio 3 : | internally.

Solution : Let Pix, ) be the required point. Using the section formula, we get

5+ 1=3) _3

S 1)
e ; T41

‘;'r Fi=—
341 b2

Therefore, (7, 3) is the required point.
Example 7 : In what ratio does the point (— 4, &) divide the line segment joining the
points A(- 6, 10) and B(3, - 8)?

Solution : Let (- 4, 6) divide AB internally in the ratio m, : m,. Using the section
formula, we get

(1

my+ iy "y

Recall thatif (x, y)=(a, k) thenx=a and y = b.

(4, 6)= [Z‘-ml- 6, —8my_+10m, ]

_— 4:

- My + oy y+

3m, — 6,
Now, - = i gives us

o+

—4m, — 4m, = 3m, — bm,

1.e. T, = 2m,
1.Bi moim,=2:7

You should verify that the ratio satisfies the y-coordinate also.

o~ 87 410
- m
Now, L R : (Dividing throughout by m._)
y + g "™ :
o
—Bx % + 10
=3 6
=35
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Therefore, the point (- 4, 6) divides the line segment joining the points A(- 6, 10) and
Bf3,—8) in the ratia 2 : 7.

Alternatively : The ratio m, : m, can also be written as ™ . 1, or k1. Let (=4, 6)
iy

divide AB internally in the ratio & : 1. Using the section formula, we get

% —6 -8k+10
{_4‘5}"(5:“' k+1 ] (2)
B 4 k-6
k+1
ie.. —dk—4=3k-6
ie. Thk=2
Le., kol =227

You can check for the y-coordinate alzo.
So, the point (— 4, 6) divides the line segment joining the points A(— 6, 10) and
B3, -8 intherato2: 7.

Note : You can also find this ratio by calculating the distances PA and PB and taking
their ratins provided you know that A, P and B are collinear.

Example § : Find the coordinates of the points of trisection (i.e., points dividing in
three equal parts) of the line segment joining the points A(2, — 2) and B(- 7, 4).

Solution : Let P and Q be the points of A P Q B
trisection of AB iLe., AP =PQ = QB (2. E] - : ( 1, 4
(see Fig. 7.11). Fig. 7.11

Therefore, P divides AB internally in the ratio 1 : 2. Therefore, the coordinates of P, by
applying the section formula, are

=)+ 2(2) 1(4)+2(-2)
1+2  1+2 [ie L0

Mow, Q also divides AB internally in the ratio 2 : 1. So, the coordinates of Q are

AT+ 2D+ 12
241 2+l ey (-4,2)
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Therefore, the coordinates of the points of trisection of the line segment joining A and
B are (-1, 0) and (- 4. 2).

Note : We could also have obtained Q by noting that it is the mid-point of PB. So. we
could have obtained its coordinates using the mid-point formula.
Example 9 : Find the ratio in which the y-axis divides the line segment joining the
points (5, — 6) and (-1, — 4). Also find the point of intersection.
Solution : Let the ratio be k : |. Then by the section forrmula, the ¢coordinates of the

=k+5 —dk-6
L k+1

point which divides AB in the ratio & : | are [

This point lies on the y-axis, and we know that on the y-axis the abscissa is 0.

—k+5
k+1

Therefore,

50, k=35
That is, the ratio is 3 : 1. Putting the value of k= 5. we get the point of intersection as

.2)
3

Example 10 : If the points A(6, 1), B(8, 2), C(9, 4) and D(p, 3) are the vertices of a

parallelogram, taken in order, find the value of p.

Solution : We know that diagonals of a parallelogram bisect each other,
So, the coordinates of the mid-point of AC = coordinates of the mid-pomm of BD

. 6+9 1+4) (8+p 243

e 2z )| 2 ' 2

' (54)-(5"4)

LE.., 2
15 6&+p

g )

ie, p=
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1

2.

3.

9.

10.

EXERCISE 7.2

Find the coordinates of the point which divides the join of (1, 7) and (4. =3) in the
ratio2:3,

Find the coordinatss ol the points of trisection of the line segment joining {4, —11
and (-2, -3).

To conduct Sports Day activities, in )] C
your rectangular shaped school
ground ABCD, lines have been
drawn with chalk powder at a
distance of |m each. 100 flower pots
have been placed at a distance of 1o
from each other along A, as shown

L
inTig. 7.12. Nihanka runs Y th the

distance ADD on the 2nd line and

1
posts a green flag. Preet runs 3 th

the distance AT on the eighth line

and posts a red flag. What is the 2
distance between both the flags? If

Rashimi has to post ablue flag exactly A | | B
halfway between the line segment 1 2 3 45 6 7 % 9 10
Joining the two flags, where should

she post her flag? Fig. 7.12

Find the ratio in which the line sepment joining the points (- 3, 10) and (6, — 8) 1e divided
by{-1,6).

Find the ratio in which the line segment joining A{1,— 31 and B(— 4, 31 is divided by the
x-axis. Also find the coordimates of the point of division,

16(1, 23 (4, ), (x, 6)-and (3, 5} are the vertices of & parallelogram taken in order, find
x and y,

Find the coordinates of a point A, where AB is the diameter of a circle whose centre is
(2.-3andBis(1,4)

TFA and B are (— 2, - 2) and (2, — 4), respectively, find the coordinates of P such that

5
AP= 2 AB and P lics on the line scgment AB,

Find the coordinates of the points which divide the line segment joining A{- 2, 21 and
B2 &) into four equal parts.

Find the area of a rhombus i its vertices are (3. 0), (4. 5% (= L 4y and (- 2, ~ 1) 1gken in
[
order. [Hint : Arca of a rhombus = 3 {product of its diagonals))
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7.4 Areaof a Triangle

In your carlier classes, you have studied how to calculate the area of a triangle when
its base and corresponding height (altitnde) are given. You have used the formula

1
Area of a triangle = 3 » base x altitode

In Class IX, you have also studied Heron's formula to find the area of a triangle.
Now, if the coordinates of the vertices of a iniangle are given, can you find its area?
Well, you could find the lengths of the
three sides using the distance formula and ¥
then use Heron’s formula. But this could
be tedious, particularly if the lengths of
the sides are irratonal numbers. Let us
see il there 1s an easier way out.

Alx, )

(x5, ) Clxy. ¥3)
Let ABC be any triangle whose e

vertices are A(x. y,), B(x, y,) and B
Clx,, ¥;). Draw AP, BQ and CR
perpendiculars from A. B and C.
respectively, to the x-axis. Clearly ABQP,
APRC and BQRC are all trapezia 0 Q P R
{see Fig. 7.13), Fig. 7.13
Now, from Fig. 7.13, 1015 clear that

area of A ABC = area of trapezium ABQP + area of trapezium APRC
— area of trapeziura BQRC.
You also know that the
area of a trapezium = % (sum of parallel sides){distance between them)
Therefore,
Area of A ABC = —(BQ + AP) QP + % (AP + CR) PR - %{EQ + CR) QR
(¥ + W Mx — %)+ 1 (3 + ¥ ) — 2} — ; (yg + 33005 — x3)

Fa

|—-I‘\J|'—*H||._.

= E [*‘Ifh =¥t lm—witn(y - }'1}}
Thus, the area of A AIHC 15 the numerical vilue of the expression
3 [% 00— 31) + 20n=3) + 200 - 3]
Let ug congider a Tew examples in which we make use ol thiz [ormula,
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Example 11 : Find the area of a tiangle whose vertices are (1, —1), (- 4, 6) and
e, T

Solution : The area of the triangle formed by the vertices A(l, —1), B(— 4. 6) and
C (-3, =5), by using the formula above, is given by

; [L(6+5)+(-4) (-5+D+(-3)(-1-6)]

= %ﬂl+lﬁ+ll) =24

So, the area of the triangle is 24 square units.

Example 12 : Find the area of a tnangle forraed by the poinis A(5, 2). B(4, 7) and
C(7,=4).

Solution : The area of (he (rangle formed by the vertices A(3S, 2), B4, 7} and
C (7, —4) ig given by

—[5(7+H+4(-4-+702-7]

L= R

-(55-24-35) = %1:-2

-2

Since area is a measure, which cannot be negative, we will take the numerical value
of - 2, i.e., 2. Therefore, the area of the wiangle = 2 square units.

Example 13 : Find the area of the wiangle formed by the pointss P(—1.5, 3), Q(6, -2)
and R{-3, 4),

Solution : The area of the wiangle formed by the given points is equal o

%[—15(—3—4; +6(4—-3)+ (-3)(3+2)]
1

-los6-15-=0
2{ )

Can we have a triangle of area () square units? What does this mean?

If the area of a triangle is 0 square units. then its vertices will be collinear.

Example 14 : Find the value of k if the points A(2, 3), B(4, k) and C(6, -3) are
collinear,

Solution : Since the given points are collinear, the area of the triangle formed by them
mustbe 0, i.e..
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%[zck +3+4(-3-3y+603-k)]=0

l
iL.e; E{—dik} =0
Therefore, k=10
Let us verify our anawer,

1 .
area of A ABC = E[zm +3)+4(-3-3)+6(3-0)]=0

Example 15 : If A(-5. 7). B(— 4, -5}, C(-1, —6) and D{4, 3) are the vertices of a
quadrilateral, find the area of the quadrilateral ABCD.

Solution : By joining B to D, vou will get two riangles ABD and BCD.
| _ :
Now  the area of A ABD = i[—:'r{—ﬁ —5+ (DE-T)+4(7+5)]

5 %[SEH § + 48) = E;’ =58 S

1
Also, the area of A BCD = —[~4(=6—5) ~ 1(5+ 5) + 4(-5 + 6)]

= l—{rm = 10 + 4) =19 square units

5o, the area of guadrilateral ABCD = 33 + 19 = 72 square units,

Note : To find the area of a polygon, we divide it into tnangular regions, which have
no common ared, and add the areas of these regions.

EXERCISE 7.3

1. Find the area of the miangle whose vertices are |
f«.i] l?"! 3 L [_T-r {}}: {2‘ _4} {i.i.:' ':_5-. _1 I]-. {3. —5}. {5-.- 2}
2. Ineach of the following find the value of '&°, for which the points are collinear,
ﬁ} t?n _2.]'1- {.51 J-.]'.t {31 k} m‘} {E. -[.]'l {k- e 4’}- {z‘n _5j
3. Find the area of the triangle formed by joining the mid-points of the sides of the tiangle
whose vertices are (0, =1, (2, 1}and (0, 3). Find the ratio of this area to the area of the
@mven nangle.
4, Find the areq of the quadrilateral whose vertices, taken in order, are (- 4, - 2), (- 3,- 3),
(3,—2)and (2,3}
5. You have studied in Class IX, {Chapter 9, Example 3), that a median of a triangle divides
it into two wiangles of equal areas. Verily this result for A ABC whose vertices are
Al4,-6), B(3,-2)and C(5,2).
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EXERCISE 7.4 (Optional)*
1. Detepuine the ratio inwhich the Tine 25 + y — 4 =0 divides the line segment joining the
points A2, -2} and B(3, 7).
2, Find arelation betwesn x and y if the points (x, v}, (1, 2) and (7, 0) ars collinear.
3. Find the centre of a circle passimg through the poings (6, - 6}, (3, = T} and (3, 31,

4. The two opposite verlices of 4 square are (-1, 2) and (3, 2). Find the coordinates of the
other bwo vertices,

5. The Class X students of a

SEE S ST asEREECY
secondary school in Krighinagar " ' o o a
have been allotted a rectangular o j P
plot of land for their gardening 5| *E
activity. Sapling of Guimohar _T Ta
are planted on the boundary at [ e
a distance of 1m from each L[ 4 s
other, There is a triangular ; 0 ‘;
graasylawnmiheplmas;'tt‘ii!i!!,fggig*';
shown in the Fig. 7.14. The “ \ z; 356 78 ;;.’“' v ' D
students are 1o sow seeds of
flowering plants on the Fig. 7.14

remaining area of the plot,

(i) Taking A as origin, find the coordinates of the vertices of the triangle.
(it} What will be the coordinares of the vertices of A PQR if C is the origin”
Also calculage the areas of the frangles in these cases. What do you observe?

6. Thevertices of a A ABC are Ad4, 6), B(1, 3) and C(7, 2). A line is drawn to intersect sides

AB and AC at D and E respectively, such that %‘E = iﬁ = ; - Calenlate the area of the

A ADE and compare it with the area of A ABC. (Recall Theorem 6.2 and Theorem 6.6),
7. LetA (4.2, B(6, $and C(1,4) be the vertices of A ABC,
(i} The median from A meets BC at D. Find the coordinates of the point D.
(i* Find the coordinates of the point P on AD such that AP PD =32 |
(it} Find the coordinates of points Q and R on medians BE and CF respectively such
thatBQ: QE=2:1andCR:RF=2:1.
{iv} Whal do vo observe?
[Note : The point which iz common to all the three medians is called the cemraid
and this point divides each median in the ratio 2 ; 1]

* These exercises are not from the examination point of view,
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(v) TFALx.¥h B{xz, ¥y and C{.'r},)rsj arc the wertices of A ABC, find the coordinates of
the centroid of the triangle,
&. ABCD is arectangle formed by the points A(=1,-1). B(=1,4),C(5.4) and D{5. - 1. P. Q,
R and 8 are the rmd-points of AB, BC, CD and DA respectively. Is the quadrilateral
PORS a square™ arectangle™ or a thombus? Justify your angwer.

7.5 Summary
In this chapter, you have studied the following points |

1. The distance between P(x,, y,) and Qfx,, y,) is 'J"{-’fz S T——

2. The distance of a point P(x, v) from the origin is Jx* + 2.
3. The coordinates of the point P(x, y) which divides the line segment joiming the
points A(x, v ) and B(x, y,) internally in the ratio m, : m, are

[mlxl‘. + A i T LY ]

By + iy ity + fity
4. The mid-point of the line segment joining the points P(x,, y,) and Q(x,, y,) is

[:rl+ 5 oW +y§]
3 2 :

5. The area of the triangle formed by the points (x, ¥ ), (x,, ¥,} and (x,, ¥,) is the
numerical value of the expression

]
Elx”‘ - ¥+ 3= 3+ mly - ¥

ANOIE 1O THE READER

Section 7.3 discusses the Section Formula Tor the coordinates (z, v) ol a
point P which divides internally the line segment joining the points
Alx, y,) and B(x,, »,) in the ratio m, :m, a3 follows :

_ T TeE M 2 i1
o+ 2= m+

Note that, here, PA : PB = ML

However, if P does not lie between A and B but lies on the line AB,
outside the line segment AB, and PA : PB =m :m,, we say that P divides
externally the line segment joining the points A and B. You will study
Section Formula for such case in higher classes.




INTRODUCTION TO
TRIGONOMETRY

There is perhaps nothing which so occupies the
middle position of mathematics as trigonometry.

- JL.F. Herbart {1890)
81 Introduction

You have already studied about wiangles, and in particular, right triangles, in your
earlier clagses. Let us take some examples from our surroundings where right triangles
¢an be imagined 10 be formed. For instance : !

1. Suppose the students of a school are
visiting Qutub Minar. Now, if a student
is looking at the top of the Minar, a right
triangle can be imagined (0 be made,
as shown in Fig 8.1, Can the studeni
find out the height of the Minar, without
actually measuring it}

2. Suppose a girl is sitling on the balcony
of her house located on the bank of a
river. She is looking down at a flower
pot placed on a stair of a temple situated
nearby on the other bank of the river.
A right triangle is imagined to be made
in this situation as shown in Fig,8.2. If
vou know the height at which the
person is sitting, can you find the width
of the river?
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3. Suppoze a hot air balloon is flying in
the air. A girl happens to spot the
balloon in the sky and runs to her @A @B
mother o tell her about it. Her mother
rushes out of the house to look at the ' =
balloon.Now when the girl had spoted
the balloen intially it was at point A. ;
When both the mother and daughter et i
came out to gee it, it had already ﬁf """" L L ,‘p@'
travelled to another point B. Can you :
find the altitude of B from the ground? Fig. 8.3

In all the situations given above, the distances or heights can be found by using
some mathematical techniques, which come under a branch of mathemartics called
‘trigonomeltry’. The word ‘trigonometry’ is derived from the Greek words ‘tri’
{meaning three), ‘gon’ (meamng sides) and "metron’ (meaning measure). In fact,
trigonometry is the study of relationships between the sides and angles of a trizangle.
The earliest known work on trigonometry was recorded in Egypt and Babylon. Early
astronomers used it 1o find ot the distances of the stars and planets from the Earth.
Even today, most of the technologically advanced methods used in Engineering and
Physical Sciences are based on trigonometrical concepts.

In this chapter, we will study some ratios of the sides of a right riangle with
respect (o its acute angles, called trigonometric ratios of the angle. We will restrict
our discussion Lo acute angles only, However, these ratios can be extended (o other
angles also. We will also define the trigonometric ratios for angles of measure 00° and
907, We will calculale wigonometric ratios for some specilic angles and establish
some identities involving these ratios, called trigonometric identities.

8.2 Trigonomeiric Ratios

1

In Section 8.1, you have seen some right triangles
imagined to be formed in different situations.

Let us take a right triangle ABC as shown Hvpoionuse
inFig. 8.4. o

Here, £ CAB (or, in brief, angle A) is an
acute angle. Note the posiiion of the side BC
with respect to angle A. It faces £ A, We call it
the side opposite to angle A. AC 15 the Side adjacent to
hypatenuse of the right riangle and the side AB angle A
is a part of £ A. So, we call it the side
adjaceni to angle A.

Side opposiie to angle A

A

=

Fig. 8.4
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Note that the position of sides change C
when vou consider angle C in place of A =
(see Fig. 8.5). ".;

L: [ L AN =3

YU‘f have studied the concept of ratio’ in Hypotenuse Z
vour earlier classes. We new define certain ratios = E
involving the sides of a right triangle, and call S
them trigonometric ratios. @ =

The trigonometric ratios of the angle A A g
in right triangle ABC (see Fig. 8.4) are defined Side opposite to
as [ollows : angle C

. side opposite to angle A BC Fig. 85

sineof £ A= = —

hypotenuse AC
side adjacent to angle A AR
cosineof £ A= - 3 g = —
hypotenuse AC
side opposite o angle A _ BC
tangentof L A= —— R
§ side adjacentto angle A AB
1 - hypotenuse _AC

cosecant of £ A = — e . =
sine of ZA  side opposite to angle A BC

secant of £ A = - L i =EE

cosineof £ A side adjacent to angle A ~ AB

1 _ side adjacent to angle A AB

cotangent of £ A= = — =
tangent of £ A side opposite to angle A BC

The ratios defined above are abbreviated as sin A, cos A, tan A, cosec A, sec A
and cot A respectively. Note that the ratios cosee A, sec A and cot A are respectively,
the reciprocals of the ratios sin A, cos A and tan A.

BC

BC AC sinA cos A

Also, observe that tan A = ﬁﬂ_ﬂ =k and cot A = Tk
AC

So, the trigonometric ratios of an acute angle in a right triangle express the
relationship between the angle and the length of its sides.

Why don’t you uy to define the trigonometric ratios for angle C in the right
triangle? (See Fig. 8.5)
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The first use of the idea of *sine” in the way we use
it today was in the work Aryabhativam by Aryabhata,
in AT, 500, Aryabhata used the word ardha-jyva
for the half-chord, which was shortened to jva or
Jiva in due course. When the Arvabhativam was
tranzlated into Arabic, the word jiva was retained as
it is. The word jiva was translated into sinus, which
means curve, when the Arabic version wag translated
into Latn. Scon the word sinus. also used as sine,
became common in mathematical texts throughout
Europe. An English Professor of asronomy Edmund

Gunter (1581-1626), first used the abbreviated "'i.‘T'ahl_‘ﬂt"’f__
polation *sin’. C.E, 476 — 550

The origin of the terms *cosine’ and ‘tangent’ was much later. The cosine function
arose from the need to compute the sine of the complementary angle. Aryabhatta
called it Kotijya. The name cosinus originated with Edmund Gunter. In 1674, the
English Mathematician Sir Jonas Moore first nsed the abbreviated notation “cos®.

Remark : Note that the symbol sin A is used as an

abbreviation for “the sine of the angle A", sin A is not

the product of ‘sin” and A. ‘sin’ separated {rom A

has no meaning. Similarly, cos A isnor the product of

*cos” and A. Similar inferpretations follow for other P
{rigonometric rabos also.

Now, if we take g point P on the hypotgnuse Hypotenuse
AC or apoint ) on AC extended, of the right triangle
ABC and draw PM perpendicular to AB and QN i o
perpendicular to AB extended (see Fig. 8.6), how M B N
will the trigonometric ratios of A in A PAM differ
from those of £ A in A CAB or from those of £ A in Fig. 8.6
A QAN?

To answer this, first ook at these triangles. Is A PAM zimilar to A CAB? From
Chapter 6, recall the AA similarity criterion. Using the criterion, you will see that the
triangles PAM and CARB are similar. Therefore, by the property of similar triangles,
the corresponding sides of the riangles are proportional,

. Iu'I-O

So, we have —_— = ———
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MP BC
hiz ; — = —=3gin A,
From this, we find AP AC
Similary, E:% =CDS&.E=%=1}&E$ and so on.

This shows that the trigonomefric ratios of angle A in A PAM not differ from
those of angle A in A CAB.

In the same way. vou should check that the value of sin A (and also of other
trigonometric ratips) remains the same in A QAN also.

From our observations. it is now clear that the values of the trigonometric
ratios of an angle do not vary with the lengths of the sides of the triangle, if
the angle remains the same.

Note : For the sake of convenience, we may write sin?A, cos*A, etc., in place of
(sin AP, (cos AP, etc., respectively. But cosec A ={sin A) '#sin' A (itis called sine
inverse A}. sin ' A has a different meaning, which will be discussed in higher classes.
Similar conventions hold for the other trigonometric ratios ag well. Sometimes, the
Greek letter O (theta) is also used to denote an angle.

We have defined six trigonometric ratios of an acute angle. If we know any one
of the ratios, can we obiain the other ratios? Let uz sce,

1 {
[Tin aright mangle ABC, sin A = 3
BC |
then this means that E=E, i.e., the 3 ke
lengths of the sides BC and AC of the riangle
ABCaremmtheratiol : 3 (seeFig, 8.7). Soif A B
BC is equal to k, then AC will be 3k, where Fig, 8.7

kig any positive number, To determine other
trigonometric ratios for the angle A, we need to find the length of the third side
AB. Do you remember the Pythagoras theorem? Let us use it to determine the
required length AB.

AB? = AC - BCY = (3k) — (k) = 812 = (2/2 kp?

Therefore, AB = + 22k

S0, we get AB = 22k (Whyis AB not -24/2k7)
AB 22k 242

Now, cusﬁz——L_—{

AC 3k 3
Similarly. you can obtain the other tigonometric ratios of the angle A,
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Remark @ Since the hypotenuse is the longest side in a right riangle, the value of
sin A or cos A is always less than | (or, in particular, equal to 1).

Let us consider some examples.

C
4
Example 1 : Given tan A = 5 find the other
trigonomeiric ratios of the angle A,
Solution : Let us first draw a right A ABC m
(see Fig 8.8).
i wo gy g o 2 2
Now, we know that tan A = AR 3
Therefore, if BC = 4k. then AB = 3k, where k is a * i B
positive number. -
) Fig. 8.8
Now, by uzing the Pythagoras Theorem. we have
AC? = AB* + BC = (4k)* + (3k)* = 254
So, AC = 5k
MNow, we can wrife all the trigonoinewic ratios using their definitions.
. BC_4k_4
PR AR
W AB_3k_3
CERT ACT sk s
| 3 1 5 | 5
Therefore, cot A = =—etec A=——=—apdsec A= ——=—
; v tanA 4 sin A 4 cos A 3
P
Example 2 : If /B and 2 ) are
acute angles such that sin B = sin (3, A
then prove that £ B = £ Q.
Solution : Let us consider two right
triangles ABC and POR where
P C E R Q
sin B = sin Q (see Fig. 8.9,
Fig. 8.9
: AC
We have sinB = AR
, PR
and gin) = PO



Tmropuemon 7o TRIGOMIMETRY |79
AC PR
then AB ~ PQ
e"uC AB
=k, sa
Therefore, PQ ¥ (1)

Now. using Pythagoras theorem.
BC = \JAB*- AC*

and QR = JPQ? - PR

T

BC AB’-AC? _K*PQ*-k?PR} _ k\[PQ’ - PR?

So, = =k 2
Q’R \J{P‘QI — PRI 'J'FQE E F‘Rl ‘JPQE PR‘. { }
From (1) and {2), we have
AC _ AB_BC
PR PQ QR
Then, by using Theorem 6.4, A ACB ~ A PRQ and therefore, # B= 2 Q.
A
Example 3 : Consider A ACB, right-angled at C, in
which AB =29 units, BC =21 units and ~ ABC =8
(see Fig, £.10). Determine the values of
29
(1) cos? B + sin® 8,
(i) cos® B — gin®* B,
Solution ;: In A ACB, we have 8
.o 21 B
- 2 1 2 2
AC= JAB?-BC* = |J(29) - (21) Fig. .10

= J(29 - 21)(29 + 21) = [(8)(50) =+/400 = 20 units

g H H--"&E_g{} C{'I’SB_E=21-
N AB 29
Nove (1 costp « simag = |20 ) 4 [2L) 2200+ 20 _400+441
oW, (1) €080 + 50 = | Sy 29 207 341 :
. . 21 20 [Zl +20)(21 —20) 41
i A R, et e e 4
and (ii) cos?f —sin’B = [29] [29] i =TT
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Example 4 : Tn aright triangle ABC, right-angled at B, A
if tan A = |, then verify that

2 sin & cos A= L.

BC
Solution : In A ABC, tan A= E =1 (seeTFig&.11)

: B C
ie. BC = AB
Fig. 8.11
Let AB = BC = &, where k is a positive number,
Now, AC = \[AB"+ BC?
= Jr + k7 = kN2
_ BC_ 1 AB_ 1
Therefore, sin A = A.C_-JE and cos A= A.C_-JE
. | 1 p s .
S0, 2sinAcos A= 2 — ! —— |=1, whichis the ired value,
=)&) -

Example 5 : In A OPQ. right-angled at P, 0
OP=7Tcmand OQ — PQ =1 cm (see Fig. 85.12), )
Determine the values of sin Q and cos Q.
Solution ; Tn A OPQ), we have

0QF = OP* + PO
ie, (1 +PQ¥ = 0P+ PQ? (Why?)
ie, I + PO+ 2PQ = OF + PQ?
ie., | +2PQ=T* N
ie Q (Why Pl o
e, PO =2demand OO =1+ PO =23 ¢cm o

Fig. 8.12
S 1 l d %.
0, sinQ = T CDSQ—ES
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EXERCISE 8.1

1. InAABC, right-angled at B, AB =24 em, BC =7 cro. Determine ;
K]
(i} =in A, cos A ]
() 2inC,cosC
2. InFig 8.13, find tan P~ cot R,
4 12 em 13 em
3. IfsinA= x calculate cos A and tan A,
4, Given 15cot A =8, [ind =sin A and sec A,
” Q' R
5. Givengecfi= Ty calculate all other ngonormeiric ratios. Fig. 8.13
6. TF £ A and £ B are acute angles such that cos A = cos B, then show that £ 4 = “RB.
7. Ifeatf= T evaloate : (i) {b:+-4in Al ~sin 6) ' (1) cot*d
8 (14 cos 8)(l — cos@)
. i ~1an’ A . .
8. It 3 cot A =4, check whether —[ o cost A —sin?A or not.
|
9, Tnwmiangle ABC, nght-angled at B, iftan A = -.J_r}: + find the value of:

10.

11.

i} smAcosC+eosAsinC

(i} cos AcosC—sindsinC
Tn APQR, right-angled ot Q, PR + QR =25 cm and PO =5 cm, Determine the values of
sin P, cos P and tan P,
State whether the following are troe or false. Justify your answer,

() The value of tan A is abways less than 1,

L2
(i) sec A=~ for some value of angle A.

{iii) cos A is the abhreviation nsed for the cosecant of angle A,
{iv) col A 18 the product of cot and A

A
(v) sinfi= E for some angle 8.

8.3 Trigonometric Ratios of Some Specific Angles

From geometry, you are already familiar with the construction of angles of 307, 45°,
60° and 90°, In this section, we will find the vialues of the trigonometric ratios for these
angles and, of course, for 0°.
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Trigonometric Ratios of 45° C

In A ABC, right-angled at B, if one angle is 45%, then
the other angle is also 437, 1e., £ A= C = 45°

{see Fig. ¥.14).

4 = hy?
il
Now, Suppose = =d. Fig. 8.14

Then by Pythagoras Theorem, AC! = AB* + BC? =g + ¢ = 2a°,
and, therefore, AC = qﬁ .

Using the definitions of the tnigonometric ratios, we have :

... side opposite to angle 45° BC g4 1
sind3" = S ===
hypotenuse AC EN"_E -JE
side adjacent toangle 45° AB I} |
cos 45" = e i
hypotenuse AC a2 2
van 455 = Si.da i_!p‘lpuﬂitﬁw angle 45: :E _%_y
side adjacent (o angle 45 AB  a
Al seo45° = —— =2, sec 45" = —— =2 cotd5°= —— =1
W OIS GRAS] e T GaRm omtinas —  el

Trigomometric Ratios of 30° and 60° &
Let us now calculate the trigonometric ratios of 30°
and 60°. Consider an equilateral triangle ABC. Since
each angle in an equilateral tnangle is 60°, therefore, 30°
LA=LZB=LC=060".
Draw the perpendicular AD from A to the side BC p/60° &
(sec Fig. 8.15). =
Now AABD = AACD (Why?) Fig. 8.15
Therefore, BD = DC
and ZBAD = £ CAD (CPCT)

Now observe that:
A ABD is aright triangle, right - angled af D with 2 BAD =30 and / ABD = §0°
(sec Fig. 8.15).
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Az you know, for finding the wrigonormetric ratios, we need to know the lengths of the
sides of the triangle. So, let us suppose that AB = 2a,

Then, BD = %BC =4
and AD? = AB? — BD* = (2a)* — {a) = 3%,
Therefore. = a3
MNow, we have :
inrjﬂn_ E:i - SDD_E—ﬂ—ﬁ
s ST T AR 22 2
aﬂl‘} E
i — AD cw"_ wl"_
Al e e — = e B =
50, cosec 30° = T SEC A J_
c¢ot30% = : -
tan 30°
Similarly.
T _AD_af3_\3 i) .
smﬁﬂ=ﬁ—¥—?.msﬁl} :E tan 60 _\J"_

&) -

2
cosec 60° = E sec b0° = 2 and cot 60° =

Trigomometric Ratios of 0° and 90°
Let us see whai happens to the trigonometric ratios of anzle

C
A, if it is made smaller and smaller in the right wiangle ABC
{see Fig. 8.16), till it becomes zero. As £ A gets smaller and
smaller, the length of the side BC decreases.The point C gets
closer to point B, and finally when A becomes very close A s A
to 0°, AC becomes almost the same as AB (see Fig. 8.17). Fig. 8.16
C
a A A 4 R
. C = - : L el
i Ae i Ol Sl
A B A B A B A B A B A B

Fig. 8.17
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When £ A is very close to 0°, BC gets very close to (0 and so the value of

BC
sin A= AC is very close to 0. Also, when £ A is very close to 0°, AC iz nearly the

AB
same as AB and so the value of cos A = AC i very close to 1.

This helps us to see how we can define the values of sin A and cos A when
A =0" We define : sin 0° = 0 and eos 0° = 1.

Using these, we have :

sin (°

fan (° = cos O 0, cot0®= 0 which is not defined. (Why?)
I R .
sec 7= =1 and cosec (IF = — + which is again not defined. (Why7)
cos (" sin (7

Now, let us see what happens to the trigonometric ratios of £ A, when it is made
larger and larper in A ABC till it becomes 907, As £ A gets larger and larger, 2 C gets
smaller and smaller. Therefore, as in the case above, the length of the side AB goes on
decreasing. The point A gets closer to point B, Finally when <~ A is very close to 907,
£ C becomes very close to 07 and the side AC almost coincides with side BC
(see Fig. 8.18).

c C C C
A . . e Eonmnasy =

Fig. 8.18

When £ C is very close o 0°, £ A is very close o 90°, side AC is nearly the
same as side BC, and =0 sin A is very close to 1. Also when 2~ A is very close to 907,
£ Cis very close to 0°, and the side AB is nearly zero, so cos A is very close to 0.

So, we define : sin 90” = 1 and cos 90" = 0.
Now, why don’t you find the other ingonometric ratios of 907

We shall now give the values of all the trigonometric ratios of 0%, 30°, 45°, 60~
and 907 in Table 8.1, for ready reference.
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Table 8.1
LA 0 30" 45 60" 90"
- ! d 3
sin A ] 3 - 5 1
B 4 !
1
tan A 0 N 1 J3 Not defined
2
cosec A | Notdefined 2 J2 B 1
A 1 “2'_ 2 N fined
BEC N J2 ot define
1
cot A Not defined J3 1 N ]

Remark : From the 1able above you can observe that as 2 A increases from 07 lo
907, sin A imcreases from 0 to 1 and cos A decreases from 1 to (.

Let us illustrate the use of the values in the table above through some examples,

Example 6 : In A ABC, right-angled at B, A

AB = 5 ¢m and £ ACB = 30° (see Fig. §.19),

Determine the lengths of the sides BC and AC.

Solution : To find the length of the side BC, we will

choose the trigonometric ratio involving BC and the 30°

given side AB. Since BC is the side adjaceni to angle B c
C and AB is the side opposite to angle C, therefore Fig. 8.19

Al @
pc ~

) 5 ]
ie., BC = tan 307 = Jg

which gives BC= 53 em
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To find the length of the side AC, we consider

: o AME >
sin 30 AC (Why?)

: 1 5

1e. 2 = AC

L.e: AC = 10cm

Note that alternatively we could have used Pythagoras theorem to determine the third
side in the example above,

ie. AC = JABE +BC? = JSI + (543 em = 10cm.
Example 7 : In A POQR, right-angled at
Q (see Fig, 820, PQ=3cmand PR =6 cm. P
Determine # QPR and ~ PR().
Solution : Given PQ = 3 cm and PR. = 6 cm. % . 6 cm
Therefore, ﬁ =ginRk 0 "
Fig. 8.20
-
or sin R = E = E
So, £ PRQ = 30¢
and therefore, £ QPR = 60°. (Why?)

You may note that if one of the sides and any other pan (either an acute angle or any
side) of aright triangle is kmown, the remaining sides and angles of the triangle can be
determined.

1 I
Example 8 : If sin (A~B) = —+ cos (A+B) = -+ 0°<A+B<90°. A>B, find A
and B. R

, therefore, A — B =307 (Why?) (1

ad | =

Solution : Since, sin (A - B)=

1
Also, since cos (A + B) = E., therefore. A+ B =060" [Why?) (2)

Solving (1) and (2), we get: A=45% and B = 15%
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EXERCISE §.2
1. Ewvaluate the following :

(i} =in 60° cos 30° + sin 307 cos 607 ) 2 tant457 + cos? 30° —sin* 60°
(i cos 457 i gin 30° + tan 45° — cosec &0
sec 30" + cogec 307 gec 30° + cos 60° + cot 43¢

5 cos” 60" + 4 sec® 30° — tan? 45°
sin® 30° +cos® 30°
2. Choose the corrcet option and justify your choice ;

(v

2 1an 30"
1+ tan? 30°
(A} sin60® (B} cos 6" (C) tan GO (D} sin 30°
_l—1an® 45°
@ 14 n? 450
(A} tan90° B 1 () sind3® Dy 0
(it} sin 2A =2 sin A 15 true when A =
A}y F (B} 30¢ (C) 45* D ar
 2um 300
V) | ran® 00
(A)  cos60° (B) sin GO (C) tan 60° (D)} sin 30°

I
3, IMan(A+B)=.f3 and an(A-B)= E;ﬂ”{ﬁ+ﬂ£90*:ﬁ}ﬂ.ﬁﬂdﬁmd B.

4. Siate whether the following are troe or false. Justify your answer.
(i) sin{A+B)=sinA<+zinB.
(i} The value of sin 8 increases as @ increascs,
{iiii The value of cos B increases as @ increases.
{iv} sin B =cos @ for all values of O,
(v} cotAisnotdefined for A =0°, C

8.4 Trigonometric Ratios of Complementary Angles

Recall that two angles are said to be complementary

if their sum equals 90°. In A ABC, right-angled at B,

do you see any pair of complementary angles? A B
(See Fig. 8.21) Fig. 8§.21
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Since £ A + £ C =907, they form such a pair. We have:

. Ao BC A< AB o G
SIMA= We COSA="aC AT AR

W AC o AC . &
COsec = BC SEC = I o _BE

Now let us write the trigonometric ratios for £ C =90° - Z AL
For convenience, we shall write 907 — A instead of 90° — 2 AL
What would be the side opposite and the side adjacent to the angle 90° — A?

You will find that AB is the side opposite and BC is the side adjacent to the angle
907 — A. Therefore,

AB

AB BC
sin (90°—A)= -+ cos (30°-A)= " an(90°-A)= oo

T AC AC
{2}

4

QD”A—E 90° — A) = lgﬂ”ﬁ—E
cosec | - }_ﬁB'SEC{ — J—EE+ cot [ - )—M

Now, compare the ratios in (1) and (2). Observe that :

in {907 A]—E— A and (90° — A) i A
sin (907 — —AC—-I:US and cos - FAC_Sm

AB BC
=cot A 00° - A)= —=1lan A
. cot( A) AB

Also, tan (90° - A) = BC

AC AC
SCC "9“‘}..1_ eaj.}: ”_E'Ezmmﬁ, COSEC {HGU—A}: ....... ZE.EC.A

AB
So, sin (90" — A) = cos A, cos (90° = A) = sin A,
tan (90" — A) = cot A, cot (90° — A) = tan A,
sec (90" — A) = cosec A, cosec (M)° — A) = sec A,

for all values of angle A lying between 0 and 90°, Check whether this holds for
A=0%or A =907

Note ; tan 0% = 0 = cot 90°, sec 07 = 1 = cosec 90" and sec 907, cosec 07, tan 907 and
cot 0° are not defined.

Now, let us comsider some examples.
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Example ¥ : Evaluate tan A5 :
cot 257
Solution : We know : cot A = tan (90" — A)
Sa, cot 257 = tan (90" - 257) = tan 657

jis tan 65° _ @n65°_
o cot 25°  tan 63°

Example 10 : If sin 3A = cos (A — 26°), where 3A is an acute angle, find the value of
A,

Solution : We are given that sin 3A = cos (A - 267), (1)
Since gin 3A = cos (90" — 3A), we can write (1) as
cos (90° — 3A) = cos (A — 26%)
Since 907 — 34 and A — 26" are both agute angles, therefore,
90°-3A = A -26"
which gives A= 200

Example 11 : Express col 85" + cos 75" in terms of frigonometric ratios of angles
between (07 and 457,

Solution : cot 85" 4+ ¢og 737 = cot (907 — 57) + cos (90° — 157)

= tan 3% + sin 15°

EXERCISE 8.3

1. Evaluale:
sin 18°  tan 26"
{i) oo 72° ¢y et BA° (ifiy cos48° —sind2? (v} cosec3l® —sec59°
2. Show that:

(i} tan48°tan 23° tan 42" tan 67° = |
f{} cos38%cos 527 -5in38°sin 52" =0
3. Titan 2A =cot (A — 18%), where 2A is an acute angle, find the value of A.
4. Tftan A =cot B, prove that A + B =907,
5. TisecdA =cosec (A —20%), where 4A ig an acute angle, find the value of A.
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6. Tf A, B and C are intenor angles of a iangie ABC. then show that

B+C
Sm[ J: m}sﬂ.
2 2

.

7. Express sin 677 +cos 757 intorms of tigonometric ratios of angles belween 07 and 437,

8.5 Trigonometric Identities A
You may recall that an equation is called an identity
when it is true for all values of the variables involved.
Similarly. an equation involving trigonometric ratios
of an angle is called a trigonometric identity, if it is
true for all values of the angle(s) involved.

In this section, we will prove one trigonometric
identity, and use it further to prove other useful C B
irigonometric identities, Fig. 8.22

In A ABC, right-angled at B (see Fig. 8.22), we have:

AB? + BCr = AC? (1)

Dividing each term of (1) by ACY, we get

ABT BC*  AC?

- =
AC?  ACY T act
) ( AB BCY [ACY
Le. = al brr—a = (b
" lﬁC AC AC
ie. {cos AP+ (sin A¥ = |
ie, cos? A +5iA=1 (2)

This is true for all A such that 0% <A <907, So, this i 3 (rigonomeiric identity,
Let us now divide (1) by AB*. We get

AB? BC? act
+
AR AB* AR?

. (e ael = ]

ie., 1+ tan? A = sec? A 3}

i
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Is thiz equation tue for A = (°? Yes, itis. What about A =907 Well, tan A and
sec A are not defined for A = 907, Se, (3) 1= true for all A such that 0% = A < 90°,

Let us see what we get on dividing (1) by BC2 We get

AB* BC*  AC?
s 3
BC? BC BC

(se)+ze) - (3]

ie., cot’ A + 1 = cosec? A (4)

MNote that cosec A and cot A are not defined for A = (7. Therefore (4) is true for
all A such thar 0% < A <907,

Using these identities, we can express each trigonometric ratio in terms of other
irigonometric ratios, i.e., if any one of the ratios is known, we can also determine the
values of other mgonometric ratios.

]

Let us see how we can do this using these identities. Suppose we know that

|
tan A= E Then, cot A= .3 .

b

, 1 4 2
Since, sec’ A=sl+lantA=l+-=—: sec A==, and cos A=
3 3 NE)

Again, sin A = J1- cos?A = ,fl - % s % . Thercfore, cosec A=2.

Example 12 : Express the ratios cos A, tan A and sec A in terms of sin A,

Solution : Since cost A +zin? A = |, therefore,

costA=1-3inl A ie,cos A== ».,llll —sin® A
This gives cos A = Jl —gin® A& (Why?)

gin A sin A l 1
= — and sec A = =
cos A Jl—sin*ﬁ. cos A V’T—s'm"’ﬁ

Hence, tan A =
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Example 13 : Prove that sec A {1 —5in A)sec A +tan A) = 1.

Solution :
1 v | in &
{1 —sin A) + =
cos A cos A cos A

(1—sin A)(1 +sin A) _1—sin® A
cost A cos” A
2

cos” A

LHS = sec A (1 —sin A)sec A +tan A)

=1 =RHS

msz A

col A —cos A _cosec A -1
cot A +cos A cosec A +1

Example 14 : Prove that

cntA—msﬁ_ sin A
cot A + cos A cos A

Solution : LHS =

sin gin =
= = - COsSec — RHS
} cosec A+ 1
+1

gin @—cosB+1 1
sinf+cosB=1 secH-—1tan B

Example 15 : Prove that + using the identity

sect B =1+ tan® B,

Solution : Since we will apply the identity involving sec € and tan 8, let us first
convert the LHS (of the identity we need to prove) in terras of sec 8 and tan 8 by
dividing numerator and denominaior by cos 9.

sin@ —cosB+1 tanB—1+secB
sinB+cozB-1 tanO+1-secB

B {tan 8 + sec B8)—1 ={[tanE+secB}—J}{tan & — sec @)
T (tan @ —sec @) +1 {(tan B —sec @) + 1} (tan O sec 6)
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(tan® 8 — sec” B) — (tan 0 — sec 6)
{tan 8 — sec B+ 1} (fan® — sec 8}

=1 —tan &+ sec

(tan O — sec 0 + 1) (tan 0 — sec 0)

=] 1
= lanB-secO secB—tan®

which is the RHS of the identity, we are required to prove.

EXERCISE 8.4

1. Express the trigonomelric ratios sin A, sec'Aand tan A in terms of cot A.

2. Write all the other trigonometric ratios of < A in terms of sec A,

3. EBEwvaluace :

sin® 63°+ gin® 27°

0 0?17° + cos? 73°
(i) sin 23" cos 657 + cos 23" 5in 657

4, Choose the correct oplion. Justify your choice.
(i) Osect A—-Btan? A=

(A) 1 B) 9 € 8 (D) 0
(i) (1 +tan @ +sec8)(1+cotB - codec B) =

(A) 0 B 1 © 2 ) -1
(i) (sec A +tan A)(l—sinA)=

[A) Eec A (B} sin A (C) cogec A D} cos A
It A
) o’ A

(&) sec? A (B) =l (C) cot? A D) tan? A

5. Prove the following identities, where the angles involved are acute angles for which the
expressions are defined,

1 —cos B cos A 1+5in A
i} (cosec B-colB)i= it + =2 5ec A
L » | +cos & { | +sin A cos A
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tan @ 3 ot B
|—cot8® |—wm B

(iif) =]+ s @ cosec O

[Hint : Write the sxpression in terms of s 8 and cos 8]

l+sec A sin®A
sec A 1-cos A

cos A —s5in A +1

(v) - = cosec A + eot A, using the identity cosec® A = | + coi? A,
cos A + 5in A — |

{iv) [Hint : Siraplily LHS and RHS separately]

14 s5in A . R
(vi} ﬁ =gec A +lan A (vii) _EH,.}LI_S;...LE? —tan A

(vil) (sinA +cosec AP+ (cos A +sec AP =T +tan* A+ col* A
R
tan A + cot A

[Hint : Simplify LHS and RHS separately]

1+mn?A)_(1-tanAY
1+ cot’A _!Ll—r:mA =tan’ A

{ix) (cosec A — gin A)(sec A - cos A) =

8.6 Summary
In this chapter, you hiave studied the following points :
1. Tnaright riangle ABC, right-angled at B,
side opposite to angle A A= side adjacent to angle A
hypotenuse hypotenuse
side opposite toangle A
AR T a;zcem 0 a.ni]e A

an A=

2. cosec A= _I :Mcﬁ=1—:mnﬁ= 1 v lam A= uiEa 3
sin A cis A cot A cns A
3. Ifone ol the trigonometric ratios of an acute angle is known, the remaining rigonometric
ratios of the angle can be easily determined,
4, The values of migonometric ratios for angles 0°, 307, 457, G0° and 90",
5. The value of si1n A orcos A never exceeds |, whereas the value of sec A or cosec A 1s
always greater than or equal to 1.
6. sin{90" - Al=cos A cos (90" - A)=sin A;
tan (90° — A) =cot A, coi (30" — A)=tan A;
ge0 (H)° = A) =cosoc A, cosec (9)° = A) =soc A,
T. sindAteostA=1,
sec A—man® A=1 for D°<A <507,
cosect A= +cot? A for 07 < A <90°
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SOME APPLICATIONS OF
TRIGONOMETRY

9.1 Introduction

In the previous chapter, you have studied about trigonometric ratios, In this chapter,
vou will be stndying about some ways in which trigonometry is used in the life around
vou. Trigonometry is one of the most ancient subjects studied by scholars all over the
world. As we have said in Chapler 8, (rigonomedry was invented because 11s need
arose in asironomy. Since then the astronomers have used it, for instance, to calculate
distances from the Earth to the planets and stars. Trigonometry is algo used in geography
and in navigation. The knowledge of trigonometry is used {o construct maps, determine
the position of an island in relation to the longitudes and latitudes,

Surveyors have used irigonometry [or
centuries. One such large surveying project
of the nineteenth century was the “Great
Trigonometric Survey’ of British India
fior which the two largest-ever theodolites
were built. During the survey in 1852, the
highest mountain in the world was
discovered. From a distance of over
160 km, the peak was observed from six
different stations. In 1856, this peak was
named after Sir George Everest, who had A Theodolite
coramissioned and first used the giant (Surveying instrument, which is based
theodolites (see the figure alongside). The  gn the Principles of trigonometry, is
theodolites are now on display in the  yged for measuring angles with a
Museum of the Survey of India in rotating telescope)
Dehradun.
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Tn this chapter, we will see how trigonometry 15 used for finding the heights and
distances of various objects, without actually measuring them.

9.2 Heights and Distances

Let us consider Fig. 8.1 of prvious chapter, which is redrawn below in Fig. 9.1,
C C

':;m le of elevation
T e

Fig. 9.1

In this figure, the line AC drawn from the eye of the student to the top of the
minar is called the line of sight. The student is looking at the top of the minar, The
angle BAC, so formed by the line of sight with the horizontal, is called the gngle of
elevation of the 1op ol the minar [rom the eye of the stndent,

Thus, the line of sight is the line drawn from the eye of an observer 1o the point
in the object viewed by the observer. The angle of elevation of the point viewed is
ihe angle formed by the line of sight with the horizontal when the point being viewed is
above the horizontal level, i.e.. the case when we raise our head to look at the object
(see Fig. 9.2),

Object
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Now, consider the situation given in Fig. 8.2, The girl sitting on the balcony is
looking down at a flower pot placed on a stair of the temple. In this case, the line of
sight is below the horizontal level. The angle so formed by the line of sight with the
horizontal is called the angle of depression.

Thusg, the angle of depression of a point on the object being viewed is the angle
formed by the line of sight with the horizontal when the point is below the horizontal
level, i.e., the case when we lower our head to look at the poim being viewed
fsee Fig. 9.3).

Fig. 9.3

Mow, you may identify the lines of sight, and the angles so formed in Fig. 8.3
Are they angles of elevation or angles of depression?

Let us refer to Fig. 9.1 again, If you want to find the height CD of the minar
without actually measuring it, what information do youneed? You would need to know
the following:

(i) the distance DE at which the student is standing from the foot of the minar
(i) the angle of elevation, £ BAC, of the top of the minar
(i} the height AE of the student.
Assuming that the above three conditiong are known, how can we determine the
height of the mina?
In the figure, CD =CB + BD. Here, BD = AE, which is the height of the student.
To find BC, we will use trigonometric ratios of £ BAC or £ A,

In A ABC, the side BC is the opposite side in relation to the known 2 A. Now,
which of the trigonometric ratios can we use” Which one of them has the two values
that we have and the one we need to determine? Our gearch narrows down 1o using
either tan A or cot A, as these ratios involve AB and BC.
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BC AB
Therefore, tan A= B cot A = BC which on selving would give us BC,

By adding AE to BC, you will get the height of the minar,
Now let us explain the process, we have just discussed, by solving some problems.

Example | : A tower stands vertically on the ground. From a point on the ground,
which is 15 m away from the foot of the lower, the angle of elevation of the top of the
tower is found to be 60°. Find the height of the tower.

Solution : First let us draw a simple diagram 1o
represent the problem (see Fig. 9.4). Here AB
represents the tower, CB is the distance of the point
from the tower and £ ACB is the angle of elevation.
We need to determine the height of the tower, i.e.,
AB. Also, ACB is a triangle, right-angled at B,

To solve the problem, we choose the trigonometric
ratio tan 60° (or cot 60°), as the ratio mvolves AB
and BC,

Now, tan 60° = B c =
AB

i.li-.1 '\Jlr- = E

ie., AB = 1543

Hence. the height of the tower is 153 m.

Example 2 : An electrician has to repair an slectric
fault on a pole of height 5 m. She needs to reach a
point 1.3m below the top of the pole to undertake the
repair work (see Fig. 9.5). What should be the length
of the ladder that she should use which, when inclined
atan angle of 607 to the horizonal, would enable her
to reach the required position? Also, how far from
the foot of the pole should she place the oot of the

ladder? (You may take f3 = 1.73)
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Solution : In Fig. 9.5, the electrician is required to reach the point B on the pole AD.,
S0, BD=AD-AB=(5-13)m=3.7 m.

Here, BC represents the ladder. We need (o find its length, i.e., the hypolenuse of the
right triangle BDC.

MNow. can you think which trigonometic ratio should we consider?
It should be sin 607,

BD . 37 3
So. B = sin 60° or e
3.7Tx2
Therefore, BC= -J;f =4.28 m (approx.)

i.e., the length of the ladder should be 4.28 m.

&l o 1
Now, ﬁ = cot 60° = \E
Le., DC= E =2.14 m (approx.)

Therefore, she should place the foot of the ladder at a distance of 2.14 m from the
pole. A

Example 3 : An observer 1.5 m tall is 28.5 m away
from a chimney. The angle of elevation of the top of
the chimney from her eyes is 45, What is the height
of the chimney”

Solution : Here, AB is the chimney, CD the observer
and < ADE the angle of elevation (see Fig. 9.6). In p
thiz case. ADE i3 a triangle, right-angled at E and

we are required to find the height of the chimney, ¢ )
We have AB= AE+BE=AE + 1.5 Fig. 9.6
and DE=CB=285m

To determine AE. we choose a trigonometric ratio, which involves both AE and
DE. Let us choose the tangent of the angle of elevation.
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N A5 = EEE
Now, tan = DE
| | AE
4B = 285
Therefore, AE= 285

So the height of the chimney (AB)=(285+ 1.5 m =30 m,

Example 4 : From a point P on the ground the angle of elevation of the top of a 10 m
tall building is 30°. A flag is hoisted at the top of the building and the angle of elevation
of the top of the flagstaff from P is 45°, Find the length of the flagstaff and the
distance of the building from the point P. (You may take ,ﬁ =1.732)

Solution : In Fig. 9.7, AB denotes the height of the building, BD the flagstaff and P
the given point. Note that there are two right tiangles PAB and PAD. We are required
1o find the length of the flagstaff, i.e., DB and the distance of the building from the
point P, i.e., PA.

Since, we know the height of the building AB, we b
will first consider the right A PAB. FLAG
We h a0 An B
i S e

e have an AP
. L_10 I
FTw o Alle  [mme]

.J.. A

Therefore, AP= |0+3

A Fig. 9.7

i.e., the distance of the building from P is 10\@ m=17.32 m.

Next, let us suppose DB = x m. Then AD = (10 + x) m.

Now, in right A PAD i DR =10V 2
NOW, 1IN rigl I L tan = ﬁP : 3
10+ x

Theref 1= .
erefore, 10483
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ie. x=10 (V3-1) =732
So. the length of the flagsiaff is 7.32 m.

Example 5 : The shadow of a tower standing A
on a level ground is found to be 40 m longer
when the Sun’s alitude is 307 than when itis
60~ Find the height of the tower,

Solution : In Fig. 9.8, AB i3 the tower and
BC is the length of the shadow when the

Sun’s altitude is 60, i.e., the angle of 30° 6n°
elevation of the (op of the wwer [rom the tip - ST, T, |, [ — (] B
of the shadow ig 60" and DB is the length of

the shadow, when the angle of elevation is Fig. 9.8

30°,

MNow, let AB be # m and BC be x m. According to the question, DB is 40 m longer
than BC.

S, DB = (40 +x1m
Now. we have two right triangles ABC and ABD.
In A ABC, tan 60° = %
h
or, B = ; (1)
. AB
In A ABD, tan 30° = BD
| L )
1.8 ‘iJE = 2+ 40 ': }
From (1), we have h= z3
Putting this vilue in {2), we get (-WE)\E =x+40,1e, Ix=x+40
ie. x= 20
So, h= 2043 [From (1)]

Therefore, the height of the tower 1s 21}.}3 m.
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Example i : The angles of depression of the top and the bottorn of an 8 ro tall building
from the top of a multi-storeved building are 30° and 45, respectively. Find the height
of the multi-storeyed building and the distance between the two buildings.

Solution : In Fig. 9.9, PC denotes the multi-
storyed building and AB denoies the 8 m iall
building. We are interested to determine the
height of the multi-storeyed building, 1.e., PC
and the distance between the two buildings,
ie., AC.

Look at the figure carctully. Observe that
PB is a ransversal to the parallel lines PQ
and BD. Therefore, 22 QPB and £ PBD are
alternate angles, and so are equal. A C
S0 2 PBD =30°, Similarly, &« PAC = 45°, Fig. 9.9

In right A PBD, we have

r

PD Lo
BD=Lan3fI - or BD = PD.f3

In right A PAC, we have

X g5
A T RS
ie., PC = AC

Also, PC = PD + DC, therefore, PD + DC = AC.
Since, AC=BD and DC = AB =8 m, we pet PD + E=BD = PD«;"_?E (WhyT)

o g 8(¥a+1)
This gives PD = \ﬁTl = (Erlj[ﬁjl_} = 4(\5 -+ l)m.

So, the height of the multi-storeyed building is -[4 (JE_‘ + l) + S}m = 4(3 + \E}m

and the distance between the two buildings is also 4{3 i -\E}m

Example 7 : From a point on a bridge across a river, the angles of depression of
the banks on opposite sides of the river are 30° and 457, respectively. If the bridze
is at a height of 3 m from the banks, find the width of the river.



SoME ATPLICATIONG OF TRIGONOMETILY 203

Solution : In Fig 9.10, Aand B
represent points on the bank on
opposite sides of the river, so that
AB iz the width of the river. P is
a point on the bridge ai a height
of 3 m, 1.e., DP = 3 m. We are
interested 1o determine the width Fig. .10
of the river, which is the length

of the side AD of the A APB.

Now, AB = AD + DB
In right A APD, £ A = 30"

FD
S, tan 30~ =
) _l__ 3 J—
1.6, Jg— or AD=3/3m

Also, inright APBD, £ B=45" S0, BD=PD =3 m.
MNow, AB=ED+AD=3+3J§=3{1+J§_}HL

Therefore, the width of the fdveris 3 (v@ g lJm .

EXERCISE 9.1

1. A circos artistis elimbing a 20 m long rope, which iz
tightly stretched and tied from the top of a vertical
pole to (he ground. Find the height of the pole, if
the angle made by the rope with the ground level is
307 {(sceFig. 9.01)

2. A mec breaks dve to storm and the broken part AP
bends so that the top of the tree touches the ground g e C
making an angle 30° with it, The distance barween
the: foot of the trec to the point where the top Fig. 9.11
touches the ground is B m. Find the height of the
ree,

3. A contractor plans to install two slides for the childsen to play in a park. For the children
below the age of 5 vears. she prefers tohave a slide whose lop is &t aheight of 1.5 m, and

A

20 m
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10.

Il

12.

13.

is inclined aran angle of 30° o the ground, whereas for elder children, she wants to have
a steep slide at a height of 3m, and inclined at an angle of 60° to the ground, What
should be the length of the slide in each case?

The angle of elevation of the top of a tower from a point on the ground, which is 30 m
away from the foor of the tower. is 20°, Find the height of the tower.

A kite 18 flving at a height of 60 m above the ground. The siring aitached to the kite iz
temmporarily tied toa point on the pround. The inclination of the string with the ground
iz 607, Find the length of the siring, assuming that there i3 no slack in the string.

A 1.5 motall boy is standing at some distance from a 30 m wall building. The angle of
elevation from his eyes to the top of the building increases from 30° to 607 as he walks
towards the building. Find the distance he walked towards the building,

From & point on the ground, the angles of elevation of the bottom and the top of a
reansmisaion tower fized at the top of a 20 m high building are 45° and 60" respectivaly.
Find the height of the tower.

A stamue, 1.6 m tall, stands on the top of a pedestal. From a point on the groand, the
angle of elevation of the wp of the stare iz 607 and from the same point the angle of
elevarion of the wp of the pedestal 15 457, Find the height of the pedestal.

The angle of elevation of the top of a building from the foot of the tower is 30° and the
angle of elevation of the top of the tower from the foot of the building is 60°, T the tower
is 30 m high, find the height of the building,

Two poles of equal heights are standing opposite each other on either side of the road,
which is B0 m wide. From a point between them on the road, the angles of elevation of
the top ol the poles are 607 and 307, reapectively. Find the height of the poles and the
dizstances of the point from the poles,

ATV ower stands vertically on a bank
of a canal, From a point on the other
hank direcily opposite the wwer, the
angle of elevation of the top of the
tower 1& 60°. From another point 20 m
away from this point on the line joing
this point to the foot of the tower, the
angle of elevation of the wop of the

A

D -
tower is 307 (see Fig. 9.12). Find the «——2Wm—> C R
height of the twower and the width of Fig. 9.12
_-:I‘ s -
the canal.

From the top of a 7 mhigh building, the angle of elevation of the top of a cable tower is
o0 and the angle of depression of its foat is 45°, Determineg the height of the tower,

Az observed from the top of a 75 m hagh lghthouse from the sca-level, the angles of
depression of two ships are 307 and 45°, If one ship 12 exactly behind the other on the
same side of the lighthouze, (ind the distanee between the two ships.
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14. A 1.2mall girl spots a balloon moving @ @
with the wind in a horizondal line at a

height of 88.2 m from the ground. The A
angle of slevation of the balloon from II.-' : -

the eyves of the girl Al any instant is EEE}:m
60°, After some time, the angle of ."'ﬁuf‘,.
clevation reduces to 30° (see Fig. 9.13). ,,\\:ﬂ G | e,
Find the distance travelled by the :

balloon during the interval. Fig. 9.13

15. A straight haghway leads 1o the foor of a wower. A man standing At the top of the Tower
observes a car al an angle of depression of 307, which is approaching the fool of the
tower with a uniform speed. Six seconds Iater, the angle of depression of the car is found
to be 607, Find the time taken by the car to reach the foot of the tower from this point.

16. The angles of elevation of the top of a tower from two pointz at a distance of 4 m and
9 m from the base of the tower and in the same swaight line with it are complementary.
Prove that the height of the tower is 6 m,

9.3 Summary
In this chapter; you have stuched the following poins ;

L. (i) The lne of sight ig the line drawn from the eye of an observer to the point in the
object viewed by the observen

(ii) The angle of elevation of an ohject viewed, i the angle formed by the line of sight
with the horizontal when it is above the horizontal level, i.e., the case when we raise
our head to look at the object.

(iii) The amgle of depression of an object viewed, is the angle formed by the line of sight
with the horizontal when it is below the horizontal level, ie., the case when we lower
our kead to look ai the object.

2, The height or length of an object vr the distance between two distant objects can be
determined with the help of trigonomettic ratios.
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10.1 Introduction

You have studied in Class IX that a circle is a collection of all points in a plane
which are at a constant distance (radins) from a fixed point (¢centre). You have
also studied various terms related to a circle like chord, segment, sector, arc etc.
Let us now examine the different situations that can arise when a circle and a line
are given in a plane.

5o, let us consider a circle and a line PQ). There can be three possibilities given
in Fig. 10.1 below:

OPC

(1) {m}

Fig. 10.1

In Fig. 10.1 (3). the line PQ and the circle have no common point. In this case,
PQ) iz called a non-intersecting line with respect to the circle. In Fig. 10.1 (ii), there
are (wo common points A and B that the line PQ and the circle have. In this case, we
call the line PQ) a secant of the circle. Tn Fig, 10.1 {i11}, there i5 only one point A which
is common to the line PQ and the circle. In this case, the line is called a tangent to the
circle,
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You might have seen a pulley fitted over a well which is used =T
in taking out water from the well. Look at Fig. 10.2. Here the rope =
on both gides of the pulley, il considered as a ray, is like a tangent
to the circle representing the pulley.

Is there any position of the line with respect to the circle
other than the types given above? You can see that there cannot
be any other type of position of the line with respect to the circle,
In this chapter, we will study about the existence of the tangents
to a circle and also study soroe of their properties.

10.2 Tangent to a Circle

In the previous section, vou have seen that a tangent™ to a circle is a line that
intersects the circle at only one point,

To understand the existence of the tangent to a circle at a point, let us perform
the following activities:
Activity 1 : Take a circolar wire and attach a straight wire AB at a point P of the
circular wire so that it can rotate about the point P in a plane. Put the system on a table
and genily rotate the wire AB about the point P to get different positions of the straight
wire [see Fig. 10.3(i)].

In various positions, the wire intersects the
circular wire at P and at another point Q, or Q, or
Q,, etc. In one position, you will see that it will *
intersect the circle at the point P only (see position
A'B" of AB). This shows that a tangent exisis at
the point P of the circle. On rotating further, vou
can observe that in all other positions of AB, it will
intersect the circle at P and at another point, say R,
or R; or R,, ete. So, you can observe that there is
only one tangent at a point of the circle. Fig. 10.3 ()

While doing activity above, you must have observed that as the position AB
moves lowards the position A" B’ the common point, say Q,, of the line AB and the
circle gradually comes nearer and nearer to the common point P. Ultimately, it coincides
with the point P in the position A'B’ of AYB”. Again note, what happens if ‘AB’ is
rotated rightwards about P? The common point R, gradually comes nearer and nearer
to P and ultimately coincides with P. So, what we see is:

The tangent o a circle is a special case of the secant, when the two end
points of its corresponding chord coincide.

*The word “tangent’ comez from the Latn word ‘tangere”, which means to wach and was
introduced by the Danish reathematician Thomas Fineke in 1583,
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Activity 2 : On a paper, draw a circle and a
gsecant PO of the circle. Draw various lines
parallel to the secant on both sides of it. You
will find that after some steps, the length of p/
the chord cut by the lines will graduvally
decrease, i.e., the two points of intersection of
the line and the circle are coming closer and
closer [see Fig. 10.3(ii}]. In one case, it
becomes zero on one side of the secant and in
another case, it becomes zero on the other side
of the secant. See the positions P'Q" and PQ”
of the secant in Fig. 10.3 (ii). These are the
tangents 1o the circle parallel 1o the given secant
PQ. This also helps you to see that there cannaot Fig, 10,3 (ii)
be more than two tangents parallel to a given

secant.

This activity also establishes, what you must have observed, while doing
Activity 1. mamely, a tangent is the secant when both of the end points of the
corresponding chord coincide.

The common point of the tangent and the circle is called the point of contact
[the point A in Fig. 10.1 (iii)]and the tangent is said to touch the circle at the
comimon point.

Pll‘

Now look around you. Have vou seen a bicycle
or a cart moving”? Look at its wheels, All the spokes
of a wheel are along its radii. Now note the position
of the wheel with tespect to its movement on the
ground. Do you see any tangent anywhere?
[See Fig. 10.4). In fact, the wheel moves along a line
whichis a tangent to the circle representing the wheel.
Also, notice that in all positions, the radius through
the point of contact with the ground appears to be at
right angles 1o the tangent (see Fig. 10.4). We shall Fig. 10.4
now prove this property of the tangent.

Theorem 10.1 : The rangent at any point of a circle is perpendicular to the
radius through the poinl of contget.

Proof : We are given a circle with centre O and a tangent XY (o the circle at a
point P. We need to prove that OP is perpendicular to XY,
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Take a point Q on XY other than P and join OQ (see Fig. 10.5).

The point Q must lie yutside the circle.
{(Why? Note that if Q lies inside the circle. XY
will become a secant and not a2 tangent o the
circle). Therefore, OQ) is longer than the radiug
OP of the circle. That is,

0Q = OF,

Since this happens for every point on the
line XY except the point P, OP is the
shortest of all the distances of the point O to the
points of XY. So OP is perpendicular to XY.
{as shown in Theorem Al.2.)

]

Remarks :

1. By theorem above, we can also conclude that at any point on a circle there can be
one and only one tangent,

2, The line containing the radiug through the point of contact is also sometimes called
the ‘normal’ to the circle at the point,

EXERCISE 10.1
1. How many tangents can a circle have?
2. Fillin the blanics :
iy A tangenl to a circle intersects itin _____ point {5),
(i) A line intersecting a cirele in two points 15 called a
(i) Acvicclecanhave — parallel tangents at the most.
{iv} The common point of a tangent 1o a circle and the circle is called . e
3. Atangent PO ata point P of a circle of rading 5 cm meets a line through the centre O at
a point Q 30 that OQ = 12 em. Length PQ is :
(A) 12em (By 13cm (O B5em M) .fi19 cm.

4, Draw a circle and two lines parallel to a given line such that one is & tangent and the
other, a secant io the circle.

10.23 Number of Tangenis from a Point on a Circle

To gel an idea of the number of tangents from a point on a circle, let us perform the
following activity:
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Activity 3 : Draw a circle on a paper. Take a
point P inside it. Can you draw a tangent to the
circle through this point? You will find that all
the lines through this pointintersect the circle in
two points. So. it is not possible to draw any
tangent to a circle through a point inside it
[see Fig. 10.6 (i)].

Next take a peint P on the circle and draw
tangents through this point. You have already
observed that there is only one tangent to the
circle at such a point [see Fig. 10.6 (ii)).

Finally, take a point P outside the circle and
ry to draw tangents to the circle from this point.
What do vou observe? You will find that vou
can draw exactly two tangents to the circle
through this point [see Fig. 10.6 i) ].

We can summarise these facts as follows:

Case 1 : There ig no tangent (o a circle passing
through a point Iying inside the circle,
Case 2 : There is one and only one tangent to a
circle passing through a poini lying on the circle.
Case 3 : There are exactly two tangents o a
cirele through a point lying outside the circle.

InFig. 10.6 (iii), T and T, are the points of
contact of the tangents PT, and PT,
respectively.

The length of the segment of the tangent
from the external point P and the point of contact
with the circle is called the length of the tangent
trom the point P to the circle.

VAN

N

(1

i)

T,
(iid)
Fig. 10.6

Note thavin Fig. 10.6 (i}, PT, and PT, arc the lengths of the tangents from P 1o
the circle. The lengths PT, and PT, have a common property. Can you find this?
Measure PT, and PT,. Are these cqual? In fact, this is always so. Let us give a proof

of this fact in the following theorem,
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Theorem 10.2 : The leagths of tangents drawn

from an external point 1o a circle are equal., Q
PProof : We are given a circle with centre O, a

point P lying outside the circle and two tangents

PQ, PR on the circle from P (see Fig. 10.7). We p

are required to prove that PQ) = PR,

For this. we join OP, O and OR. Then

< OQP and 2 ORP are night angles, because R
these are angles between the radii and tangents,
and according to Theorem 10.1 they are right Fig. 10.7
angles. Now in right triangles OQP and ORF,
00 = OR {Radii of the same circle)
OP = OP (Common)
Therefore, AOQP= A ORP (RHS)
This gives PO =FR (CPCT)
|
Remarks :

1. The theorem can alzo be proved by using the Pythagoras Theorem as follows:
PQ?* = OP* - OQ® = OP? - OR? = PR? (As OQ = OR)

which gives PQ = PR.

2. Note also that £ OP(Q) = £ OPR. Therefore, OP is the angle bisector of £ QFR.

i.e.,, the centre lies on the bisector of the angle between the two 1angents,

Let us take some examples.

Example 1 : Prove that in two concentric circles,
the chord of the larger circle, which touches the
smaller circle, is bisected at the point of contact.

Solution : We are given two concentric circles
C, and C, with centre O and a chord AB of the
larger circle C, which touches the smaller circle
C, at the point P (see Fig. 10.8). We need to prove
that AP =BP.

Let us join OP. Then, AB is a tangent to C, at P Fig. 10.8
and OP is its radius. Therefore, by Theoram 10.1, '

OP L AB
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Now AB is a chord of the circle C| and OP L AB. Therefore, OP is the bisector of the
chord AB, as the perpendicular from the centre bisects the chaord,

Le,; AP =BP

Example 2 : Two tangents TP and TQ are drawn
te a circle with centre O [rom an external point T. P
Prove that 2~ PTQ = 2 £ OQP().

Solution : We are given a circle with centre O,

an external point T and two tangents TP and TQ o o

1o the circle, where P, Q are the points of contact

(see Fig. 10.9), We need to prove thas B
LZPTQ =22 0PQ Fig. 10.9

Let ZPIQ =10
Now, by Theorem 10.2, TP = TQ. So, TPQ is an isosceles triangle.

1 . 1
Therefore, ZTPQ=LTOP= E(ISG“—EF%“—;B
Also, by Theorer 10.1, £ 0OPT = oF
So. .at}PQ=40PT-,:TPQ=9n°—{m°—lze)

1 1

= =8==-/PT

2 2 Q

This gives ZPTQ =2 2 0PQ

Example 3 : PQis a chord of length 8 ¢cm of a
circle of radius 5 em. The tangents at F and
intersect at a point T (see Fig. 10.10). Find the
length TP,

Solution : Join OT. Let it intersect PQ at the K
point B. Then A TPQ is isosceles and TO is the
angle bisector of £ PTQ. So, OT 1L PQ
and therefore, OT bisecis PQ which gives
PR =RQ =4 cm.

Fig. 10.10

Also, OR = 0P - PR? = /5~ 4® cm = 3em.
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Now, ZTPR + £ RPO=9%)"=.2TPR + £ PTR (Why?)
S0, ZRPO=ZPTR
Therefore, right triangle TRP is similar to the right triangle PRO by AA similarity.

TP RP ,_ TP 4 20

This gives P0 = RO’ 1.::,,? =5 or TP = 3 em
Note : TP can also be found by using the Pythagoras Theorem, as Tollows:
Let TP=x and TR =y. Then
d=3+16 (Taking right A PRT) {1}
A+ 5= (y+3P  (Taking right A OPT) (2)
Subtracting (1) from (2), we get
B[=6v-7 or y= E=1—6
: 6 3
L
Therefore, = [%} +16=§L16+ )= L [From (1)]
20
ar = T

EXERCISE 10.2
In 3.1 to 3, choose the correct aption and give justification.

1. Froma point O, the length of the tangent 1o a circle is 24 cm and the distance of Q) from
the centre is 25 cm. The radius of the circle is T

(A} Tem (B} 1Zcm p
(C) 15cm Dy 245cm
2. InFig. 10,11, i TP and TQ are the two tangents -
to a cirele with centre O so that £ POQ = 110°, Q
then £ PTOY 15 equal Lo
(A) 6 By ¥
[y B0¢ D) 9o Fig. 10.11

3. Itangents PA and PB from a point P to a circle with centre O are inclined to each other
at angle of 80°, then < POA is equal to

{A) P (B) oF
). Ae oy &
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10,

11.

12.

13.

Prove that the tangents drawn at the ends of a diangeter of a circle are parallel.

Prove that the perpendicular at the point of contact to the tangent to a circle passes
through the centre,

The length of a tangent from apoint A at distance 5 cm from the cengre of the crcleis 4
ci. Find the rading of the circla.

Two conceniric circles are of radii 5 em and 3 ¢m. Find the length of the chord of the
larger circle which touches the smaller circle,

A quadnlateral ABCD is deavn to cireumseribe a cirele (gee Fig. 10.12), Prove that
AB+CD=AD+BC

Fig. 10.12 Fig. 10.13

In Fig. 10.13, XY and XYY" are two parallel tangents to a circle with centre O and
another angent AB with point of contact C intergecting XY at A and XY’ at B. Prove
that £ AGH =90,

Prove that the angle between the two tangents dravwn from an external point o a circle
is supplementary to the angle subtended by the line-segment joining the peints of
contact at the cenire.

Prove that the parallelogram circumscribing a A

circle is a rthombuosg,

A triangle ABC is drawn to cirowrmseribe a circle
of radius 4 cm such thag the segments BD and
DC into which BC is divided by the point of
contact I are of lengths 8 ¢cm and 6 cm
respectively (see Fig: 10.14). Find the sides AB
and AC.

Prove that opposite sides of a quadnlateral
circumseribing a circle subtend supplementary
angles at the cente of the circle. Fig. 10.14

<0 cm—De«—8 cm——>
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104 Summary

In this chapler, you have studied Lhe lollowing poinis |

1. The meaning of a tangent to a circle.

2. The tangent to 4 circle is perpendicular to the radius throngh the point of contact.
3. The lengths of the two tangents from an external point to a cirele are equal,
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11.1 Tntroduction

In Class IX, you have done cerlain constructions using a straight edge (ruler) and a
compass, e.2., bizecting an angle, drawing the perpendicular bisector of a line segment,
some constructions of triangles ete. and also gave their justifications. In this chapter,
we shall study some more constructions by using the knowledge of the earlier
constructions. You would also be expected o give the mathematical reasoning behind
why such constructions work.

11.2 Division of a Line Segment

Suppose a line segment is given and vou have (o divide itin a given ratio, say 3 ;2. You

may do it by measuring the length and then marking a point on it that divides it in the

given ratio. Bui suppose you do not have any way of measuring it precisely, how
would you find the point? We give below two ways for finding such a point.

Construction 111 : To divide a line segment in a given raiio.

Given a line segment AB, we want o divide itin the ratio m ; n, where both m and

n are positive integers. To help you to understand it, we shall take m=3 and n=12.

Steps of Construction :

1. Draw any ray AX, making an acute angle with AB,

2. Locate 5{=m+n) points A , A, A,, A, and
AonAXsothat AA =A A =AA =AA,
=AA,

3. Join BA_.

4. Through the point A, (m = 3), draw a line
parallel 1o AB (by making an angle equal 1o
£ AAB) at A, intersecting AB at the point C
(see Fig. 11.1). Then, AC: CB=3: 2.
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Let us see how this method gives us the required division.
since A,C is parallel o A B, therefore,

AC ) . )
j;z L= CB (By the Basic Proportionality Theorem)
By construction, Ao Theref: AC _ 3
AzA; 2 CB 2

This shows that C divides AB in the ratio 3 : 2,

Alternative Method

Steps of Construction :

1. Draw any ray AN making an acute angle with AB. Fig. 11.2

2, Draw aray BY parallel to AX by making £ ABY equal o £ BAX.

3. Locate the points A, A,, A, (m=3)on AX and B, B, (n = 2} on BY such that
AA =AA =AA =BB =BB,

4. Join A,B.. Let it intersect AB at a point C (see Fig. 11.2).

Then AC: CB=312.

Why does this method work? Let us see.

Here A MEC is similar to A BBEC. (Why 7}

X

Then ARY e,
BEB; BC
AA; 3 3
Since by construction, B133 = E therefore, gg - E
2 ;

In fact, the methods given above work for dividing the line segment in any ratio.

We now use the idea of the construction above for constructing a wiangle similar
to a given trangle whose sides are in a given ratio with the corresponding sides of the
given triangle.

Construction 11.2 : To construct a triangle similar to a given Iriangle as per
given scale factor.

This eonstruction involves two different situations. Tn one, the triangle 1o be
constrocted is smaller and in the other it is larger than the given triangle. Here, the
scale factor means the ratio of the sides of the triangle to be constructed with the
comresponding sides of the given triangle (see also Chapter 6). Let us take the following
examples for understanding the constructions involved. The same methods would
apply for the general case also.
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Example 1 : Construct a triangle sitnilar o a given triangle ABC with its sides equal
Lo % of the corresponding sides of the triangle ABC (i.e., of scale factor %},
Solution : Given a riangle ABC, we are required (0 construct another triangle whose
sides are % of the corresponding sides of the (riangle ABC.

Steps of Construction :

I. Draw any ray BX making an acute angle

with BC on the side opposite to the vertex
A

3
2. Locale 4 (the greater of 3 and 4 in Z}

pointz B.. BI, B.ﬁ and B‘ on BX so that
BB, =BB,=BB,=BB,

3. Join B,C and draw a line through B, (the
3rd point, 3 being smaller of 3 and 4 in

3
4 ) parallel to B,C to intersect BC at ",

4, Draw a line through C’ parallel
to the line CA to intersect BA ai A’
{sce Fig. 11.3). Fig. 11.3

Then. A A'BC” is the required triangle.
Let us now see how this construction gives the required triangle.

By i . L s = 2
Y L0 1ICT10T Ay C,.C 1
BC BC'+CC cC 1 4 BC' 3
Therefore, ——= ———— =4+ =]t == j Ay o e
Bt BC” BC’ BC 33 PR BC 4°

Also C'A” is parallel to CA. Therefore, A A'BC" ~ A ABC. (Why T)

AB_AC _BC _3
AB  AC BC 4

So,

Example 2 : Construct a triangle similar to a given triangle ABC with its sides equal

5 5
o 3 of the corresponding sides of the triangle ABC (i.e., of scale factor 3 i}
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Solution : Given a triangle ABC. we are required to construct a triangle whose sides

5

are o of the corresponding sides of A ABC,

Steps of Constroction :

1. Draw any ray BX roaking an acute angle with BC on the side opposite o the
vertex A.

5

2. Locate 5 points (the greater of 5 and 3 in ',; )B.B,B,. B, and B, on BX o0 that

BB, =BB,=BB =BB,=B_B,.

3, loin B, {the 3rd point, 3 being smaller of 3 and S in } to C and draw a line through
B, parallel to B, intersecting the extended line aegmant BC at (',

4, Draw a line through C’ parallel to CA Al
intersecting the extended line segment BA at
A’ (see Fig. 11.4).

Then A'BC is the required triangle. A

For justification of the construction, note thar
AABC ~ A A'BC. (Why 1)

Therefore. 2B — AC _ BC
IR AB AC BC
BC BB 3
But S BB, 5
BCY 5
So, — BC —§= and, therefore,

Remark : In Examples | and 2, you could take a ray making an acute angle with AB
or AC and proceed similarly.

EXERCISE11.1
In each of the following, give the justification of the construcion also:

1. Draw aline segment of length 7.6 em and divide it in the ratio 5 : 8. Measure the two
parts.
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2, Construct a wiangle of sides 4 em, 3 cm and ¢ cm and then a miangle similar to it whose

2
sides are 3 of the corresponding sides of the first tnangle.

3. Construct a triangle with sides 5 cm, 6 cm and 7 cm and then another triangle whose

7
sides are 5 of the corresponding sides of the first triangle.

4. Construct an isosceles triangle whose base ig § cm and altitnde 4 em and then another

triangle whose sides are 1% times the corresponding sides of the 1sosceles tiangle.
5. Draw a riangle ABC with side BC =6 cm, AB =5 cmand 2 ABC =607 Then construct

3
a triangle whose sides are 2 of the cotresponding sides of the triangle ABC,

6. Draw atriangle ABC with 5ide BC =T em, £ B =457, £ A =105 Then, constrmect a
iriangle whose sides are ;1 times the corresponding sides of A ABC.

7. Draw anght miangle in which the sides {other than hypotenuse) are of lengths 4 cm and
3 cm. Then construct another mangle whose sides are ; timez the corresponding sides
of the given triangle,

11.3 Construction of Tangents to a Circle

You have already studied in the previous chapter that if a point lies inside a circle,
there cannot be a tangent 1o the circle through this point. However, if a point lies on the
circle, then there is only one tangent to the circle at this point and it is perpendicular o
the radius through this point. Therefore, if you want to draw a tangent at a point of a
circle, sitaply draw the radius through this point and draw a line perpendicular to this
radius through this peint and this will be the required tangent at the point.

You have also seen that if the poim lies outside the circle, there will be two
tangents to the circle fror this point.

We shall now zee how to draw these tangents,

Construction 11.3 : To consrruct the tangernis to a circle from a point outside ir.

We are given a circle with centre O and a point P outside it. We have to construct
the two tangents from P to the circle.
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Steps of Constroction:

1. Join PO and bisect it, Let M be the mid-
point of PO,

2, Taking M as centre and MO az radius, draw
a circle. Let it inlersect the given circle al
the points Q and R.

3. Join PQ and PR.

Then PQ and PR are the required two
tangents (see Fig. 11.5).
Now let us see how ihis construction works.
Join OQ. Then £ PQO is an angle in the
semicircle and, therefore,

Z PQO = 90¢

Can we say that PQ L OQ7

Since, 0Q is a radius of the given circle, PQ has to be a tangent w the circle. Similarly,
PR iz also a tangent to the circle.

Note : If centre of the circle is not given, you may locate its centre firsc by taking any
two non-parallel chords and then finding the point of intersection of their perpendicular
bisectors. Then vou could proceed as above.

EXERCISE 11.2

In each of the following, give also the justification of the constroction:

1.

2.

Diraw a circle of rading & cm. From a point 10 cm away from its centre, construct the pair
of tangents to the circle and measure their lengths,

Construct a tangent to a civele of radius 4 em from a point on the concentric circle of
rading 6 cm and measure its lengrh, Also verify the measurernent by actual caleulation,

Diraw a circle of rading 3 ¢m, Take two points P and © on one of its cxtended diameter
each at a distance of 7 ¢m from its centre. Draw tangents to the circle from these two
points P and 0.

Draw a pair of tangents to a circle of radius 5 cm which are inclined to each other aran
angle of 607,

Diraw a line segment AB of length 8 com. Taking A as centre, draw a circle of radius 4 cm
and taking B as centre, draw another circle of radiue 3 em. Construet tangents to each
circle from the centre of the other circle.
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6. Let ABC be aright wiangle in which AB=6cm, BC=8 cmand £ B =90° BD is the
perpendicular from B on AC, The circle through B, C, 215 drawn. Construct the tangents
from A to this circle,

7. Draw acircle with the help of a bangle. Take a point outside the circle. Construct the pair
of tangents from this point to the circle,

114 Summary
In this chapter, you have learnt how (o do the following constructions:
1. To divide a line segment in a given ralio,

2. To construct a wmangle similar to a given riangle as per a given scale factor which
may be less than 1 or greater than 1,

3. To construct the pair of tangents from an external point to a circle.

A NoTE 10 THE READER

Construction of a quadrilateral (or a polygon) similar 1o a given quadrilateral
(or a polygon) with a given scale faclor can also be done following the
similar steps as used in Examples 1 and 2 of Construction 11.2.
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AREAS RELATED 1O CIRCLES 12

12.1 Introduction

You are already familiar with some methods of finding perimeters and areas of simple
plane figures such as rectangles, squares, parallelograms, triangles and circles from
vour earlier classes. Many objects that we come across in our daily life are related (o
the circular shape in some form or the other. Cycle wheels, wheel barrow (thela),
dartboard, round cake, papad, drain cover, various designs, bangles, brooghes, circular
paths, washers, [lower beds, ete. are some exarples of such objects (see Fig. 12.1),
So. the problem of finding perimeters and areas related to circular figures is of great
practical importance. In this chapter. we shall begin our discussion with a review of
the concepts of penimeter (circumference) and area of a circle and apply this knowledge
in finding the areas of two special ‘parts’ of a circular region (or briefly of a circle)
known as secior and gegment, We shall also see how to find the areas of some
combinations of plane figures involving circles or their parts.

B o S

Washer Cake E—gﬁ-“' _‘; i

Wheel

Fig. 12.1
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12.2 Perimeter and Area of a Circle — A Review

Recall that the distance covered by travelling once around a circle is its perimerer;
ugually called its circumference. You also know from your earlier classes, that
circurnference of a circle bears a constant ratio with its diameter, This constant ratio
iz denoted by the Greek letier 7 (read as “pi’). In other words,

circumference
o —=r
diameter
ar, circomference = T x diameter

= % 2r (where r is the radius of the circle)
= Zmur
The great Indian mathematician Arvabhatta (C.E. 476 — 550) gave an approximate

62832
valoe of 7. He stated that w = 20000 which iz nearly equal to 3.1416. It is also

interesting to note that using an identity of the great mathematical genius Srinivas

Ramanujan (1887-1920) of India, mathematicians have been able to calculate the

value of m comrect to million places of decimals. As you know from Chapter | of

Class IX, mis an irrational number and its decimal expansion is non-terminating and

non-recurring {non-repeating). However, for practical purposes, we generally take
pri

the value of 7 as ?: or 3,14, approximately.

You may also recall that area of a circle is 2, where r is the radius of the circle.
Recall that you have verified it in Class VII, by cuiting a circle into a number of
sectors and rearranging them as shown in Fig. 12.2,

N

{i} (i1)
Fig 12.2
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1
Youcan see that the shape in Fig. 12.2(ii) is nearly arectangle of length — X inr
l 2
and breadth r. This suggests that the area of the circle = 2 ® 2mr x r =1 Lel us

recall the concepts learnt in earlier ¢lasses, through an example.

Example 1 : The cost of fencing a circular field at the rate of ¥ 24 per metre is
< 5280. The field is w be ploughed at the rate of T 0.50 per m?. Find the cost of

plonghing the field (Take n= _: ).

Total cost 5280 _

Solution : Length of the fence (in metres) = Rate o7 220
So, gircumference-of the field = 220 m
Therefore, if r melres is the radius of the Tield. then

2wy = 220)
or, 2 % E % r= 220

2207

i S T I 2
i.e., radius of the field is 35 m.
Therefore, arca of the field = nri= % X35 %35 m=22x5 %35 m?
Now, cost of ploughing | m? of the field= ¥ 0.50
S0, total cost of ploughing the field= T 22 x5 x 353 x 0.30 = T1925

EXERCISE12.1

22
Unless stated otherwise, use T = —-T— .

1. The radii of vwao circles are 19 cm and @ cm respectivaly,
Find the radius of the cirele which hag circumference equal
to the sum of the circumferences of the two circles,

2. The radii of two circles are 8 cm and § cm respeciively, Find
the radius of the circle having area equral to the sum of the
areas of the pwo circles,

3. Fig. 12.3 depicts an archery target marked with its five
scoring regions from the cenge ourwards as Gold, Red, Blue,
Black and White, The diameter of the region representing
Gold score is 21 cm and each of the other bands is 10,5 cm
wide. Find the area of each of the five scoring regions,
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4. The wheels of a car are of diameter 80 con each, How many complets revolutions does
each wheel make in 10 minutes when the car is travelling at a speed of 66 km per houar?

5. Tick the correct angwer in the following and jostfy vour choice : Il the perimeter and the
area of a circle are numerically equal, then the radius of the circle is

(A) 2 ands (B) 7 undts (C) 4 units (D 7 units

12.3 Arcas of Sector and Segment of a Circle

You have already come across the terms sector and
segment ol a circle in your earlier classes. Recall
that the portion (or part) of the circular region enclosed
by two radii and the corresponding arc is called a
sector of the circle and the portion (or part) of the
circular region enclosed between a chord and the
corresponding arc is called a segment of the circle.
Thus, in Fig, 12.4, shaded region OAPB is a secror
of the circle with centre 0. £ AOB is called the i

angle of the sector. Note that in this figure, unshaded region OAQB is also a sector of
the circle. For obvious reasons, OAPB is called the minor secror and
OAQB is called the major sector. You can also see that angle of the major sector 13
360" - £ AOB.

Now, look at Fig. 12.5 in which AB is a chord
of the circle with centre 0. So, shaded region APB is
a segment of the circle. You can also note that
unshaded region AQB iz ancther segment of the circle
formed by the chord AB. For obyious reasons, APB
i7 called the minor segment and AQB is called the
major segment.

Remark : When we write ‘segment’ and ‘sector’
we will mean the “minor segment’ and the ‘minor
sector’ respectively, unless stated otherwise,

Wow with this knowledge, let us try to find some
reladons (or lormulae) Lo caleulate their areas.

Let OAPB be a sector of a circle with centre
O and radius r (see Fig. 12.6). Let the degree
measure of 2 ADB be 8.

You knmow that avea of a circle (in fact of a
circular region or disc) is e,
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In a way, we can consider this circalar region 1o be a sector forming an angle of
360° (i.e., of degree measure 360) at the centre O. Now by applying the Unitary
Method, we can amive at the area of the sector OAFPB as [ollows:

When degree measure of the angle at the centre is 360, area of the
gector = mit
So, when the degree measure of the angle at the centre is 1, area of the

omt
sector = Eﬂ
Therefore, when the degree measure of the angle at the centre is 8, area of the
sector = Ei x0 =
360 360
Thus, we obtain the following relation (or formula) for area of a sector of a
circle:

!

6
Area of the sector of angle 8 = — xmr?

360
where ris the radius of the circle and 0 the angle of the sector in deprees.

Now. a natural question arises : Can we find
the length of the arc APB corresponding to this
sector? Yes. Again, by applving the Unitary
Method and taking the whole length of the circle
(ol angle 3607) as 2mr, we can oblain the required

lenzth ! iM')".Iw
eng nfﬂacarLAPBaﬁjm hr,

0
So, length of an arc of a sector of angle 8 = EXZF.

Now let uz take the case of the area of the
segment APB of a circle with centre O and radius r
{see Fig. 12.7). You can see that |

Area of the segment APB = Area of the sector OAPB — Area of A OAB

- ixmz — area of ADAB
360

Note : From Fig. 12.6 and Fig. 12.7 respectively, you can observe that :
Area of the major sector OAQB = mr? — Area of the minor sector OAPB
and Area of major segment AQB = nr? — Area of the minor segment APB
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Let us now take some exaroples to undersiand these concepts {(or results).

Example 2 : Find the area of the sector of a circle
with radius 4 em and of angle 30°. Also, find the area
of the corresponding major sector (Use =314}

Solution : Given sector is QAPB (see Fig. 12.8).

0 :
ih - —— X TF
Area of the sector 360
2 r B
= 3—‘?}(3.]4){4)(4{:!‘:1‘ ,
360 Fig. 12.8

12.56

¢m” = 4.19cm? {approx.)

Area of the corresponding major sector

art — area of sector OAPB

(3.14 x 16 —4,19) ¢m?
= 46,05 cm? = 46.1 cm’(approx.)

360 -0
Alternatively, area of the major sector = 00 —8) % et

360
_ ?’—{‘;'E:ﬂ\ixllﬂrxlﬁcmz
360 )

34 % 3.14 % l6em® = 46.05 cm®
360

= 46.1 cm® (approx.)

Example 3 : Find the arca of the sezment AYB

shown in Fig. 12.9, if radius of the circle is 21 cm and A/ﬁ\ﬂ
22 1205

ZAOB=120°. (Use = —") e orElem

Fig. 12.9
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Solution : Area of the segment AYB
= Area of sector OAYB — Area of A QAB (1}

Now, area of the sector OAYB = % ¥ % % 21 % 21 cm? = 462 cm? (2}

For finding the area of A OAB, draw OM L AB as shown in Fig. 12.10,
Mote that OA = OB. Therefore, by RHS congruence, A AMO = A BMO,

[
S0, M is the mid-point of AB and £ AOM = £ BOM = _ X 1207 = 607,

Let OM=xcm - M -
oM ; <
So, from A OMA, h; = cog 60° ‘,!‘l"fl il | 6 5 -
0
i 1 1 .
— == g Al = — Figz. 12.10
O i [LOS 2] g
21
O, = 3
21
S0, OM = E It
AM J3
Also oA = 5in 60° = =
So a- 22
2321
Theiefore, AB =2 AM = x—ﬁum:ilﬁum
Se, ar:aufﬂﬂﬁB:%ABNDM:ixElﬁx%lm:
44
— Tiﬁcmz f3.'|'

441
Therefare, area of the segment AYB = {452 e 3 ] ot [From (1), (2) and (3)]

= % (38 — 213/3)em?
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EXERCISE 12.2

22

Unless stated otherwise, use 1= —.

7.

7

Find the area of a sector of a circle with radiug 6 em if angle of the sector is 607,

Find the area of a quadrant of a circle whose eircomterence is 22 om,

The length of the minote hand of a clock is 14 cm. Find the area swept by the minute
hand in 5 nonates.

A chord of A circle of radivs 10 cm subiends a right angle at the centre, Find the arga of
the corresponding (15 minor segrpent (1) major sector. (Usem=3.14)
In & circle of radius 21 em. an arc subtends &4n angle of 607 at the centre: Fand:

(i) the length of the are (i) area of the gector [ormed by the arc
(11} area of the segment formed by the coresponding chord

A chord of a cirele of radiog 15 em subtends an angle of 60% at the centre. Find the areaz
of the corresponding minor and major segments of the circle,

(Usem=3.14and 5 =1.73)
A chord of a circle of radiug 12 ¢m subtends an

angle of 120° at the centre. Find the area of the
corresponding segment of the circle,

(Usem=3.14 and f5 = 1.73)

A horse is tied to a peg at one corner of a square

shaped grass field of zide 15 m by means of 2 5 m

long rope {see Fig: 12.11), Find

(i} the area of that part of the field in which the
horse cin graze.

(ii} the increase in the grazing area if the rope were
10 m long instead of 5 m, (Usen=13.14}

A brooch is made with silver wire in the form of a
cirele with diamerer 35 mm. The wireis dlso used m
making 3 diameters which divide the circle into 10
equal sectors as shown in Fig, 12.12. Find :

(i) the total length of the silver wire required.

(if) the area of each sector of the brooch.

Fig. 12.12
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10,

11.

12,

13.

14.

An umbrella has 8 ribs which are equally spaced
igee Fig, 12,13}, Assuming umbrella tobe a flat circle
of radius 45 em, find the area between the two
congecutive ribs of the umbrella,

A car has two wipers which do nof overlap. Each
wipet has a blade of length 25 cm $weeping through
an angle of 115", Find the total area cleaned at cach
sweep of the blades. Fig. 12.13

To warn ships for underwater rocks, a lighthoose
spreads a red coloured light over a sector of angle
80° to a distance of 16.5 km. Find the area of the sea
over which the ships arewamed. (Uszsen=3.14)

A round table cover has six equal designs as shown
in Fig. 12.14. If the radivs of the cover iz 28 cr, find
the cost of making the dezigns at the rate of
T035perem?® (Uss |5 =1.7)

Tick the correct answer in (he Tollowing !

Area of a sector of angle p (in degrees) of a circle with radius R is

(A) [_éﬂt:ixzﬂR (B IEijﬂ-Rl () E%XE“R M) —— % 2nR?

720

12.4 Areas of Combinations of Plane Figures

So far, we have calcnlated the areas of different figures separately. Let us now try to
calculate the areas of some combinations of plane figures. We come across these
types of figures in our daily life and also in the form of various interesting designs.
Flower beds, drain covers, window designs, designs on table covers, are some of such
examples. We illustrate the process of calculating areas of these figures through sotne
examples.

Example 4 : In Fig. 12,15, two circular flower beds
have been shown on two sidez of a square lawn
ABCD of side 56 m. If the centre of each circular
flower bed is the point of intersection O of the
diagonals of the square lawn, find the sum of the b

A B

areas of the lawn and the flower beds.

Fig. 1215
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Solution : Area of the square lawn ABCD = 56 x 56 m? (1)
Let 0A = OB = r melres
So, 2+ ot = 56t
or, 22 = 56 % 56
or, x* = 28x 56 (2)
o "
Now, area of sector OAB = %Xﬂx‘ = %xnxz
| . 22 a :
= ax—f-xlﬂxjﬁm [From (2)] (3
1
Also, area of A OAB = i % 56 % 56 m* (2 AOB =907 4
So, area of flower bed AR = (ix%xlﬁxﬂﬁ—ixﬁﬁxiﬁ]m’

[From (3) and (4))

lxzsxﬁﬁ E—z m?*
4 7

ixzsxiﬁxﬁ m’
4 7

Il

(3)

Similarly, area of the other flower bed

1 B
— —x28%X56% - m*
4 7 ©)
1 8
Therefore, total areg = | 56 X 56+ ?-:EE :-<515><E

1 .8
+oX 28 % 56 ?]ml [From (1), (5) and (6)]

2 2 4
28%56| 24+ =4 = |m"
7 H |

%xsaxg P =4032m*



(V]

Anrkeas RieLaten o CiRcLES

Alternative Soluton

Total area = Arca of sector OAB + Area of sector ODC
+ Area of A OAD + Atea of A OBC

[ﬂx—xzsx 56+ 20 w22 uopsg
6o 7 360 T

+lx55><55+1x56x55}m1
i | 4

= lX'EEXSﬁ[§+E+2+2}n
4 7 7

- 1’;15- (22 + 22 + 14 + 14)m?

=56 % 72 of =40532 m?

Example 5 : Find the area of the shaded region in A
Fig. 12.16, where ABCD is a square of gide 14 cm,

Solution : Area of square ABCD
= 14 x 14 cm? = 196 cm?®

1
Diameter of each circle = Eﬂm =7cm

D
i | 2 Fig. 12.16
S0, radius of each circle = Ecm ig. 12.16
L R e |
So, area of one eircle = M2 = — X=X — cm’
T 2 2
154 TT

el ) ¢ ey LI'II
4 2

Tr
Therefore, area of the four circles = 4 x?cm"‘ =154 cm?

Hence. area of the shaded region = (196 — 154) cm?= 42 em?,
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Example 6 : Find the area of the shaded design in Fig. 12.17, where ABCD is a
square of side 10 cm and semicircles are drawn with each side of the square as

diamneter. (Use m = 3.14)
A B Ay B
1
v I
I
D 10 em < v €
Fig. 12.17 Fig. 12.18

Solution : Let us mark the four unshaded regions as I, 11, I and 1V (see Fig. 12.18).
Area of I + Area of ITI
= Area of ABCD — Areas of two semicircles of each of radius 5 om

] o S
= (lﬂb{ln—zxixnxﬁ- Jcm' = (100 — 3.14 x 25) cm?

= (100 —78.5) em? = 21.5 cm?

Similarly, Area of II + Area of IV =21.5 cm®
So, area of the shaded design = Area of ABCD — Area of (T + II + III + IV}

= (100 - 2 % 21.5) cm® = {100 — 43) cm® = 57 cm?®
EXERCISE 123

22
Unless stated otherwise, use T = ?

1. Find the area of the shaded region in Fig, 12.19, if
PQ =24 cm, PR = 7 em and O ig the centre of the

circle,

Fig. 12.19
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2. Find the area of the shaded region in Fig. 12.20. if radii of the rwo concentric circles with
centre O are 7 cm and 14 cm respectively and 2 AQC = 40°,

Fig. 12.20 Fig. 12.21

3. Find the area of the shaded region in Fig. 12.21, if ABCD is a square of side 14 ¢m and
APD and BPC are semicircles,

d. Find {he area of the shaded region in Fig. 12.22, where a circalar are of radiug 6 cm has
been dravwn with vertex O of an equilateral triangle OAB of side 12 cm as centre.

12 em
Fig. 12.22 Fig. 12.23

5. Fromeach corner of a square of side 4 cm a guadrant of a circle of radiug 1 ¢m is cat and
aiso acircle of diameter 2 em iz cut as shown in Fig, 12.23. Find the area of the remaining
portion of the square.

6. Inacivcular tabls cover of radius 32 om, a
design 18 formed leaving an equilateral
triangle ABC in the middle as shown in
Fig. 12.24. Find the area of the design,

Fig. 12.24
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7. InFig. 12.25, ABCD is a square of side |4 cm. With

9.

10.

cenires A, B, C and D, four circles are drawn such
that each cirgle touch externally two of the remaining
three circles. Find the area of the shaded region,

Fig. 12.25
Fig. 12.2§ depicts a racing track whose left and right ends are semicircular,

G

Fig. 12.26

The distance between the two inner parallel line
segments 18 60 m and they are each 106 m long, If
the track is 10 m wide, find :

(i} the distance around the rrack along 13 inner edge
(ii} the area of the wack,

In Fig. 12.27, AB and CD are two diameters of a
circle (with cenme O) perpendicular 10 each other
and OD ig the diameter of the smaller civele, If
OA =7 cm, find the area of the shaded region.

The area of an equilateral triangle ABC iz 17320.5
cm?. With each vertex of the tiangle as cenfre, a
circle 1s dravim with radiss equal to half the length
of the side of the triangle (see Fig, 12,28} Find the
area of the shaded region. (Use w = 3.14 and
J3 =1.73205)

Fig. 12.27

Fig. 12.28
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11. On a square handkerchief, nine circular designs each of radins 7 cm are made
isee Fig. 12.29). Find the area of the remaining portion of the handkerchief.

A

O

Fig. 12.29 Fig. 12.30

12, InFig. 12,30, OACE is a quadrant of a circle with cenire O and radius 3.5 cm. If OD = 2 cm,
find the area of the
(1) quadrant OACB. {ii} thaded region.

13. InFig. 12.31, a square OABC isinscnibed in a quadrant DPBO). If OA =20 cm, find the
area of the shaded region. {Use 1= 13.14)

A B
Q
C B
2iem
C
A\
Tem '
Fig. 12.31 Fig. 12.32

14. AB and CD are respectively arcs of two concenrric circles of radii 21 em and 7 cm and
centre () (see Fig, 12.32). TIf . AOB = 307, find the area of the shaded region,

15. InFig, 12.33, ABC i3 a guadrant of a cirele of
tadivg 14 cm and a semicirele is drawn with BC
a¢ diameter. Find the area of the shaded region,

B

A (8
Fig. 12.33
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16. Calcunlate the area of the designed region in
Fig. 12.34 commaon between the two quadrants
of gircles of radius 8 cm =ach,

8 ecm S cm

Fig. 12.34

12.5 Summary

In this chapter, you have studied the following points ;
1. Circumferenceofacircle=2mr
2. Areaofacircle=ms?

3. Length of an arc of a sector of a circle with tadius v and angle with degree measurc 8 is

ix 2nr,
360

<. Areaof 3 sector of a circle with radius r and angle with degrees measure 8 is jgu % i,

5. Area of segment of a circle

= Area of the corresponding sector — Area of the corresponding triangle.



i SURFACE AREAS AND 13
e VOLUMES

13.1 Imtroduction

From Class IX, you are familiar with some of the solids like cuboid, cone, cylinder, and
sphere (see Fig, 13.1). You have also learnt how to find their surface areas and volumes.

0 (i) (i) {iv)
Fig. 13.1

In cur day-to-day life, we come across a number of zolids made up of combinations
of two or more of the basic solids as shown above.

i

You must have seen a iruck with a
container fitted on its back (see Fig, 13.2),
carrying oil or water from one place to
another. Is it in the shape of any of the four
basic solids mentioned above? You may
guess that it is made of a cylinder with two
hemispheres as its ends.

Fig. 13.2
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oneinFig. 13.3. Can vou name it? A test be, right!
You would have used one in your science laboratory.,
Thiz mbe is also a combination of 2 cylinder and a
hemisphere. Similarly, while travelling, you may have
seen some big and beautiful buildings or monuments
made up of a combination of solids mentioned above,

Again, you may have seen an object like the O
9

If for some reason you wanted to find the

surface areas, or volumes, or capacities of such L)
objects, how would you do it?7 We cannot classify 2
these under any of the solids you have already studied. Fig. 13.3

In this chapter, you will see how to find surface areas and volumes of such
objects.

13.2 Surface Areaof a Comhbination of Solids

Let ug consider the container seen in Fig. 13.2. How do we find the surface area of
such a solid? Now, whenever we come across a new problem, we first try to see. if
we can break it down into smaller problems, we have earlier solved. We can see that
this solid is wade up of a cylinder with two hemispheres stuck at either end. Tt would
look like what we have in Fig. 13.4, after we put the pieces all together.

Fig. 13.4

If we consider the surface of the newly formed object. we would be able io see
only the curved surfaces of the two hemispheres and the curved surface of the cylinder,

So, the roral surface area of the new solid iz the sum of the curved surface
areas of each of the individual parts. This gives,
TSA of new solid = CSA of one hermsphere + CSA of eylinder
+ CSA of other hemisphere
where TSA, CSA stand lor "Total Surface Area’ and 'Curved Surface Area’
respectively,

Let us now consider another situation. Suppose we are making a toy by putting
together a hemisphere and a cone. Lel us see the steps that we would be going
through.
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First, we would take a cone and a hemisphere and bring their flat faces together.
Here, of course, we would take the base radius of the cone equal to the radius of the
hemisphere, for the toy is to have a smooth surface. So, the steps would be as shown

- =0

Fig. 13.5

Atthe end of our trial, we have got ourselves a nice round-bottomed toy. Now if
we want to find how much paint we would require to colour the surface of this toy,
what would we need o know? We would need to know the surface area of the toy,
which consists of the CSA of the hemisphere and the CS5A of the cone.

S0, we can say:
Total surface area of the toy = CSA of hemisphere + CSA of cone
Now, let us consider some examples.

Example 1 : Rasheed got a playing top (laitu) as his
birthdayv present, which surprisingly had no coloor on
it. He wanted to colour it with his crayons. The top is
shaped like a cone surmounted by a hemisphere
{see Fig 13.6). The entire top is 5 cm in height and
the diameter of the top 15 3.5 cm. Find the area he

22
has to colour. (Take m = T} [Mig. 13.6

Solution : This top is exactly like the object we have discussed in Fig. 13.3. So, we
can conveniently use the result we have arrived at there. That is :

TSA of the toy = CSA of hemisphere + CSA of cone

1 ?
MNow, the curved surface area of the hemisphers = EMHF'] =2t

= ixiz-x-i—'?xg cm’®
7 2 2
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Also, the height of the cone = height of the top — height (radius) of the hemispherical part

35
=|3- ? o =325¢m

35
So, the slant height of the cone (/) = /7% + #* =\/[ 2]2 + (3.25)* em =3.7 cm (approx.)

. . 22 35 .
Therefore, CSA of cone = vl = 5 K??ﬁ?

This gives the surface area of the top as

(2 ety Exﬁ] m2+[gxﬁx3?]
7 2 2 7 2

1l

2%
03 3—; (3.5+3.7)em’ = lﬁ—l:-: (3.5+3.7) em® =39.6 cm® (approx.)

7
You may note that ‘total surface arca of the top' is nor the sum of the total
surface areas of the cone and hemisphere. PE

Example 2 : The decorative block shown VoY
in Fig. 13.7 is made of two solids — a cube : =

and a hemisphere, The base of the block is a
cube with edge 5 cm, and the hemisphere
fixed on the top has a diameter of 4.2 cm.
Find the total surface area of the block.

Scm

3 cm
Fig. 13.7
Solution : The total surface area of the cube = 6 % (edge® =6 % 5 % 5 cm?® = 150 cm?.

Note that the part of the cube where the hemisphere is atlached is not included in the
surface area.

So, the surface area of the block

22
Take m= —
( p }

TSA of cube — base area of hemisphere
+ CSA of hemisphere

= 150 — m#? + 2 = (150 + ) cm®

I
tn
o
]
2

L]
+
ey
=8
x
|4=~
]
=
|-h-
(]
e
%

(150 + 13.86) cm? = 163.86 cm?



SURFACE AREAS AND ¥ DLUMES 243

Example 3 : A wooden toy rocket is in the
shape of a cone mounted on a cylinder, as
shown in Fig. 13.8. The height of the entire
rocket is 26 cm, while the height of the conical
part is 6 cm. The base of the conical portion
has a diameter of 5 c¢m, while the base
diameter of the cylindrical portion is 3 cm. If
the conical portion is to be painted orange
and the cylindrical portion yellow, find the
area of the rocket painted with each of these
colours. (Take m=3.14)

Solution : Denote radius of cone by », slant
height of cone by I, height of cone by i, radiug
of cylinder by ¢’ and height of cylinder by &,
Then r=2.5cm, h =6 cm, ¥ = 1.5 cm,
h' =26 -6=20c¢m and Fig. 13.8

6 cm

D)~

buse of eylinder

base of cone

= P+ 1 =25 +6 cm =6.5cm

Here, the conical portion has its circular base resting on the base of the cylinder, but
the bage of the cone is larger than the base of the cylinder, So, a part of the base of the
cone (a ring) 18 to be painted,

Sa, the area to be painted orange = CSA of the cone + base area of the cone
— base area of the cylinder

el + e = ()R

(2.5 x 6.5) + (2.5” - (1.5 cm?
7[20.25] cm? = 3.14 x 20.25 cm?

631585 cm?

CSA of the cylinder
+ area of one base of the cylinder

2ur'h’ + w(ry’

o (2R + ¥

(3.14 x 1.5) (2 % 20 + 1.5) cm?
4,71 % 41 5 em?

195.465 cm?

Il

[l

Now, the area to be painted yellow

Il

Il



244

Mamimaaaics

Example 4 : Mayank made a bird-bath for his garden
in the shape of a cylinder with a hemispherical
depression at one end (see Fig. 13.9). The height of
the eylinder 1s 145 m and its radios is 30 ern, Find the

toal surface area of the bird-bath. (Take n =

Solutien : Let & be height of the cylinder, and » the

22
? }

cornmon radiug of the cylinder and hemisphere. Then, . Fig. 13.9 .
the votal surface area of the bird-bath = CSA of cylinder + C5A of hemisphere

= 2nrh + 20t = 2xelh + 1)

e B8 2
D ? * 300145 +300 emi

33000 cm? = 3.3 m?

EXERCISE 13.1
2

Unless stated otherwise, take n= —

1!-

7
2 cubes each of volume 64 cr® are joined end to end. Find the surface area of the
resulting cuboid,

A wegsel 15 mthe form of 2 hollow hemmsphers mownted by a hollow cylinder. The
diaméter ol the hemisphere ic 14 cm and the toial height of the vesselis 13 e Find the
inner surface area of the vessel

A toy isin the form of a cone of radius 3.5 cm mounted on a hemisphere of same radius.
The total height of the toy is 15.5 ¢m. Find the total surface area of the toy.

A cubical block of side 7 cm is surmounted by a hermisphere. Whar is the greatesi
diameter the hemizphere can have? Find the surface area of the solid.

A hemispherical depression i3 cut outl from one face of 4 cubical wooden block such

that the diameter | of the hemigphere i3 equal to the edge of the cobe. Detenmine the
surface area of the remaining solid,

A medicine capsule is in the shape of a
cylinder with two hemispheres stuck to each 5 mm
of its ends (see Fig. 13.100, The fength of < >

the entire capsule 15 |4 mim and the diameter 14 mm

of the capaule ig 3 mm. Find its surface area. Fig. 13.10



SURFACE AREAS AND ¥ DLUMES

245

7. Atenot iz in the shape of a cylinder surmounted by a conical top. If the height and
diameter of the cylindrical part are 2.1 m and 4 m respectively, and the slant height of the
top is 2.8 m, find the area of the canvas nsed for making the tent, Also, find the cost of
the canvas of the tent at the rate of Rs 500 per m® (Note that the base of the tent will not

be covered with canvas.)

8. Froma solid cylinder whose height 1% 2.4 cm and diameter 1.4 cm, a comcal cavity of the
same height and same diameter 15 hollowed out. Find (he total surface area of the

remaining solid to the nearest cm?,

9. A wonden article was moade by scooping
out a hemisphere from each end of a solid
cylinder, as shown in Fig. 13,11, If the
height of the cylinder is 10 cm, and its
base iz of radius 3.5 cm, find the total

surface area of the article,

i

‘i\\\\\\\\\‘:«

700
b

13.3 Volume of a Combination of Solids Fig. 13.11

In the previous section, we have discussed how to find the surface area of solids made
up of a corabination of two bagic solids. Here, we shall see how to calculate their
volumes. It may be noted that in calculating the surface area, we have not added the
surface areas of the two constituents, because some part of the surface area disappeared
in the process of joining them. However, this will not be the case when we calculate
the volume. The volume of the solid formed by joining two basic solids will actually be
the suro of the volumes of the constituents, as we see in the examples below.

Example 5 : Shanta runs an industry in
a ghed which i% in the shape ol a cuboid
surmounted by a half cylinder (see Fig.
13.12). 1f the base of the zhed is of
diraension 7 m x 15 m, and the height of
the cuboidal portion iz 8 . find the volumne
of air that the shed can hold. Further,
suppose the machinery in the shed
occupies a total space of 300 m’, and
there are 200 workers, each of whom
occupy about 0.08 m* space on an
average. Then, how mauch air is in the
n

22
shed? (Take w = T )

Fig. 13.12
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Solution : The volume of air inside the shed (when there are no people or machinery)
is given by the volume of air inside the cuboid and inside the half cylinder, taken
together.

Now, the length, breadth and height of the cuboid are 15 m, 7 m and 8 m, respectively.
Also, the diameter of the half cylinder is 7 m and il$ height is 15 m.

1
So, the required volume = volome of the cuboid + - volume of the cylinder

2

l”.
= {lﬁx?xﬂ-kixﬁxzxleﬁ}m“ =1128.75 m®
277 (A

Next, the total space occupied by the machinery = 300 m*
And the total space occupied by the workers = 20 x 0.08 m* = 1.6 m’°
Therefore, the yolume of the air, when there are machinery and workers

= 1128.75 - (300.00 + 1.60) = 827.15 m?

Example 6 : A juice seller was serving his
customers using glasses as shown in Fig, 13.13.
The inner diameter of the cylindrical glass was
5 ¢m, but the bottom of the glass had a
hemispherical raised portion which reduced the
capacity of the glass. If the height of a glass
was 10 cm. find the apparent capacity of the
glass and its actual capacity. (Use m=3.14.) Fig. 13.13

Solution : Since the inner diameter of the glass =5 cm and height= 10 ¢m,
the apparent capacity of the glass = mr2h
= 314x2.5%2.5x 10 em? = 196.25 cm?

But the actual capacity of the glass is less by the volurme of the hemisphere at the
base of the zglass.

2 2 c A
18, itisless by 3 w= %3.14x25%25% 2.5 em’ = 3271 o

So, the actual capacity of the glass = apparent capacity of glass — volume of the
hemisphere
(196.25 — 32.71) cm?

= 163.54 em?
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Example 7 : A solid toy is in the form of a E - F
heémisphere sunnounted by a right circular cone. The

height of the cone is 2 cm and the diameter of the B i] C
base iz 4 cm. Determine the volume of the toy. Ifa & "

right circular cylinder circumscribes the toy, find the o -'- e
difference of the volumes of the cylinder and the toy. 7.~ ©
. Fig. 13.14

Solution : Let BPC be the hemisphere and ABC be the cone standing on the base
of the hemisphere (see Fig. 13.14), The radins BO of the hemisphere (as well as

1
of the cone) = *i *4cm=2 cm.

2 L
So.  volume of thetoy = 3 o+ -a--nr'h

= E x3.04% (2 + ; %304 % (2)° xz} cm® = 25,12 cm?

MNow, let the right circular eylinder EFGH circumscribe the given solid, The radius of
the base of the right circular cylinder = HP = B0 = 2 ¢m, and its height is
EH=AO+0P=(2+2)cm=4cm
So, the volume required = volume of the right circular cylinder — volume of the toy
= (314 x 2% 4-2512) cm?
= 25.12 cm?

Hence, the required difference of the two volumes = 25.12 em?,

EXERCISE 13.2
22
Unlegs stated atherwise, take 1= T :
1. A solid 15 1n the shape of & cone standing on a hemisphere with both their radii being
equal to | cm and the height of the cone 15 equal 1o its radivs, Find the volume of the solid

in terms of 1T,

b
H

Rachel, an enginearing student, was asked to make a model shaped like a cylinder with
two cones attached at its two ends by using a thin aluminium sheet. The diameter of the
modelis 3 em and its lengthis 12cm. Ifeach cone hasa height of 2 em, find the volume
of air contained in the model that Rachel made. (Assume the outer and inner dimensions
of the model to be nearly the same.)
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3.

fi.

M pulel jamun, containg sugar syrup op to about
30% of its volume, Find approximately how pouch
syrup would be found in 45 gulab jamumns, each
shaped like a cylinder with two hemispherical ends
with length 3 ¢ and diampeter 2.8 cm (see Hg, 13.15),

A pen stand made of wood is in the shape of a
cuboid with four conical depressions to hold pens.
The dinsensions of the cubgid are | 5cm by 10 cm by
3.5 cm. The radins of each of the depressions is 0.5
cm and the depth is 1.4 em. Faind the volume of
waood in the entire stand (see Fig. 13.16).

A vesszel is in the form of an inverted cone, lis
height is 8 cm and the radius of itz top, which is
open, iz 5 cm. It is filled with water up o the brim,
When lead shots, each of which is a sphere of radins
(15 cm are dropped into the vessel, one-fourth of
the water flows out. Find the nuraber of lead shots
dropped in the vessel,

O
Fig. 13.15

— e e o

VV VTV

Fig, 13.16

A solid iron pole consists of a cylinder of height 220 ¢ and base diameter 24 em. which
15 surmounted by angther cylinder of height 60 cm and radius 8 cm. Find the mass of the
pele, given that | em’ of iron has approximately 8g mass. (Usen=13.14)

A solid congisting af a right circular cone of height 120 em and radius 60 cm standing on
a hemisphere of radius 60 cm is placed upright in a right circular eylinder full of water
such that it touches the bottom. Find the volume of water Ieft in the cylinder, if the radinsg

of the cylinder is 60 crand its height is 180 em,

A gpherical glass veszel hag a oylindrical neck 8 em long, 2 vm in diameter; the diameter
of the spherical partis .3 cm. By measuring the amount of waler it holds, a child finds it
volume to be 345 ¢m?. Check whether she is cormect, taking the above as the inside

measurements, and w=3.14.

13.4 Conversion of Solid from One Shape to Another

We are sure you would have seen candles.
Generally, they are in the shape of a cylinder.
You may have also scen some candles
shaped like an animal (see Fig. 13.17).

—4

Fig. 13.17
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How are they made? If you want a candle of any special shape, you will have to
heat the wax in a metal container till it becomes completely liquid. Then you will have to
pour it into another container which has the special shape that you want. For example,
take a candle in the shape of a solid cylinder, melr it and pour whole of the molten wax
into another container shaped like a rabbit. On cooling, you will obtlain a candle in the
shape of the rabbit. The volume of the new candle will be the same as the volume of
the earlier candle. This is what we
have to remember when we come !
across objects which are converied
from one shape to another, or when :
a liquid which originally filled one 2o}
container of a particular shape is
poured into another container ol a
different shape or size, as you see in Fig. 13.18
Fig 13.18.

To understand what has becn discussed, let us consider some examples.

Example 8: A cone of height 24 cro and radius of base 6 cm 18 made up of modelling
clay. A child reshapes it in the form of a sphere. Find the radius of the sphere.

1
Solution : Yolume of cone = 5 XX 6x6x24cem’

4
If 1 is the radius of the sphere, then its volume is 3 Br

Since, the volume of clay in the form of the cone and the sphere remains the same, we
have

%xﬂxra - %xnxﬁxﬁxzﬂr

e, P=3x3ixM=Fx2
Sa, r=3x2=6
Therefore, the radius of the sphere is 6 cm.

Example 9 : Selvi's house has an overhead tank in the shape of a cylinder, This
is filled by pumping water from a sump (an onderground tank) which is in the
shape of a cuboid. The sump has dimensions 1.57 m % |.44 m x 95cm. The
overhead tank has its radius 60 ¢m and height 95 cm. Find the height of the water
left in the sump afier the overhead tank has been completely filled with water
from the sump which had been full, Compare the capacity of the tank with that of
the sump, (Use m= 3.14)
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Solution : The volume of water in the overhead tank equals the volume of the water
removed from the sump.

Now, the volume of water in the overhead tank (cylinder) = nr'h
= 3,14 x 0.6 x 0.6 x 0.95m*
The volume of water in the sump when full = I x b x A = 1.37 x 144 x 0.95 m?®
The volume of water left in the sump after filling the tank
=[(L57 % 144% 095 - (3.14 % 0.6 0.6 %095 m’ =(1.57x 0.6 % 0.6x 0.95 x2) m*
volume of water lefi in the sump
Ixb

L3Tx0.6x0.6x095x2 o
1.57 x1.44

=0473m=47.5cm

So, the height of the water left in the sump =

Capacity of tank _ 3.14x 0.6 0.6x0.95 _ |
Capacity of sump  1.57 x1.44 % 0.95 2

Also,

Therefore, the capacity of the tank 15 half the capacity of the sump.

Example 10 : A copper rod of diameter | cm and length 8 cm is drawn into a wire of
length 18 1o of uniform thickness. Find the thickness of the wire.

2
Solution : The volume of the rod = nx i xBem® =2mem’
The length of the new wire of the same volume = 18 m = 1800 cm

If ris the radius (in cm) of cross-section of the wite, its volume = 1 x 72 x 1800 ¢m*

Therefore, mxPAx 1800= 2n

- 1

ie., P = 200

; e s

1e.; r= g

So, the diameter of the cross section, i.e., the thickness of the wire is — cm,

15
i.e., 0.67mm (approx.).

Example 11 : A hemispherical tank full of water 15 emptied by a pipe at the rate of 3 2

litres per second. How much time will it take to empty half the tank, if it is 3m in

diameter? (Take © = %?2 }
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Nl‘-h-

Solution : Radius of the hemispherical tank =

2 22 (3% 99
Yolume of the tank = Exz—x[—] m* = —m

7 2 14
, 1 99 . 99 _
So, the volume of the water to be emptied = EXE Ly > 1000 litres
99000 i
= o itres
9
Since, % litres of water is emptied in 1 second, %ﬁﬂﬂ litres of water will be emptied
i * i seconds, 16.5 les.
in —¢ 25 nds, 1.e.,in mint

EXERCISE 133

22
Take m = T unless stated atherwise.
1. A metallic sphere of radiug 4.2 ¢m is melted and recast into the shape of a eylinder of
radiug 6 ¢m. Find the height of the eylinder,
2. Metallic spheres of radii 6.cm, 8 em and 10 cm, respectively, are melted to form a single
solid sphere. Find the radius of the rezulting sphere,

3. A20m deep well with diameter 7 m is dog and the earth from digging is evenly spread oot
to form a platform 22 m by 14 m. Find the height of the platform,

d. A well of diameter 3 m igdug 14 mdeep. The earth taken oul ol it has been spread evenly
all around it in the shape of A circular ring of width 4 m to form an embankment. Find the
height of the erabankment,

5. A contatner shaped like avight circular cylinder having diameter 12 cm and height 15 cm
is full of ice cream. The ice eream is (o be flled inlo cones of heighl 12 em and diameter
6o, having a hemispherical shape on the top. Find the number of soch cones which can
be filled wath ice eoaam,

6. How many silver coins, 1.75 emin diameter and of thickness 2 mm, muost be melted o form
acuboid of dimensions 5.5em » 10cm = 3.5 em?
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ra

7. Acylindrical bucket, 32 cm high and with radius of base 18 cra, is filled with sand. This
hucket is eraptied on the ground and a conical heap of sand is formed, Tf the height of the
conical heap is 24 cm, find the radius and slant height of the heap,

8. Warer inacanal, 6 mowide smd 1.5 m deep. ie flowing with a speed of 10kouh, How moch
grea will it ivrigate in 30 minutes, if 8 cooof standing water is needed 7

9. Afarmer connects a pipe of internal diameter 20 cm from 2 canal inte a cvhndrical tankin
her field, which is 10 m in diameter and 2 m deep. If warter flows through the pipe at the
cate of 3 km/h, in how muoch time will the tank be filled?

13.5 Frustum of a Cone

In Section [3.2, we observed objects that are formed when two basic solids were
joined together. Let us now do something different. We will take a right circular cone
and remove a portion of it. There are so many ways
in which we can do this. But one particular case that
we are interested in is the removal of a smaller right
circolar cone by cutting the given cone by a plane
parallel to its base. You must have observed that the
glasses (tumblers), in general, used for drinking wa-
ter, are of this shape. (See Fig. 13.19)

n

Fig. 13.19

Activity 1 : Take some clay, or any other such matenial (like plasticine, etc.) and form
a'cone. Cut it with a knife parallel to its base. Remove the smaller cone, What are vou
left with?You are left with a solid called a frustum of the cone. You ¢an see thal this
has two circular ends with different radii.

So, given a cone, when we slice (or cut) throagh it with a plane parallel to itz base
(see Fig. 13.20) and remove the cone that is formed on one side of that plane, the part
that is now left over on the other side of the plane is called a frustum™® of the cone,

A cone shiced The two parts Frustum of a cone
by a plane separated
parallel to base

Fig. 13.20

*Frustum’ is a latin word meaning “piece cut off*, and it plural i “frosta’.



SURFACE AREAS AND ¥ DLUMES 253

How can we find the surface area and volume of a frustum of a cone? Let
us explain it through an example.

Example 12 : The radii of the ends of a frustum
of a cone 45 ¢m high are 28 cm and 7 cm
(see Fig. 13.21). Find its volume, the curved
surface area and the total suface area

23
(Take m = £l ¥

Solutien : The frustum can be viewed as a dif-
ference of two right circular cones OAB and
OCD (see Fig. 13.21). Let the height (in crm)
of the cone QAB be k and its slant heighi /,.
i, OP =/, and OA = OB ={. Let h, be the
height of cone OCD and [, its slant height Fig. 13.21

We have ; = 218 ¢cm, Fy= 7T eom
and the height of frustum (k) = 45 cm. Also,
h =45 +h, (1

We first need to determine the respective heights 2, and i, of the cone OAB
and OCD,

Since the triangles OPB and OQD are similar (Why?), we have

o7 1 @

From (1) and (2), we get h, = 15 and & = 60.
Now, the volume of the frustum

= volume of the cone OAB — volume of the cone OCD

= [i'n (28)" - (60) -~ — 2. (- ﬂS}]cm = 48510 cm’

The respective slant height 1, and !, of the cones OCD and OAB are given

I, = (1 + (15)* =16.55 cm (approx.)

[= \J(28) + (60)* = 4[(T)* +(15)* = 4% 16.55 = 66.20 em

by
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Thus, the curved surface area of the frustum = wr /| — 7/,

. 2
= 2 (8)(66.20) - 2 ()(1655) = 54615 e

Now, the total surface area of the frustum

the curved surface area + mr? + 1

il

22 22w
5461.5 cm? + szﬂ}*’*cm’* + ?{T}' em®

= 5461.5 cm® + 2464 cm? + 154 cm?® = 8079.5 cm?,

Let h be the height, / the slant height and r and r, the radii of the ends
(r, = ry} of the frustum of a cone. Then we can directly find the volume, the
curved surace area and the total surface area of frustum by using the formulae
given below :

1
(i) Volume of the frusium of the cone = éﬂh{ﬁz +R+7n),

(i) the curved surface area of the frustum of the cone = n(r + r,ll

where [ = Jm

(i) Total surface areq of the frustum of the cone = ol (v, + 1) + ©r' + Wk,

where [ = -|||.Il'3+{}']—?"1}1-

These forrulae can be derived using the idea of similarity of iriangles but we
shall not be doing derivations here.

Let us solve Example 12, using these formulae

I -
(i) Volume of the frustum = E?Fh[?‘l'*-@)' +?‘|?“3}

1 22 3 4
= 54 [28) + 00 + 28D ]| em?
= 48510 cm’

(i) We have i= J!ﬁ +(n-n }’ = 4{45}‘ +(28-7)* cm

= 31/1.’15}‘ +(7)* =49.65cm
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So. the curved surface area of the frusmm

22
=Rir +r) = 3 (28 +7) (49.65) = 5461.5 cm?
(it} Total cuorved surface area of the frugtum

n(r+ m)l +m +

Il

7 S » S
[54*51 3+ = (28) + =) [?}‘J cm? = 8079.5 cm?
Let us apply these formulae in some examples.

Example 13 : Hanumappa and his wife Gangamma are
busy making jaggery out of sugarcane juice. They have
processed the sugarcane juice 1o make the molasses,
which is poured into moulds in the shape of a frustum of
a cone having the diameters of its two circolar faces as
30 ¢m and 35 cm and the vertical height of the mould is
14 c¢m (see Fig. 13.22). I cach em? of molasses has Fig. 13.22
mass about 1.2 g, lind the mass of the molasses that can

be poured into each mould. (Talcc m= %}—2 }

Solution : Since the mould is in the shape of a frustum of a cone, the guantity (volume)

Lo T fy 3
of molasses that can be poured into it = Eﬂ{:!'. 1+ ?‘1},

where r, is the radius of the larger base and r, is the radius of the smaller base.

12 35V (307 (35 30
—=n—xldl — |+ = | +| —=—
i 7 2 2 2 2
I is given that 1 em” of molagses has mass 1.2g. So, the mass of the molasses that can
be poured into each mould = (11641.7x 1.2} g

3 :
M- = 11641.7 cm?,

=13970.04 g = 13.97 kg = 14 kg (approx.)
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Example 14 : An open metal bucket is in the
shape of a frustum of a cone, mounted on a
hollow cylindrical base made of the same me-
tallic sheet (see Fig, 13.23). The diameters of
the two circular ends of the bucket are 45 cm
and 235 cm. the total vertical height of the bucket
is 40 em and that of the cylindrical base is
© cm. Find the area of the metallic sheet used
t make the bucket, where we do not take into
account the handle of the bucket. Also, find

the volume of water the bucket can hold. Fig. 13.23
a2

[Tuke = —) L
7

Solution : The total height of the bucket = 40 ¢m, which includes the height of the
base. 50, the height of the frusturm of the cone = (40 — 6) cm = 34 ¢,

Therefore, the slant height of the frustum, [ = &% + (5 — 1) .

where r, = 22.5 ¢m, r, = 12.5 ¢m and b = 34 cm,

So, = 342 4(225-125) em

= 34*+10° =3544 em

The area of meiallic sheet used = curved surface area of frustum of cone
+ area of circular base

+ curved surface area of cylinder

[mx3544 (225 +12.5) +mx (12.5%
+ 21 % 12.5 % 6] cm?

n

% (1240.4 +156.25 + 150) cm?

= 4860.9 cim?
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Now, the volume of water that the bucket can hold (also, known as the capacity
of the bucket)

mxh

= =3 X5+ + )

22 34

el -~?-j---}< [(22.5)° + (12.5)% + 225 % 12.5] em?

;
22 34

7 XT:-':943.T5 =33615.48 ca?

EXERCISE 134

bl

22
Use 1= =— unless stated othetvwise,

L

31‘

4

A drinking glasz is in the shape of a frusiom of a
cone of height 14 em. The diameters of itg lwo
circular ends are 4 ern and 2 em, Find the capacity of
the plass.

The slant height of a frustum of a cone is 4 cm and
the perimeters (circumference) of its circular ends
are 18 cm and 6 cm, Find the curved surface area of
the frustum,

A fez, the cap used by the Turks, is shaped like the
frustum of a cone (see Pig. 13.24), [f its rachus on the
open side is 10 cm, radius at the upper base is 4 ¢m
and 115 slant heighr is 15 em, find the arsa of matenal
uzed for making it.

33.62 litres (approx.)

Fig. 13.24

A container, opened from the top and made up of 4 metal sheel, is in the form of 4
frustum of 4 cone of height 16 cm with radii of its lower and upper ends a3 8 cm and 20
o, respectively. Find the cost of the milk which can completely 11 the container, al the
rate of F 20 per lire. Also find the cost of metal sheet used 1o make the container, if it

costs ¥ 8 per 100 cm?, (Take n=73.14)

A metallic ight civcular cone 20 cm high and whose vertical angle is 60° is cut into two
paris at the middle of its height by a plane parallel to its hase. If the frustum so obiained

he dravwn into a wire of diameter 1_15 crn, find the length of the wire,
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A

5.

13.6

EXERCISE 13.5 (Optional)*

A copper wire, 3 mm in diameler, 1s wound about 2 eylinder whose length is 12 em, and
diameter 10 em, 80 as to cover the curved surface of the cyhnder. Find the length and
rass of the wire, assuming the demnsity of copper ta be 8.83 g per em’.

A Tight triangle, whose sides are 3 cm and 4 ¢m (other than hypotenuse) 1z made
revolve gbout its hypoitenuse. Find the volume and surface area of the double cone so
formed. (Choose value of r as found appropriate. )

Acistern, internally measuring 150 cm » 120 cm x 110 cm, has 129600 em? of water in ik,
Porous bricks are placed in the water until the cistern is full to the brim. Each brick
dbsorbs one-seventeenth of i own volume of waler. How many bricks can be pul in
withont overflowing the water, each bricx being 22,5 em x 7.5 con % 6.5 ¢m?

1n ope fortnaght of 2 given month, there was a rainfall of 10 em in a river valley. If the area
of the valley iz 7280 km?, show that the total rainfall wag approximarzly equivalent to
the addition to the normal water of three fvers each 1072 km long, 75 m wide and 3 m
i 18 em

An oil funnel made of tin sheet consists of a

10 em lang evlindrical portion attached to a

frostum of a cone, If the wtal height is 22 cm, 22 ¢m
diameter of the oylindrical portion iz 8 em and 10 "““]i

the diameter of the top of the fonnel is 18 cm,

firid the aren of the tn sheet required Lo make

the funnel (see Fig. 13.25). R

Fig. 13.25
Dertve the formula for the curved surface area and tolal surface area of the frustum of a
cone, given o you in Secton 3.3, using the symbols as explained,

Derive the formula for the volaome of the fruostom of a cone, given to yooin Section 13.5,
nsing the symbols as explained,

Summary

In this chapter, vou have studied the following poings;

I.

2

To determine the surface area of an object formed by combining any two of the basic
solids, namely, cuboid, cone. cylinder, sphere and hemisphere.

To find the volume of objects lormed by combining any two of a cuboid, cone, cylinder,
sphers and hemisphere,

* These exercises are not from the examination point of view,
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3. Given aright circular cone, which is sliced through by a plane parallel 1o its base, when
the smaller conical portion is reyaoved. the resulting solid is calied a Frustum of a Right
Cirenlar Cone,

4. The formulae involving the frustum of a cone are:

I. . p)
i) Volume of a frustum of a cone = EW’T[H'* ff"ﬁ?‘z).

i} Curved surface area of a frustum ol a cone = ni(r, + r)) where [= B+ (=5 }2 >
(iiiy Total surface area of frustum of & cone =ni(r, +r) + nlrl+ i) where
# = vertical height of the frustum, [ = slant height of the fusium

r, and r, are radii of the two bases (ends) of the frustum.
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14.1 Iniroduction

In Class ITX, you have studied the ¢lassification of given data into ungrouped as well as
grouped frequency distributions. You have also learnt to represent the data pictorially
in the form of various graphs such as bar graphs, histograms (including those of varying
widths) and frequency polygons. In fact, you went a step further by sudying certain
numerical representatives of the umgrouped data, also called measures of central
tendency, namely, mean, median and mede. In this chapter, we shall extend the study
of these three measures, i.e., mean, median and mode from ungrouped data to that of
grouped data. We shall also discuss the concept of comulative [requency, the
cumulative frequency disoribution and how to draw cumulative frequency curves, called
ogives,

14.2 Mean of Grouped Data

The mean (or average) of observations, as we Imow, is the sum of the values of all the
observations divided by the total number of obscrvations. From Class IX, recall thatif
X, Xy- o o X are observations with respective frequencies f, f, . . ., [, then this
means observation x, occurs f, times, x, ocCws _f; tmes, and so on.

Now, the sum of the values of all the observations = fx, + fx, + ... +fx, and
the number of observations = f +f, + ... + [

So, the mean X of the data is given by
o fmrhn et i
¥ fiF %S,
Recall that we can write this in short form by using the Greek lerter X (capiral
sigma) which means summation. That is,
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i fix
,.:II: ' i=nl
X

which, more briefly, is written as ¥ =
1twn.

i o .
= if itis understood that { varies from

L,

Let us apply this formula to find the mean in the [ollowing exarple,

Example 1 : The marks obtained by 30 students of Clasz X of a certain school ina
Mathematics paper consisting of 100 marks are presented in table below. Find the
mean of the marks obtained by the smdents,

Marks obtained | 10 |20 |36 |40 (50| 56|60 | 70 |72 | 80| 88 | 92 |95
(x,)

Number of LA 2 108 |25 20 9 (4% 13203 2 1313
student (f)

Solution: Recall that to find the mean marks, we require the product of each x with
the corresponding frequency £. So, let us put them in 4 column as shown in Table 14. 1.

Table 14.1

Marks obtained (x,) Number of students (f) fx,
10 1 10
20 1 20
36 3 168
40 i 160
50 3 150
56 2 112
ol 4 240
70 4 280
72 1 T2
20 1 80
a8 2 176
o2 3 276
93 1 95

Taotal If =30 fx, = 1779
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Now, === = —.-'— =583

Therefore, the mean marks obtained is 59.3,

In most of our real life silwations, data is usually so large that to make a meaningful
study it needs to be condensed as grouped data, So, we need to convert given ungrouped
data into grouped data and devise some method o find its mean,

Let us convert the ungrouped data of Example | into grouped data by forming
class-intervals of width, say 15. Eemember that, while allocating frequencies to each
class-interval, students falling in any upper class-limit would be considered in the next
class, e.o., 4 students who have obtained 40 marks would be considered in the class-
interval 40-55 and not in 25-40, With this convention in our mind, let us form a grouped
freguency distribution table (see Table 14.2).

Tahle 14.2

Class interval 10-25 | 25-40| 40-55 [ 55-70 | 70-85 | 85-100

Number of sindents 2 3 7 6 G G

WNow, for each class-interval. we require a point which would serve as the
representative of the whole class. Ir is assumed that the frequency of each class-
interval is centred around its mid-point. So the mid-point (or class mark) of each
class can be chosen to represent the observations falling in the class. Recall that we
find the mid-point of a class (or its class mark) by finding the average of its upper and
lower limits. That s,

Upper class limit + Lower class limit
2

Class mark =

10+ 25

With reference to Table 14.2, for the class 10-25, the class mark is —2—“ 1.

17.5. Similarly, we can find the class marks of the remaining class intervals, We pat
them in Table 14.3. These class marks serve as our & 's. Now, in general, for the ith
class interval, we have the frequency f, corresponding to the class mark x. We can
now proceed to compute the mean in the same manner as in Example 1.
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Table 14.3
Class interval | Number of students (f) | Class mark f.l.'jjl fx.
10- 25 2 17.5 350
25-40 3 325 97.5
40 - 55 7 47.3 332.5
35-70 6 62.5 3150
70 - B5 [ 775 465.0
85- 100 6 9235 3550
Total 5 f =130 X fx,= 1860.0

The sum of the values in the last column gives us Z f x. So, the raean x of the

oiven data is given by
If x. _ 1860.0 _ 62
If. 30

This new method of finding the mean 1s known as the Direct Method,

X =

We ohserve that Tables 14.1 and 14.3 are using the same data and employing the
same formula for the calculation of the mean but the resulus obtained are different.
Can vou think why this is 50, and which one is more accurate? The difference in the
two values 15 because of the mid-point assumption in Table 14,3, 59.3 being the exaci
mean, while 62 an approximate mean.

Semetimes when the numerical values of x, and £, are large, finding the product
of x and f| becomes tedious and time consuming, So. [or such sitnations. let us think of
a method of reducing these calculations.

We can do nothing with the f's. but we can change each x, to a smaller nuraber
so that our calculations become easy. How do we do this? What about subtracting a
fixed number from each of these x's” Let us try this method.

The first step is to choose one among the x5 as the assumed mean, and denote
it by ‘a’. Also, 0 further reduce our calculation work, we may take “a” to be that x,
which lies in the centre of x , x,, . . ., X . So, we ¢an choose a=47.5 ora = 62.5. Let
ug choose @ = 47.5.

The next step is to find the difference 4, between a and each of the x/'s, that is.
the deviation of ‘2’ from each of the x's.

LE., d., =x-a=x- 47.5



264 Mamimaaaics

The third step is to find the product of d with the corresponding f, and take the sum
of all the _;tj dfs The calculations are shown in Table 14.4,

Table 14.4
Class interval Number of Class mark d=2x—-475 fd.
students ([) (x,)
10-25 2 175 =30 —60
25 -40) 3 325 —15 —45
40-55 ) 47.5 i 0
55-70 (o] G2.5 15 O
70 -85 6 77.5 a0 130
85 - 100 6 92.5 45 270
Total 2f.=30 Bfd = 433
2 ~ &4,
So, from Table 14.4, the mean of the deviations, d = F

Now, ler us find the relation between d and ¥.
Since in oblaining 4., we subtracted ‘a’ [rom each x,, 50, in order o get the mean

%, we need to add ‘a’ 1o d . This can be explained matheroatically as:
ifd,

If,

7 Efi(x —a)
501 d s ik
Ef,

5 _Eha

o

1l

Mean of deviations, i

H
]
=]
+
)

S0,

Il
+

1.8, ] G+ —
A
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Substituting the values of a, Zfd, and Zf. from Table 14.4, we get

Therefore, the mean of the marks obtained by the students is 62.
The method discussed above is called the Assumed Mean Method.

Activity 1 : From the Table 14.3 find the mean by taking each of x (i.e., 17.5, 32.5.
and so on) ag ‘a’, What do you observe? You will find that the mean determined in
each case is the same, i.e., 62. (Why 7)

So. we can say that the value of the mean obtained does nol depend on the
choice of "a’.

Observe that in Table [4.4, the values in Column 4 are all multiples of 15. So, if
we divide the values in the entire Colurm 4 by 15, we would get smaller numbers to
multiply with f. (Here, 15 is the class size ol each class interval.)

-

So, letu = IIT . where a is the assumed mean and # 15 the class size.

Now, we calculate u_ in this way and continue as before (i.e., find f u and
then Efu). Taking h = 15, let us [orm Table 14.5.

Table 14.5
. X, ~a
Class interval| f, X, d=x-a == In,
10- 25 2 17.5 —30 -2 ik
253 -40 3 325 —15 -1 -3
40 - 55 7 475 0 0 ]
55-70 6 62.5 15 1 6
T0-85 f 775 30 2 12
85 - 100 6 925 45 3 18
Total Ef =30 Efu =29
= Lfu,
M =
Let 3f

Here, again let us find the relation between & and x.
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We have, W= _-f_: —
% —a)
Efi_ bl S} - : B
Therefore, it = | e 1 Zjﬂﬁ
1 3 b xF
1 Zx
Tl E N
Lo
= E[*’ a]
SD, hit = ¥—a
1&. T=a+ hi
s Efu
So, X =a+h =L

Now, substituting the values of @, h, Zfu and Zf from Table 14.5, we get
¥F=475+15% =
30

=475+ 145=6A2
So, the mean marks obtained by a student iz 62.
The method discussed above is called the Step-deviation method.
We note that :

e the step-deviation method will be convenient to apply if all the s have a
common factor,

e The mean obtained by all the three methods is the same.

e The assumed mean method and step-deviation method are just simplified
forms of the direct method.

s Theformula X =a+ kit siill holds if @ and k are not as given above. but are

X —a

any non-zero numbers such that u, = }
t

Let us apply these methods im another example.
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Example 2 : The table below pives the percentage distribution of female teachers in
the primary schools of rural areas of various states and union territories (U.T.) of
India. Find the mean percentage of female teachers by all the three methods discussed
in this section,

Percentage of T5 25 25-35'| 35-45 | 45-55 | 5565 | 65-T75 | T5-85
female teachers

Number of 6 1 7 4 4 2z l
Siates/U.T.

Source : Seventh All India School Education Swrvey conducted by NCERT

Solution : Let us find the class marks, x, of each ¢lass, and put ther in a columin
(see Table 14.67:

Table 14.6
Percentage of female Number of x,
teachers States /U.T. (f))
1525 6 20
25-35 11 30
35-45 7 40
45 - 55 4 50
35-65 4 60
65-75 2 70
75 -85 1 20
Here we take a =50, k = 10, then 4 = X - 50 and w, = % mm .

We now [ind d and u and put thern in Table 14.7.
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Table 14.7
Percentage of | Numberof | x | d=x-50| , =530 | rx | fd. | fu,
female states/U.T. 10
teachers (f)
15—25 & 20 =30 —3 120 | 18O | =18
25-35 1l 30 -20 -2 330 [ 220 |22
35-45 T 40 —1 -1 B0 70| -7
45-55 4 50 0 0 2000 o o©
55-65 4 60 10 1 240 40| 4
65-75 2 70 20 2 40| 40| 4
75 - 85 I 30 30 3 80 30 3
Total 35 1390 [-360 |-36

From the table above, we obtain If = 35, Zfx, = 1390,
Zj;d) = — 360, Z,ﬁul = =36,

Ugzing the direct method, x = 2% = 1390

=307
35
Using the assumed mean method,
4. _
ot T g, 0o
f 33

Uking the step-deviation method,

7o o+ Tl =50+[=3% \x10=3971
b3 35

Therefore, the mean percentage of fernale teachers in the primary schools of
rural areas is 39.71.

Remark : The result obtained by all the three methods is the same. So the choice of
method to be uged depends on the numerical values of x, and f. If x, and [, are
sufficiently small, then the direct method is an appropriate choice. IT x, and f. are
nuwnerically large numbers, then we can go for the assumed mean method or
step-deviation method. 1f the class sizes are unequal, and x, are large numerically, we
can still apply the siep-deviation method by Laking h to be a suitable divisor of all the d's.
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Example 3 : The distribution below shows the number of wickets taken by bowlers in
one-day cricket matches, Find the mean number of wickets by choosing a suitable
method. What does the mean signify”?

Number of 20-60 | 60-100 | 100- 150 150- 250 250-350 | 350 - 450
wlckets

Number of 7 5 16 12 2 3
howlers

Solution : Here, the class size varies, and the x5 are large. Let us stll apply the step-
deviation method with a= 200 and h = 20. Then, we obtain the data as in Table 14§,

Table 14.8
d,
Number of | Number of x d =x-200 % =30 w.f,
wickets bowlers

taken { )‘;}

20 - 60 i Af) 160 -8 =56
Bl - 100 By B0 =120 —b =3l
100 - 150 16 125 =75 =375 =60
150 -250 12 200 0 ] ]
250 -350 Z 300 100 3 10
350 - 450 3 A00 200 10 30

Total 45 ~106

= -106
So, i = % Therefore, ¥ =200 + 2{][?] = 200 - 47.11 = 152.89,

This tells us that, on an average, the number of wickets taken by these 45 bowlers

in ope-day cricket is 152,89,

Now, let us see how well you can apply the concepts discussed in this section!
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Activity 2 :

Divide the students of vour class into three groups and ask each group (o do one of the

following activities.

I. Collect the marks obtained by all the students of your class in Mathematics in the
latest examination conducted by your school. Form a grouped frequency distribution

of the data obtained.

2. Collect the daily maximurn temperatures recorded for a period of 30 days in your
city. Present this data as a grouped frequency table.

3. Measure the heights of all the students of your class (in cm) and form a grouped
frequency disiribution table of this data.

After all the groups have collected the data and formed grouped frequency
distribution tables, the groops should find the mean in each case by the method which

they Tind appropriate.

EXERCISE 14.1

1. A survey was conducted by a group of students as a part of their environiment awareness
programine, in which they coliected the following data regarding the number of plants in
20 houses in a locality. Find the mean namber of plants per house.

Number of plants

0-2

2-4

4.6

G-8 | B-10 | lD-12

12- 14

Nuomber of houses

2

X

2

3

Which method did you oze for finding the mean. and why?

2. Consider the following disiribution of daily wages of 530 workers of a factory,

Draily wages{in¥)

100- 120

120- 140

140- 160

160- 180

180-200

Number of workers

12

14

8

b

10

Find the mean daily wages of the workers of the factory by uging an appropriate method.

3. The following digribution shows the daily pocket allowance of children of a locality,
The mean pocket allowance is Rs 18, Find the missing frequency f

Daily pocket 11-=12 | 23=105 | 25207 | 174909 | 19=21 |21=23 |23=25
allowance (in¥)
Nuomber of children 7 ] 13 i 4
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4. Thirty women were examingd in a hospital by a doctor and the number of heart beats per
minute were recorded and summarised as follows, Find the mean heart beats per minute
for these worngen, choosing a suitable method.

Numheroihmnhemsj 65-68 | 68-71 | 71-74 | 74-77 | 77-80 | 80-83 | 83-%6
per minute

Numnber of women 2 4 3 B 7 4 2

5. In a reiail market, froit vendors were selling mangoes kept in packing boxes, These
boxes contained varying number of mangoes, The following was the distribotion of
mangoes according (o the oumber of boxes.

Number of mangoes | 50-52 | 53-55 | 36-58 | 59-61 | 62-64

Number of boxes 15 (10 135 115 4

Find the mean number of mangocs keptin a packing box. Which method of finding
the mesn did you choose?

6. The table below shows the daily expenditure on food of 23 households in a locality,

Daily expenditure | 100-150 | 150-200 | 200-250 | 250-300 [ 300-350
(inT)

Number of 4 5 12 2 2
hounseholds

Find the mean daily expenditure on food by a suitable method.

7. To find out the concentration of SO, in the air {(in parts per million, i.e., ppr), the daa
was collected for 30 localities in.a certain city and 15 presented below:

Concentration of SO, (in ppm) Freguency

0.00 - 0.04
0.04 - 0.08
0.08 - .12
012 - 016
0.16 - 0.20
0.20 - 0.24

b B B2 WD A B

Find the mean concentration of S(}I in the air,
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8. A class teacher has the following absentee record of 40 students of a class for the whole
term. Find the mean number of days a student was absent,

Numberof | 0-6| 6- 10|10 - 14|14 - 20| 20-28 |28 - 38|38 - 40
dayy

MNumber of L 1] 7 4 4 3 |
students

9. The [ollowing table gives the literacy rate (in percemtage) of 35 cities. Find the mean
literacy rate.

Literacyrate(in %) | 45-35 | 55-65 | 65-75 | 75-85 | 85 - 95

Number of cities 3 16 1 3 3

14.3 Mode of Grouped Dala

Recall from Class X, a mode is that value among the observations which occurs most
ofien, that i, the value of the observation having the maximum frequency. Further, we
discussed inding the mode of ungrouped data, Here, we shall discuss ways of oblaining
a mode of grouped data. Tt is possible that more than one value may have the same
maximum frequency. In such situations, the data is said to be multimodal. Though
grouped data can also be multimodal, we shall restrict ourselves to problems having a
single mode only.

Letus first recall how we found the mode for ungrouped data through the following
example.
Example 4 : The wickets taken by a bowler in 10 cricket matches are as follows:
2 6 4 5 0 2 1 3 2 3
Find the mode of the data.
Solution : Let us form the frequency distribution table of the given data as follows:

Number of ] 1 2 3 4 5 6
wickets
Number of 1 1 3 2 1 1 1

matches
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Clearly, 2 is the number of wickets taken by the bowler in the maximum number
{i.e., 3) of matches. So, the mode of this data i= 2.

In a grouped frequency distribution, it is not possible to determine the mode by
looking at the Irequencies. Here, we can only locate a class with the maximum
frequency, called the medal class. The mode is a value ingide the modal class, and is
given by the formula:

Mode= [ + {_’ﬁ;‘f{’.}xh
Z'Jlr JE= -llrfl L Jrz
where [ = lower limit of the modal ¢lass,
h = gize of the class interval (assuming all class sizes to be equal),
S, = frequency of the modal class,
[, = frequency of the class preceding the modal class,
f, = frequency of the class succeeding the modal class.
Let us consider the following examples to illustrate the use of this formula.
Example 5 : A survey conducted on 20 households in a locality by a group of students

resulted in the following frequency fable for the number of family members in a
houschold:

Family size 1-3 -5 5-7 7-9 2-11

Number of it ¥ 2 2 i |
families

Find the mode of this data.

Solution : Here the maximum class frequency is §, and the class corresponding to this
frequency is 3 — 5. So. the modal class is 3 - 5.

Now
modal class = 3 - 5, lower limit (/) of modal class =3, class size (h) =2
[requency (f,) of the modal class = 8,
frequency ( f,) of class preceding the modal class =7,
frequency ( f,) of class succeeding the modal class = 2,

Now, let us substtute these values in the formula ;



b
e

Mamimaaaics

Mode = 1+(ﬁ * h
2fi=f— 13

4
= 34 L x2:3+E:3.386
2B -T7-=-2 T

Therefore, the mode of the data ahove is 3,286,

Example 6 : The marks distribution of 30 students in 3 mathematics examination are
given in Table 143 of Example 1. Find the mode of this data. Also compare and
interpret the mode and the mean,

Solution : Refer to Table 14.3 of Example 1. Since the maximum number of students
(i.e., 7) have got marks in the interval 40 - 55, the modal class is 40 - 55. Therefore,

the lower limit { { ) of the modal class = 40,
the class size (k) = 15,
the frequency ( f;) of modal class =7,
the frequency (/) of ihe class preceding the modal class = 3,
the frequency ( f,) of the class succeeding the modal class = 6.
Now, using the formula:
Mode= 1 +| —A=do i,
2fi-hHh— 1
;[

we el Mode = 40+ [m

}Klﬂ =52

So, the mode marks 1z 52,
Now, from Example 1, you know that the mean marks is 62,

So, the maximum number of students obtained 52 marks. while on an average a
student obtained 62 roarks,

Remarks :
1. In Example 6, the mode is less than the mean. But for some other problems it may
be equal or more than the mean also.

2. It depends upon the demand of the situation whether we are interested in finding the
average marks obtained by the students or the average of the marks obtained by most



1L

STAmETICE a7

of the stndents, In the first situation, the mean is required and in the second situation,
the mode is required.

Activity 3 : Continuing with the same groups as formed in Activity 2 and the situations
assigned to the groups. Ask each group to find the mode of the data. They should also
compare this with the mean, and interprel the meaning of both.

Remark : The mode can also be calculated for grouped data with unequal class sizes.
However, we shall not be discussing it.
EXERCISE 14.2
1. The following table shows the ages of the patients admitied in a hospatal during a vear:

i

Age (in years) a-15 | 15-35 =35 | 35-45 | 49-55 | 9065

Number of paticnts fi 11 21 P 14 B

Find the mode and the mean of the data given above. Compare and interpret the two
measures of gentral tendency.

2. The following data gives the information on the observed Tifetimes (in hours) of 223
electrical components |

Lifetimes (in hours) | 0-20 | 20-40 | 40-60 | 60-80 | 80-100| 100-120
Fregquency 10 35 2 61 38 .

Determing the modal liferimes of the components,

3. The following data gives the distribution of total monthly household expenditore of 200
families of avillage. Find the modal monthly expenditure of the famiblies, Also, find the
mean monthly expenditure ;

Expenditure (in %) Numiber of families

1000 - 1500
1500~ 2000
2000 - 2500
250H) - 3000
3000 - 3500
3500 - 4000
4000 -4500
4500 - 5000

«ERERESER




275

Mamimaaaics

4. The [ollowing disiribution gives the slale-wise teacher-student ratio in higher
secondary schools of India. Find the mode and mean of this data. Interpret the two

MCAsuIes.

Number of students per teacher

Number of states /UT.

15-20
20-125
23-30
3035
35-40)
401 -45
45-30
30-35

% T - . o R —— MY - . S

5. The given distibution shows the number of runs scored by some top batsmen of the
waorld in one-day international cricket maiches.

Runs scored

Numnber of hatsmen

30004000
A00Cy - 3000
S000 - G000
B00G¢- 7000
TO00 = 2000
0009000
SH000 - 10000
10000 11000

4
15

(ST 1 & R, TR S - ]

Find the mode of the daa,

6. A stadent noted the nomber of cars passing through a spot on a road for 100
periods each of 3 mioures and summarised it in the table given below. Find the mode

of the daga ;
Nuomberofcars | 0-10 | 10-20| 20-30] 30-40 | 40-50 | 50-60 | 60- 70| 70-20
Frequency 7 4 I3 12 X 1 I5 B
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14.4 Median of Grouped Data

Az vou have studied in Class 1X, the median is a measure of central tendency which
gives the value of the middle-most observation in the data. Recall that for finding the
median of ungrouped data, we first arrange the data values of the observations in

u+1]

ascending order. Then. if n is odd, the median is the [ 3 )Ih observation. And, if n

is even. then the median will be the average of the 2 th and the ( ; + ]]ﬂ] observations.

Suppose, we have to find the median of the following data, which gives the
marks, out of 50, obtained by 100 students in a test :

Marks obtained 20 |29 | 28 33 |42 | 38 | 43 | '25

Number of students | 6 28 24 15 2 4 1 20

First, we arrange the marks in ascending order and prepare a frequency table as
lollows ;

Table 14.9
Marks obtained Number of students
(Frequency)
20 6
25 20
28 24
29 28
33 I3
38 4
42 2
43 1
Total 100
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Here n = 100, which is even. The median will be the average of the g th and the

[% + l)lh pbservations, i.e., the 50th and 31zt observations, To find these

observations, we proceed as follows:

Table 14.10
Marks obtained Number of students
20 f
upto 25 b+ 20=26
upto 28 26424 =30
upto 29 S0+28=78
upto 33 T84+ 15=93
upto 38 D3 4+4=097
upto 42 87 +2=9599
upto 43 B9+ [ =100

Now we add another column depicting this information o the frequency table
above and name il a5 cumulagive frequency Colu,

Table 14.11
Marks obtained Number of students Cumulative frequency
20 6 i
25 20 26
28 24 30
29 28 18
33 15 o3
38 - 97
42 e
43 | 100
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From the table abhove, we see that:
50th observaton is 28 (Why?)
51st obscrvation is 29

28 + 29

So, Median= =28.5

Remark : The part of Table 14.11 congisting Column | and Column 3 is known as
Cumnulative Frequency Table. The median marks 28.5 conveys the information that
about 50% smdents obtained marks less than 28.5 and another 30% smudents obtained
marks more than 28.5,

MNow, let us see how to obtain the median of grouped data, through the following
situation.

Consider a grouped frequency distribution of marks obtained, owt of 100, by 53
students, in a certain examination, as follows:

Table 14.12

Marks Number of students

0-10
10-20
20- 30
30- 40
40 - 50
50 - 60
60- 70
70 - &80
80 - 90
90- 100

56 =1 M =3 £ W@ L I b e

From the table above. try to answer the following questions:

How many students have scored marks lesgs than 107 The answer is clearly 3.
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How many students have scored less than 20 marks? Observe that the number
of students who have scored less than 20 inclode the number of students who have
seored marks from (0 - 10 as well as the number of students who have scored marks
from 10 - 20. So. the total number of students with marks less than 20i5 5 4+ 3, i.e., 8.
We say that the cumulative frequency of the class 10-2() is 8,

Similarly, we can compute the cumulative frequencies of the other classes, i.e.,
the number of students with marks less than 30, less than 40, . . ., less than 100. We
give them in Table 14.13 given below:

Table 14.13

Marks obtained Number of students
{(Cumulative frequency)

Less than 10 5

Less than 20 3+3=%8

Less than 30 B8+4=12

Less than <0 1243=13
Less than 30 154+3=18

Less than 60 18+4=22
Less than 70 2247=29
Less than 80 29 +9 =738

Less than 90 35+ T=45

Less than 100 454+ 8=353

The distribution given above is called the cumulative frequency distribution of
the less than tvpe. Here 10, 20, 30, . . . 100, are the upper limits of the respective
class infervals.

We can similarly make the table for the number of students with scores, more
than or equal to 0, more than or equal to 10, more than or equal to 2(}, and s0 on. From
Table 14.12, we obzerve that all 53 students have scored marks more than or equal to
0, Since there are 5 students scoring marks in the interval 0 - 10, this means that there
are 533 — 5 = 48 students getting more than or equal to 10 marks, Continuing in the
game manner, we gel the number of students scoring 20 or above as 48 -3 =43, 30 or
above as 45 — 4 =41, and s0 on, a8 shown in Table 14,14,
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Table 14.14
Marks obtained Number of students
{Cumulative frequency)

More than or equal fo 0 53

More than or equal to 10 53-5=48
More than or equal 10 20 48 -3 =45
More than or equal to 30 45 -4=41
More than or equal to 440 41 -3 =38
More than or equal to 50 38-3=35
More than or equal to 60 3I5-4=31
More than or equal to 70 31-7=24
More than or equal to 80 24-9=15
More than or equal to 90 I15-7= 8§

The table above is called a cumulafive freguency distribution of the more
than type. Here 0, 10, 20, . _ ., 90 give the lower himits of the respective ¢lass intervals.

Now, (o find the median of grouped data, we can make uge of any of these
cumulative frequency distributions,

Let us combine Tables 14.12 and 14.13 to get Table 14,15 given below:

Table 14.15

Marks Number of students (f) Cumulative frequency (cf)
0-10 5 5
10-20 3 8
20-30 + 12
30 - 40 3 15
40 - 50 3 18
50 -6 4 22
o0 - 70 i 29
70 - 80 9 38
80-90 7 45
90 - 100 8 53

Now in a grouped data, we may not be able to find the middle observation by
looking at the curmlative frequencies as the middle observation will be some value in
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a class interval. Tt is, therefore, necessary to find the value inside a class that divides
the whole distribution into two halves, But which class should this be?

n
To find this class, we find the cumulative frequencies of all the classes and i
We now locate the class whose cumulative frequency is greater than (and nearest (o)
n n
— - This iz called the median ¢lays. In the distribution above, n=33. S0, 5= 26.5.

2
Now 60 — 70 is the class whose cumulative frequency 29 is greater than (and nearest

M
La) E L Le, 20,5,

Therelore, 60 = 70 is the median class.

After finding the median class, we use the following formula for caleulating the
median.

— of

J

Ita | =

Median= | + w

where I = lower limit of median class,
n = number of observations,
cf = cumulative frequency of class preceding the median class,
f= frequency of median class,

h = class size (assuming class size to be equal).

n
Substituting the values 3 =263, 1=60,cf=22,f=T7.A=10

in the formula above, we get

9 — 3
Median= 60 + [M]x 10

43
— ﬁ{i -+ '__,I'
= G664
So, about half the students have scored marks less than 66,4, and the other half have
scored marks more than 66.4,
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Example 7 : A survey regarding the heighis (in cm) of 51 girls of Class X of a school
was conducied and the following data was obtained:

Height (in cm) Number of girls
Less than 140 <+

Less than 145 11

Less than 150 29

Less than 155 40

Less than 160 46

Less than 165 al

Find the median height.

Solution : To calculate the median height, we need to find the class intervals and their
corresponding frequencies,

The given distribution being of the less tham type, 140, 145, 150, . . ., 165 give the
upper limits of the corresponding class intervals. So, the classes should be below 140,
140 - 145, 145- 150, .. ., 160 - 165. Observe that from the given distribution, we find
that there are 4 girls with height less than 140, i.e., the frequency of class interval
below 140 iz 4. Now, there are 11 girls with heights less than 145 and 4 girls with
height less than 140. Therefore, the number of girls with height in the interval
140 - 145 iz 11 — 4 = 7. Similarly, the frequency of 145 - 153015 29 — 11 = 18, for
150 - 155, itis 40 — 29 = 11, and 50 on. So, our frequency distribution table wiih the
given curmnulative frequencies becomes:

Table 14.16
Class intervals Frequency Cumulative (requency
Below 140 4 &4
140 - 145 7 11
145- 150 18 29
150 -155 11 40
155- 160 6 46
160 - 165 3 31
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n_ 3l
Now n=>51. 8o, > = B =23.5 . This cbservation lies in the class 145 - 150. Then,
{ (the lower limitl) = 145,
cf (the cumulative frequency of the class preceding 143 - 1501 =11,
[ (ihe frequency of the median class 145 - 150} = 18,

h (the class size) = 3.

E—a:f

Using the formula, Median = | + QT X h | we have

Median = 145 +[25'j8' H st

T3
= 145+ 5T =149.03.

So, the median height of the girls is 149.03 cm.

Thiz means that the height of about 50% of the girls is less than this height, and
50% are taller than this height.

Example 8 : The median of the following data iz 525. Find the values of x and y, if the
total frequency is 100,

Class interval Frequency

0-100 2
100 - 200 5
200 - 300 X
300 - 400 12
400 - 300 17
500 - 600 20
600 - 700 ¥
700 - 80D 9
800 - 900 7
D00 - 1000 4
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Solution ;
Class intervals Frequency Cumulative frequency
0-100 2 2

100 - 200 5 i
2040 - 308} % T+x
300 - 400 12 19+x
4{H) - 300 17 I+
500 - 600 0 S6+a
600 - 700 ¥ S56+x+y
TO0 - BM) 9 65+x+y
B00 - 90 T T2+x+y
900 - 1000 4 To+x+v

It is given that n = 100

So., T6+x+y=100, ie, x+y=24 (1}
The median is 525, which lies in the class 500 — 600
So, I=500, f=20, cf=36+x h=100

fi

Using the formula : Median= [ +| 2 ; h, we get

525 = 500+ [59 =3 _-'T]x 100
20

ie. 525-500=(l4-x) x5
1.e., 25="70-5x

ie., Sx=T0-25=43
Sa, x=9

Therefore, from (1), we get 9+y= 24

ie. y= 15
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Now, that vou have studied about all the three measures of central tendency, let
us discuzs which measure would he best swited for a particular reguirement.

The mean is the most frequently used measure of central tendency because it
takes into account all the observations, and lies between the extremes, i.e., the largest
and the sroallest observations of the eatire data. Tt also enables us to compare two or
more disibutions. For example, by comparing the average (mean) results of students
of different schools of a particular examination, we can conclude which school has a
better performance.

However., extreme values in the data affect the mean. For example, the mean of
classes having frequencies more or less the sanie is a good representative of the data.
But, if one clasz has frequency, say 2. and the five others have frequency 20, 23. 20,
21, 18, then the mean will certainly not reflect the way the data behaves. So, in such
cases, the mean ig nol a good representative of the data.

Inproblems where individual observations are not imporiant, and we wish to find
out a ‘typical” observation, the median is more appropriate, e.g., finding the typical
productivity rate of workers, average wage in a country, etc. These are sitnations
where extreme values may be there. So, rather than the mean, we take the median as
a better measure of central tendency.

In simuations which require establishing the most frequent value or most popular
item, the mode is the best choice, e.g., to find the most popular T.V. programme being
watched, the consumer item in greatest demand, the colour of the vehicle used by
most of the people, etg.

Remarks :

I. There is a empirical relationship between the three measures of central tendency :
3 Median = Mode + 2 Mean

2. The raedian of grouped data with unequal class sizes can also be calculated. However,
we shall not discoss it here.
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EXERCISE 14.3

1. The following frequency distribution gives the monthly consumpiion of eleciricity of
68 consumers of a locality. Find the median, mean and mode of the data and compare

them,
Monthly consumption (in uniis) Number of consumers

65-85 4

83-105 5
105-125 13
125-145 20
145- 165 14
165- 185 g
185-205 4

2. 1 the median of the digiribution given below is 28.5. find the values of x and y.

Class interval Frequency
n-10 5
10- 20 x
20- 30 0
30 - 40 15
40-50 ¥
50- 60 5
Total 1]

3. Alife insurance agent found the following data for distribution of ages of 100 policy
holders. Caleulate the median age, if policies are given only to persons having age 18
years onwards but less than 8() year,
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Age (in years) Number of policy holders
Below 20 2
Below 25 B
Below 30 M
Below 35 45
Bedow 40 T8
Below 45 3
Below 30 o2
Below 55 o8
Below 6i) 100

4. The lenpgths of 40 leaves of 4 plant are measured correct (0 the nearest millimelre, and
the data obtained is represented in the following table ;

Length (inmm) Namber of leaves
118- 126 3
127-135 5
136- 144 2
145-153 12
154-162 5
163- 171 4
172 - 1RO 2

Find the median lengih of the leaves,

(Hint : The data needs o be converled to continuows classes for finding the median,
singe the formula assumes ¢ontinuous classes. The ¢lasses then change Lo
[17.5-126.5,126.5-1355,...,171.5- 180-5.)
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5. The following table gives the distribution of the life time of 400 neon lamps ;

Life time {in hours) Number of lamps

1 006 = 2000 H
2000- 2300
2500- 3000
3000- 3500
3500 -4000
4000 - 43500
4500 - 5000

2 B B R 22X

Find the median life time of a lamp,

6. 100 surnames were randomly picked up from a local telephone divectory and the
frequeney distribution of the number of letteis in the Englizh alphabets in the surnames
was obtained as follows:

Number of letters 1-4 4-7 7=10 | 10-13 | 13-16 | 16-19

Number of surnames & 0 40 16 4 4

Determine the median nomber of letters in the sumames. Find the mean number of
latters in the sumames? Also, find the modal size of the surnames.

7. The diswibution below gives the weights of 30 swdemts of a class. Find the median
weight of the smdents,

Weight (inkg) 40-45| 45-50 | 50-55 | 55-60 | 60-65 | 65-70 | TO-75

Number of studenis 2 3 5 5] & < 2

14.5 Graphical Representation of Cumulative I'requency Distribution

As we all know, pictures speak befter than words. A graphical representation helps us
in understanding given data at a glance. In Class IX, we have represented the data
through bar graphs, histograms and frequency polygons, Let us now represent a
cumulative frequency distribution graphically.

For example, let us consider the cumulative frequency distribution given in

Table 14.13.
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Recall that the values 10, 20, 30, T
.« . 100 are the upper limits of the
respective class intervals. To represent %‘ 60
the-datain the table graphically, we mark 2 50
the upper limits of the classintervalson  E “Less than” ogive —_
the horizontal axis (s-axis) and their 2 b
comesponding cumulative frequencies g 30
on the vertical axis (v-axis), choosinga E 20
convenient scale. The scale maynotbe 5 10
the same on both the axis. Let us now 01120 30 4p 50 €0 70 80 90 100
plot the points corresponding to the Upper limits—s>
ordered pairs given by (upper limit,
corresponding cumulative frequency). Fip. 14.1

ie, (10, 53, (20, 8), (30, 12), (40, 15),

(50, 18), (60, 22), (70, 29), (80, 38), (90, 45), (100, 53) on a graph paper and join them
by a free hand smooth curve. The curve we get is called a camulative frequency
curve, or an ogive (of the less than type). (See Fig. 14.1)

The term “ogive’ is pronounced as “ojeev” and is derived from the word ogee.
An ogee is a shape consisting of a concave arc flowing into a convex arc, so
forming an S-shaped carve with vertical ends. In architecture, the ogee shape
is one of the characterisfics of the 14th and 15th century Gothic styles.

Mext, again we consider the cumulative frequency distribution given in
Table 14.14 and draw its ogive (of the more than type).

Recall that, here 0, 10,20,.. .90 T
are the lower limits of the respective class E 6i)-
intervals 0 - 10, 10-20,....90-100. To &

“Maore than' ogive

=
represent “the more than type’ graphically, E = |
we plot the lower limits on the x-axis and @ 40

= 30+

the corresponding curulative frequencies 8
on the y-axis. Then we plot the points E 201
{lower limit, corresponding cumulative = 107
frecuency), i.e., (0, 53), (10, 48), (20, 45), Um
(30, 41), (40, 38), (50, 35), (60, 31), et 3

{70, 24), (B0, 15), (90, 8}, on a graph paper, Fig. 14.2

and join thern by a free hand smooth curve. N

The curve we get is a curmelative frequency curve, or an ogive (of the maore than

type). (See Fig. 14.2)
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Remark : Note that both the ogives (in Fig. 14.1 and Fig. 14.2) correspond to the
same data, which is given in Table 14.12.

Mow, are the ogives related (o the median in any way? Is it possible 10 obtain the
median from these two curmulative frequency curves corresponding to the data in
Table 14,127 Let us see.

t
One obvious way is to locate & gp
=
[F —
0
n_33 26.5 on the y-axis (sse Fig. E‘ >
2 2 & 40
14.3}. From this point, draw a line parallel .E LLL S
to the x-axis cutting the curve at a point. £ 20 :
From this point, draw a perpendicularto £ 10 :-!\rledi,an 4
the x-axis: The point of intersection of <

: : : ; O 10 20 30 40 50 60 70 80 90 100
this perpendicular with the x-axis Upper limits —
determnines the median of the data (see

Fig. 14.3). Fig. 14.3

Another way ol obtaining the
median is the following :

Draw both ogives (i.e., of the less
than type and of the more than type) on
the same axis. The two ogives will
intersect each other at a point. From this
point, if we draw a perpendicular on the i IR JUR -~ i
x-axis, the point at which it cuts the 10 20 30 40 50 607080 90 100
x-axis gives us the median (see Fig. 14.4), Median (66.4)

Fig. 14.4
Example ¥ : The annual profits earmed by 30 shops of a shopping complex in a
locality give rise (o the following distribution :

Cumulative frequency —»

Profit (in lakhs ¥) Number of shops (frequency)
More than or equal to 3 30
More than or equal to 10 28
More than or equal lo 15 16
More than or equal to 20 14
More than or equal to 25 10
More than or equal to 30 7
More than or equal to 35 3
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Draw both ogives for the daia above.

Hence obtain the median profit,

Solution : We lirst draw the coordinate
axes, with lower Hmits of the profit along
the horizonial axis. and the cumulative
frequency along the vertieal axes. Then,
we plot the points (3, 30), (10, 28}, (15, 16),
(20, 14), £25, 10y, (30, 7) and (35, 3). We
join these points with a smooth curve to
get the *more than’ ogive, as shown in

Fig. 14.5.

Now, let us obtain the classes. their
frequencies and the cumulauve frequency

from the table abowve.

L
>

.0
=
1

- b3 L
= o=
——

Cumulative frequency —
e
=

=]

L
=

10 20 30 40 50

Lower limits of profit —

(in lakhs Rs)
Fig. 14.5

Tahle 14.17
Classes =101 10=-15|15-20| 20-25]25-30| 30-35| 35-40
No. of shops 2 12 2 Fi 3 i 3
Cumulative 2 14 i6 20 23 2 30
frequency

Using these values, we plot the points
10,2, (15, 14), (20, 163, (25, 209, (30, 23},
(35, 27), (40, 30) on the same axes as in
Fig. 14.5 to get the ‘less than™ ogive, as

shown in Fig. 14.6.

The abeissa of their point of intersection is
nearly 17.5, which is the moedian. This can
also be verified by using the formula.
Hence, the median profit (in lakhs) is

Rs 17.5.

Remark : In the above examples, it may
be noted that the class intervals were
continuons. For drawing ogives, it should
be ensured that the class intervals are
continuous. (Also see constructons of

histograms in Class IX}

Comulative frequency ——
Lad
=

‘More than’ ogive

*Luss than® ogive

L%
-

10 TIIJ 0 40 50
Median {17.5)
Profit {in lakhs Rs) —

Fig. 14.6
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EXERCISE 144

1. The following distribution gives the daily income of 50 workers of a factory.

Dadly income (in¥)

100- 120

120 - 14{)

140 - 16d)

160 - 180

1860 - 200

MNumber of workers

12

14

B

)

10

Convert the digtribution above to a less than type cumulative frequency distribution,

and draw its ogive,

2. During the medical checic-up of 35 smudents of a class. their weights were recorded as

lolloars:

Weight (in kg) Number of students
Less than 38 0
Less than 40 3
Less than 42 g
Legs than 44 9
Less than 46 14
Less than 48 -]
Lezs than 50 a2
Less than 52 35

Draw a less than type ogive for the given data. Hence obtain the median weight from

thz graph and verify the result by using the formula.

3. The following table gives production yield per hectare of wheat of 100 farms of 3 village.

Production yield 50-55 | 55-60 | 60-65 | 65-T0 | 70-75 | 75-80
{im kg/a)
Number of farms 2 ] 2 .o 3R 16

Change the digtribution to 2 more than type distribution, and draw its ogive.

14.6 Summary

In this chapter, you have studied the following points!

1. The mean for grouped data can be found by ;

(i) the direct method : ¥ =

Sk

i
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{ii) the assumed mean methed: ¥ =a + - /!
p
i) the step deviation method : ¥ =& +| %}Kh i

with the assumption that the frequency of a class is centred at its mid-point; called g
class mark.

. The mode for grouped data can be found by vsing the foroula;

fi—J
Mode= I+ | — "0 |up
s +[2ﬁ_lfq_ﬁ}x

where symbaols have their usual meanings.

. The cumulative frequency of a class is the frequency obtained by adding the frequencies

of all the classes preceding the given class.

. The median for grouped data is formed by using the formula:

g "':-f}
Median = I + 'Zf = h,

where symbaols have their usual meanings.
Representing a curmulatve frequency distribution graphically as a cumolaiive fraquency
curve, or an ogive of the lege than type and of the more than type.

The median of grouped data can be obtained graphically as the c-coordinate of the point
of intersection of the two agives for this data.

A NoTE 10 THE READER

For calculating mode and median for grouped data, it should be
ensured that the class intervals are continuous before applying the
formulae. Same condition also apply for construction of an ogive.
Further, in case of ogives. the scale may not be the same on both the axes.




PROBABILITY

The theory of probabilities and the theory of errors now constitute
a formidable body af great mathematical interest and of greal
praciical impaortance.

— R.S. Woodward
15.1 Introduction
In Class IX, you have studied about experimental (or empirical) probabilities of events

which were based on the resulis of actual experiments, We discussed an experiment
of togsing a coin 1000 times in which the frequencies of the outcomes were as Tollows:

Head : 455 Tail : 545

455
Based on this experiment, the empirical probability of a head is 00 i.e., 0.455 and

that of getting a tail is 0.545. (Also see Example 1, Chapter 15 of Class IX Mathematics
Textbook.} Note that these probabilities are based on the resulis of an acmal experiment
of tossing a coin 1000 times. For this reason, they are called experimental or empirical
probabilities. In fact, experimental probabilities are based on the results of actual
experiments and adequate recordings of the happening of the events. Moreover,
these probabilities are only “estimates™. L' we perform the same experiment for another
1000 dmes, we may get different data giving different probability estimates,

In Class TX, you ossed a coin many tmes and noted the number of times il turmed up
heads (or tails) (refer o Activities | and 2 of Chapter 13). You alzso noted that as the
number of tosses of the coin increased, the experimental probability of getting a head

1
(or tail) came closer and closer o the number 3 Not only you, but many other
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persons from different parts of the world have done this kind of experiment and recorded
the number of heads that turned up,

For example, the eighteenth century Prench naturalist Comte de Buffon tossed a
coin 4040 times and got 2048 heads. The experimental probabilility of getting a head,
2048
4040
10000 tossez of a coin. The experimental probability of getting a head, in this case,

in this case, was ,1.e., 0,507, 1LE. Kerrich, from Britain, recorded 5067 heads in

was =0.5067 , Statistician Karl Pearson spent some more time, making 24000

tosses of a coim. He got 12012 heads, and thus, the experimental probability of a head
obrained by him was (L5005,

Now, suppose we ask, “What will the experimental probability of a head be if the
experiment is carried on upto, say, one million times? Or 10 million times? And so on?
You would intuitvely feel that as the number of {osses increases, the experimental
probability of a head (or a tail) seems to be setiling down around the number 0.5 , ie.,

1
7 which is what we call the thearerical probability of getting a head (or getting a
tail), as you will see in the nexi section. In this chapter, we provide an introduction o

the theoretical (also called classical) probability of an event, and discuss simple problems
based on this concept.

15.2 Probability — A Theoretical Approach
Let us consider the [ollowing situation :

Suppuse a coin is wssed af randon.

When we speak of a coin, we assume it to be “fair’, that is, it 15 symmetrical so
that there is no reason for it to come down tmore often on one side than the other.
We call this property of the coin as being ‘unbiased’. By the phrase ‘random toss’,
we mean that the coin is allowed to fall freely withour any bias or interference.

We know, in advance, that the coin can only land in one of bwo possible ways —
either head up or tail up (we dismiss the possibility of its *landing” on itz edge, which
may be possible. for example, if it falls on sand). We can reasonably assume that each
outcome, head or tail, is as likely to ocour as the other. We refer to this by saying that
the outcomes head and tail, are equally likely.
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For another example of equally likely outcomes, suppose we throw a die
once. For us, a die will always mean a fair die. What are the possible outcomes?
They are 1, 2, 3, 4, 5, 6. Each number has the same possibility of showing up. So
the egually likely outcomes of throwing a die are 1, 2, 3,4, 5 and 6.

Are the outcomes of every experiment equally likely? Let us see.

Suppose that a bag contains 4 red balls and 1 blue ball, and you draw a ball
without looking into the bag. What are the outcomes? Are the outcomes — a red ball
and a blue ball equally likely? Since there are 4 red balls and only ene blue ball, vou
would agree that you are more likely to get ared ball than a blue ball. S, the outcomes
{a red ball or a blue ball) are nor equally likely. However, the outcome of drawing a
ball of any ¢olour from the bag is equally likely. 5o, all experiments do not necessarily
have equally likely outcomes,

However, in this chapter, from now on, we will assume that all the experiments
have eqgually likely outcomes.

In Class IX, we defined the experimental or empirical probability P(E) of an
event E as

Number of trials in which the event happened
Total number of tnals

The empirical interpretation of probability can be applied 1o every event associated
with an experiment which can be repeated a large number of times. The requirement
of repealing an experiment has some limitations. as it may be very expensive or
unfeasible in many situatons. Of course, it worked well in codn tossing or die throwing
experiments. But how about repeating the experiment of lannching a satellite in order
to compute the empirical probability of its failure during launching, or the repetition of
the phenomenon of an earthquake to compute the empirical probability of a multi-
sioreyed building geiting destroyed in an earthquake?

P(E) =

In experiments where we are prepared to make certain assumptions, the repetition
of an experiment can be avoided, as the assumptions help in directly calculating the
exact (theoretical) probability. The assumption of equally likely outcomes (which is
valid in many experiments, as in the two examples above, of a coin and of a die) is one
such assumption that leads us to the following definition of probability of an event.

The theoretical probability (alzo called classical probability) of an event E,
written as P{E), 1s defined as

PE) = ~ Number of outcomes favourable to E
7 Number of all pnaslhle outcomes of the etpe:m:ent




208 Mamimaaaics

where we assume that the outcomes of the experiment are equally likely.
Ve will briefly refer to theoretical probability as probability.
This definition of probability was given by Pierre Simon Laplace in 1795,

Probability theory had its origin in the 16th century when
an Talian physician and mathematician J.Cardan wrole the
first book on the subject, The Book on Games of Chance,
Since its inception, the study of probability has attracted
the attention of great mathematicians. James Bernoulli
(1654 — 1705), A. de Moivre (1667 — 1754), and
Pierre Simon Laplace are among those who riade significant
contributions to this field. Laplace’s Theorie Analyiigue
des Probabilirés, 1812, is considered to be the gzreatest
contribution by a single person to the theory of probability. Pierre Simon Laplace
In recent vears, probability has been used extensively in (1749 — 1827)
many areas such as biology, economicg, genetics, physics,

sociolopy ete.

Let us find the probability for some of the events associated with experiments
where the equally likely assumption holds.

FExample 1 : Find the probability of getting a head when a coin is tossed once. Also
find the probability of getting a tail.

Solution : In the experiment of 10ssing a coin once, the number of possible outcomes
15 two — Head (H) and Tail (T). Let E be the event “getting a head’. The number of
outcomes Tavourable to E, (i.e., of getting a head) is 1. Therefore,

Number of owlcomes favourablewE |
Number of all possible outcomes 2
Sirmilarly, if F is the event “getting a tail’, then

1
P(F) = P(tail) = 2 (Why 7)

P(E) = P (head) =

Example 2 : A bag contains a red ball, a blue ball and a yellow ball. all the balls being
ol the same size. Kritika takes out 2 ball from the bag without looking into it. What i3
the probability that she takes out the

(i) yellow ball? {ii) redball? {iii} blueball?
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Solution : Kritka takes out a ball from the bag without locking into it. So, itis equally
likely that she takes out any one of them.

Let Y be the event “the ball taken out is yellow’, B be the event ‘the ball taken
out is blue’, and B be the event ‘the ball taken out is red”.

Now, the number ol possible culcomes = 3.

{1} The number of outcomes favourable to the event Y = 1,

So, P(Y) = -

B ||

1
and (iii) P(B) = -

Similaly, (i) P(R)= z

Lpa |

Remarks :

1. An event having only one outcome of the experiment is called an elementgry
event. In Example 1, both the events E and F are elementary events. Similarly, in
Example 2, all the three events, Y, B and R are elementary events.

2. In Example 1, we note that : P(E) + B(F) =1
In Example 2, we note that : P(Y) + P(R) + P(B) = |

Observe that the sum of the probabilities of all the elementary events of
an experiment is |. This is true in general also,

Example 3 : Suppose we throw a die once. (i) What is the probability of gelting a
number greater than 4 ? (ii) What is the probability of getting a number less than or
equalto 4 7

Solution : (i) Here, let E be the event *getting a munber greater than 4°, The number
ol possible oulcomes is six : 1, 2, 3. 4. 5 and 6, and the oulcomes favourable to E are 5
and 6. Therefore, the number of outcomes favourable 1o E is 2. So,

2 1
P(E) = P(number greater than 4) = = = 3

{ii} Let F be the event "gelting a number less than or equal 10 4",
Mumber of possible outcomes = 6
Ouicomes favourable to the event Fare 1, 2, 3, 4,

So, the number of cutcomes favourable wo F is 4.

2
Therefore. PBR= —= 3
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Are the events E and F in the example above elementary events? No, they are
not because the event E haz 2 outcomes and the event F has 4 outcomes.

Remarks : From Example 1, we note that
.I. _—
2

where E is the cvent ‘getting a head’ and F i3 the event ‘getting a tail®,

1
PE) + BF) = 2.+ 1 (1)

From (1) and (ii) of Example 3, we also get
RN
P(E} + P(F) = '§+§=1 (2)
where E is the event 'getting a number >4’ and F is the event *getting a number = 4°,

Note that getting a number nof greater than 4 is same as getting a number less
than or equal to 4, and vice versa.

In(1)and (2) above. iz F not the same as ‘not E'7 Yes, it is, We denote the event

‘notE by E.

Se, F(E) + Plnot E) = 1

1e.. P(E) +P(E)= 1, which givesus P(E)=1-P(E.
In general, it is true that for an event E,

P(E)=1-P®E)
The event E, representing ‘not E’, is called the complement of the event E.
We also say that E and E arc complementary cvents.
Before proceeding further, let us try to find the answers to the following questions:
(i} Whar iz the probability of getting a number 8 in a single throw of a die?
(it} Whatis the probability of geting a number less than 7 in a single throw of a die?
Let us answer (i) :

We know that there are only six possible outcomes in a single throw of a die. These
outcomes are 1, 2, 3, 4. 5 and 6. Since no face of the die is marked 8. so there is no

outcome favourable 1o 8, i.e., the number of such outcomes is zero. In other words,
getting 8 in a single throw of a die, iz impossible.

So, Pigetting8)= — =0

o =
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That is. the probability of an event which is fmpossible to ocour is (0. Such an
event is called an impossible event.

Let us answer (ii) :

Since every face of a die is marked with a number less than 7. it is sure that we
will always get a number less than 7 when it is thrown once. So, the number of
favourable outcoraes is the same as the number of all possible ontcomes, which is 6.

f
Therefore, PE) = Pl{gerting a number less than 7) = E =1

So, the probability of an event which is sure (or cerrain) to occur is 1. Such an event
1g called a sure event or a certain event,

Note : From the definition of the probability P(E), we see that the numerator (number
of outcomes favourable o the event E) is always less than or egual to the denominator

{the number of all possible outcomes), Therefore,
U=PE}=1

Now. let us take an exarople related o playing cards. Have you seen a deck of
playing cards? It consizsts of 52 cards which are divided into 4 suits of 13 cards each—
spades (# ), hearts (), diamonds (4 ) and clubs (). Clubs and spades are of black
colour, while hearts and diamonds are of red colour, The cards in each snit are ace,
king, queen, jack. 10,9, 8,7, 6, 5, 4, 3 and 2. Kings, queens and jacks are called face
cards,

Example 4 : One card is drawn from a well-shuffled deck of 52 cards. Calculate the
probability that the card will

(i) be an ace,
(ii) mot be an ace.
Solution : Well-shulfling ensures egually Iikely oulcomes.
(i) There are 4 aces in a deck. Let E be the event ‘the card iz an ace’.
The number of outcomes favourable to E = 4
The number of possible oulcomes =32  (Why 7)

4 1
Therefore, P(E) = 53 13

iii}) Let F be the event “card drawn is not an ace’.
The number of outcomes favourable (o the event F=32 -4 =48 (WhyT)
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The number of possible outcomes =52

48 _1
Te e

Remark : Note that F is nothing but E . Therefore, we can also calculate P(F) as

Therefare, P{F)

L, i

[ i - — _ i = I_ e T
follows: P(F) =P(E ) =1 - P(E) 13 13

Example 5 : Two players, Sangeeta and Reshma, play a tennis match. It is known
that the probability of Sangeeta winning the match 15 (0.62. What is the probability of
Reshma winning the match?

Solution : Let § and R denote the events that Sangeeta wins the match and Reshma
wins the match, respectively.
The probability of Sangeeta’s winning = P(5) = 0.62 (given)
The probability of Reshma’s winning = P(R) = | — P(S)
[As the events R and S are complementary]
= 1-0.62=0.38
Example 6 : Savita and Hamida are friends. What is the probability that both will
have (i) different birthdays? (ii) the same birthday? (ignoring a leap year).
Solution : Oat of the two [Hends, one girl, say, Savita’s birthday can be any day of the
year. Now, Hamida’s birthday can also be any day of 365 days in the year.
We assume that these 365 oncomes are equally likely.

(i} T Hamida’s birthday iz different from Saviia’s, the number of favourable outcomes
for her birthday is 365 — 1 =364

364
So, P (Hamida's birthday is different from Saviva’s birthday) = 365

(ii} P(Savita and Hamida have the same birthday)
= | — P (bath have different birthdays)
364

~ [Using P(E) =1 - P(E)]

365
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Example 7 : There are 40 students in Class X of a school of whom 25 are girls and 15
are boys. The class teacher has to select one student az a class representative, She
writes the name of each student on a separate card, the cards being identical. Then
she puts cards in a bag and stirs them thoroughly. She then draws one card from the
bag. What is the probability that the name written on the card 15 the name of {i) a girl?
(i) a boy?

Solution : There are 40 students, and only one name card has to be chosen,

(i) The number of all possible outcomes is 40

The number of outcomes favourable for a card with the name of a girl =25 (Why?)

25 5
Therefore, P (card with name of a gifl) = P(Gitl) = —=—

40 8

(i} The number of outcomes favourable for a card with the name of aboy = |5 (Why7}
3 . i
Therefore, P(card with name of a boy) = P(Boy) = 40 = 3

Note : We can also determine P(Boy), by taking

5 3
P(Boy) = | -~ P(not Boy) = | ~P(Girl) = 1 -2 =2

Example 8 : A box contains 3 blue, 2 white, and 4 red marbles, If a marble is drawn
at random from the box, what is the probability that it will be

(i) white! (i} blus? (i) red?

Solution : Saying that a marble is drawn at random 13 & short way of saying that all the
marbles are equally likely to be drawn. Therefore, the

number of possible outcomes=3+2+4=9 (Why™)

Let W denote the event ‘the marble is white', B denote the event “the marble is blue’
and R denote the event “marble is red”.

(i) The number of oulcomes favourable to the event W =2

S0, P(W) =

=Rl

Similarly, (i) P(B) =

and {iii) P(R) =

E=RE

s
3

L= RV

Note that P(W) + P(B) + P(R) = 1.



AD4 Mamimaaaics

Example 9 : Harpreet tosses two different coins simultaneously (say, one is of Re 1
and other of Rs 2). What is the probability that she gets ar least one head?

Solution : We write H for ‘head” and T for ‘tail’. When two coins are tossed
simultaneously, the possible outcomes are (H, H), (H, T), (T, H), (T, T}, which are all
equally likely. Here (H, H) means head up on the first coin {say on Re 1) and head up
on the second coin (Rs 2). Sirnilarly (H. T) raeans head up on the first coin and tail up
on the second coin and =o on.

The outcomes favourable to the event E, ‘at least one head” are (H, H), (H, T)
and (T. HY. (Why?)

So, the number of outcomes favourable 1o E iz 3,
) 3
Iherelore, HE)= Py

3
i.e., the probability that Harpreet gets at least one head is 1
Note : You can also find P(E) as follows:

_ 1 3 ( = l]
P(Ey= 1-P(Ei=1-~-== Since P{E) = P(no head) = —

Did you observe that in all the examples discussed so far, the number of possible
oulcomes in each experiment was [inite? II not, check it now.

Therc are many experiments in which the outcome i3 any number between two
given numbers, or in which the outcome is every point within a circle or reciangle, etc.
Can vou now count the number of all possible ontcomes? As you know, this is not
possible since there are infinitely many numbers between two given numbers, or there
are infinitely many points within a circle. So, the definition of (theoretical) probability
which you have leamnt so far cannol be applied in the present form. What is the way
out? To answer this, let us consider the following example :

Example 107 : Tn a musical chair game, the person playing the music has been
advised to stop playing the music at any time within 2 minutes after she sfarts playing.
What is the probability that the music will stop within the first half-minute after starting?

Solution : Here the possible outcomes are all the numbers between 0 and 2. This is
the portion of the number ling from 0O to 2 (see Fig. 15.1}.

v

1 2
Fig. 15.1

e

]

* Mot frora the examination point of view,
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Let E be the event that ‘the music is stopped within the first half-minute’.

The outcoraes favourable to E are points on the number line from () to % :

s

1
The distance from () to 2 is 2, while the distance from 0 to E 18,

k-

Since all the outeomes are equally likely, we can argue that, of the total distance

|
ol 2, the distance Favourable 1o the event E s E ;

i Distance favourable to the event E
So, P(E) = : -

Total distance in which outcomes can He

B b | =
R

Can we now extend the idea of Example 10 for finding the probability as the ratio of
the favourable area to the total area?

Example 11 : A missing helicopter is reported to have crashed somewhete in the
rectangular region shown in Fig, 15.2. What is the probability that it crashed inside the
lake shown in the figure?

ALY T e

'S (LR T -f_-'lﬂ - &
+ O e >

+— 2 km—

Fig. 15.2

Solution : The helicopter is equally likely to crash anywhere in the region.
Area of the entire region where the helicopter can crash
= (4.5 x 9 km? = 40.5 km?

* Notfrom the examination podnt of view,
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Area of the lake = (2.5 x 3) km = 7.5 km?
w3

Therefore, P (helicopter crashed in the lake) = 05 405 27

Example 12 : A carton consists of 100 shirts of which 88 are good, 8 have minor
defects and 4 have major defects. Iimmy, a trader, will only accept the shirts which
are good. but Sujatha, another trader, will only reject the shirts which have major
defects. One shirt is drawn at random from the carton. What is the probability that

(i} it is acceptable o Jimmy?
(ii) it is acceptable to Sujatha?

Solution : One shirt iz drawn at random from the carton of 100 shirts. Therefore,
there are 100 equally likely ouicomes,

(i} The munber of outcomes favourable (i.e., acceptable) w Jimmy = 88 (WhyT)

i ; B3
Therefore, P (shirt is acceptable o Jimmy) = W (.58

(i} The number of oulcomes Tavourable to Sujatha=88 + 8=96 (Why")
96
So, P (shirt is acceptable to Sujatha) = 00 0.96

Example 13 : Two dice, one red and one grey, are thrown at the same {ime. Write
down all the possible outcomes. Whal ig the probability that the sum of the two numbers
appearing on the top of the dice is

(i) 87 () 137 (iil) less than or equal to 127

Solution : When the red die shows *1°, the grey die could show any one of the
numbers 1, 2, 3, 4, 3, 6. The same is true when the red die shows 27, °3°, ‘4", *5" or
‘6’. The possible outcomes of the experiment are listed in the table below; the first
number in cach ordered pair is the number appearing on the ted die and the second
nurnber is that on the grey die.
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(1,1)
(2,1)
{3, 1)
Y
(5. 1)
(6. 1)

B

a0 th E W R e

Fig. 15.3

Note that the pair (1, 4) is different from (4, 1). (Why?)
So, the number of possible oulcomes = 6 % 6= 36.

(i) The outcomes Tavourable to the event ‘the sum of the two numbers is &' denoied
by E, are: (2, 6), (3, 5), (4,4), (5. 3, (6, 2) (sceFig. 153}
i.e., the number of oulcomes favourable to E = 3,

5
Hence, P{E} = E

(i) As you can see from Fig. 15.3, there is no outcome favourable to the event F,
‘the sum of two nurabers is 13°,

So, P(F) = ]

E_

{iil) As vou can see from Fig. 15.3, all the outcomes are favourable to the event G,
“sum of two numbers = 127,

S PG = 2=
O = 38
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EXERCISE 15.]

1. Complete the following statements;

!d

3.

o,

5.
.

T

9‘-

4]
(i)

(i)
(V)
(v
(i
(ii}

(i)
(v}

Probability of an event E + Probabality of the event ‘notE' = |

The probability of an cvend that cannot happen is . . Such an event is
called . .

The probability of an event that is certain tohappenis _  Such an event
iscalled

The sum of the probabilities of all the elementary svents of an expenment is

The probability of an event is greater than or equoal 1o - and less than or
equal to _

Which of the following experiments have equally likely cuicomes? Explain,

A drover attempts to start a car. The car starts or does not starl,

A player attemprs to shoot a basketball. She/he shoois or misses the sher,
A tral is made o answer a roe-false question. The answer is right or wrong,
A baby 12 born, It is & boy or a girl.

Why is tossing a coin considered to be a fair way of deciding which team should get the
ball at the beginning of a football game?

Which of the following cannot be the probability of an event”

2
[A) “3' {B) 1.5 C) 15% {03

I P(E) = 0.05, what is the probability of *not E*7

M bag comtains lemon flavoured candics only. Malini takgs out one candy without
lIooking into the bag. What is the probability that she takes out

(i} an orange favoured candy?

(1)

a lemom (avoured candy'?

Tt is given that in a group of 3 students, the probabilicy of 2 students not having the
same birthday is 0.992, What is the probability that the 2 students have the same
birthday?

A bag contains 3 red balls and 5 black balls. A ball is deawn at random from the bag,
What is the probability that the ball drawn is () red 7 (i) not red?

A box contains 3 red marbleg, § white marbles and 4 green marbles. One marble is taken
ot of the box at random, What is the probability that the marble taken our will be
fyred? (i) white ! {iii} not green?
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10.

11.

12,

I.Si‘

ldi‘

15,

16.

17.

18,

A pigey bank containg handred 50p coins, fifty ¥ | coins, twenty ¥ 2 coinsanden T3
coins, If it is equally likely that one of the coins will fall out when the bank is furned
upside down, what is the probability that the coin (i} will be a 50 pcoin ? (i1} will not be
aT5coin?

Gopibuys afish from a shop for his aquarium. The
shopkeeper takes out one fish at random from a
tank containing 5 male fish and & female fish (see
Fig, 15.4), What is the probability that the fish taken
ot is a male fish?

A game of chance consists of spinning an arrow
which comes to rest pointing at one of the nombers Fig. 15.4
1.2,3,4,5,6,7, 8 (seeFig. 15.5 ). and these are equally

likely outcomes. What is the probability that it will

aNZ
(i 87 .
(i) an odd number? dev

(i) anumber greater than 27

fiv) anomber less than 97
A die is thrown once. Find the probability of getiing
(i) aprimenumber; (i) anumber lying between 2 and 6; {iii} an odd mumber,
One card ig drawn rom a well-shuffled deck of 52 cards. Find the probability of getting
(i} aling of red colour (i} a face card (i) o red fage card
(iv) the jack of hearts (v} a spade iwi} the queen of diamonds
Five cards—the ten, jack, queen, king and ace of diamonds, are well-shuffled with their
face downwwards. One card is then picked up at random.

(i} What is the probability that the card is the queen?
(i} If the gueen is drawn and put aside, what is the probability that the second card
picked apis (a) an ace? (b) a queen?”

Fig. 15.5

|2 defective pens are accidentally mixed with 132 good ones. Tt is not possible to just
look at a pen and tell whether or notit is defective. One pen 15 taken out at randem from
thig fot. Determine the probability that the pen taken out 15 a good one.

(i} A lotof 20 bulbs contain 4 defective ones, One bulb is drawn at randow from the lot.
What is the probability that this bulb is defective?

(i1} Suppose the bulb drawn in (i) 15 net defective and is not replaced, Now one bulb
i5 drawn at randomn from the rest. What is the probability that this bulb is not
defective 7

A box containg 90 discs which are numbered from 1 to 90. If one disc is drawn at random

from the box, find the probability that it bears (1} a two-digit number (i) A perfect

sqoare number (1) a number divisible by 5.
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19.

20%.

21

22,

23.

24.

M child has a die whose six faces show the letters as given below;

AllB ClIPl|B] |A

The die is thrown once, What is the probability of getting (i} A7 (@) D7
Suppose you drop a die at random on the rectangular region shovn in Fig. 15.6, Whar iz
the probabilicy that it will land inzgide the circle with diameter lm?

3m

2m

Fig. 15.6

Aot consists of 144 ball pens of which 20 are defeetive and the others ars good. Nur
will buy apenifilis good, but wall not buy if it is defeciive. The shopkeeper draws one
pen at random and gives it to her. What is the probability that

(i} She will buyit?
(i) She will not buy it 7
Refer to Bxample 13, (1) Complets the following rable:

Eveant:
Sum on 2 dice® | 2 3 4 5 & 7 8 g| ) u| e

i 6 36 36

(i) A student argues that 'there are 11 possible outcomes 2.3,4, 5, 6.7, 8, 9. 10, 11 and
1
12. Therefore, cach of them has a probability T Do vou agree with this arsurent?
Justify your answer.

A pame consista of tossing a one rupee coin 3 (imes and noting its outcome each time.
Hanif wins if all the tosses give the same regult i.e.. three heads or three (ails, and loses
otherwize. Caleulate the probability that Hanif will logs the game.
A die ig thrown twice. What is the probability that

(i} 3 will nol eome up either time? (i) 5will come up at least once’
[Hint ; Throwing a dic twice and throwing two dice simultaneously are treated as the
samc cxperiment]

* Noi from the examination point of view.
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25. Which of the following arguments are correct and which are not correct? Give reasons
for your answer,

(i} If two coing are tossed simulianeousiy there are three possible oulcomes —two
heads, two tails or one of each. Therefore, for each of these outcomes, the

L
probability is i
(i} If a die is thrown, there are (wo possible culcomes—an odd number or an even

1
nutiber. Therefore, the probabilicy of gemting an odd nomber is 5

EXERCISE 15.2 (Optional)*

1. Two costomners Shyam and Ekta are vigiting a particolar shop in the same weels (Tuesday
to Saturday). Eachis equally likely to vizit the shop on any day as on another day. What
is the probability that both will visit the shop on (i) (he same dav? (i) consecutive
days? (iii) different days?

2, A die is numbered in such a way that its faceg show the numbers 1, 2,2, 3, 3, 6. Tt i5
thrown tweo times and the total score in two throws is noted. Complete the following
table which gives a few valees of the total score on the two throws:

Number i firet throw

+ | 2 2 3 3 6
E | 2 3 3 n 4 7
ik 3 4 3 3 3 3
g 2 3
=
E 3
E 3 3 )
=% 7 8 g [ 5 B

What is the probability that the total score is
(i) even? fii} o7 (i) at least 67

3. Abag containg 5 red balls and some blue balls. Tf the probability of drawing a blue ball
iz double that of a red ball, determine the number of blue balls in the bag.

4. A box containg 12 balls out of which x are black. If one ball is drawn at random from the
box, what 15 the probability that it will be a black ball?

Tf 6 maore black balls are put in the box, the probability of drawing a black ball 15 now
double of what it was before, Find &

* These exercises are not from the exarmination point of view.
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5. A jar contains 24 marbles, some are green and others are blue, If a marble is drawn at
random from the jar, the probability that it iz green ig g Find the number of blue ballg
in the jar,

15.3 Summary
Tn this chapier, you have studied the Tollowing points :

1. The difference between experimental probability and theorgtical probability.
2. The theoretical (classical)} probability of an event E, written az P(E), is defined as

Number of outcomes favourahble o E
Mumber of all possible outcomes of the experiment

P{E)=

where we assume that the outcomes of the experiment are equally Hikely,
3. The probability of a sure event (or cortain gvent) is 1.
4. The probability of an opossible event is (.
5. The prohability of an event E 15 a number P(E) such that
0=P(EI=1

6. An event having only one oufcome is called an elementary eveni. The sum of the
prababilities of all the elementary events of an experiment is 1,

7. For any event E, P (E) + P (E) = 1, where [ stands for ‘not E', E and B are called
complementary events,

A NoteE 10 TiE READER

The experimental or empirical probability of an event is based on
what has actually happened while the theoretical probability of the
event allempts o prediet what will happen on the basis of certain
agsumptions. As the number of trials in an experiment, go on
increasing we may expect the experimental and theoretical
probabilities to be nearly the same.




PROOFS IN MATHEMATICS A 1

Al.l Introduction

The ability to reason and think clearly is extremely useful in our daily life, For example.
suppose a politician tells you, “Tf you are interesied in a clean government, then you
should vote for me.” What he actually wants you to believe is that if you do not vote for
him, then vou may not get a clean government, Similarly, if an advertizement tellz you,
‘The intelligent wear XV shoes’, what the company wants you to conclude is that if
you do not wear X¥Z shoes. then you are not imtelligent enough. You can vourself
observe that both the above statements may mislead the general public. So, if we
understand the process of reasoning correctly, we do not fall into such traps
unknowingly,

The correct use of reasoning is at the core of mathernatics, especially in constructing
proots. In Clags IX, vou were introduced to the idea of proofs, and you actually proved
many staterents, especially in geometry. Recall that a proof is made up of several
mathematical statements, cach of which is logically deduced from a previous statement
in the proof, or trom a theorem proved earlier, or an axiom, or the hypotheses. The
main tool, we use in constructing a proof, is the process of deductive reasoning.

We start the study of this chapter with a review of what a mathematical statement
is. Then, we proceed w sharpen our skills in deductive reasoning using several examples.
We shall also deal with the concept of negation and finding the negation of a given
statement, Then, we discuss what it means to find the converse of a given statement.
Finally, we review the ingredients of a proof learntin Class IX by analysing the proofs
of several theorems, Here, we also discuss the idea of proof by centradiction, which
vou have come acrogs in Class IX and many other chapters of this book.

Al.2 Mathematical Statements Revisited

Recall. that a ‘*statement” is a meaningful sentence which is not an order, or an
exclamation or a question. For example, “Which two teams are plaving in the
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Cricket World Cup Final?” is a question, not a statement. ‘Go and finish your homework®
is an order, not a statement. “What a fantastic goal!’ is an exclamation, not a statement.

Remember, in general, statements can be one of the following:

o alwmys rue
o alweys falve

¢ ambiguous
In Class IX, you have also studied that in mathematics, a statement is

acceptable only if it is either always true or always false. So, ambiguous sentences
are not considercd as mathematical statements.

Let us review our understanding with a few examples.
Example 1 : State whether the following statements are always tue. always false or

ambiguous. Justify your answers.
(i) The Sun orbits the Earth.
(ii} Wehicles have four wheels.
(iii} The speed of light is approximately 3 x 103 km/s,
(iv) A road o Kolkata will be closed from November to March.

(v} Al humans are mortal,

Solution :
(i} This statement is always false, since astronomers have established that the Earth

* orbits the Sun.
(i) This statement is ambiguous, because we cannot decide if it is always true or
always false. This depends on what the vehicle is — vehicles can have 2, 3, 4, 6,
10, etc., wheels.
(iii) This statement is always rue, as verificd by physicists.
(iv} This statement is ambiguous, because it is not clear which road is being referred

o,
{v} This statement is always tue, since every human being has to die some time.

Example 2 : State whether the following statements are true or false, and justify your

aAnswers.
(i} All equilateral iiangles are isosceles.
(ii} Some isosceles triangles are equilateral.
{iif} Allisosceles triangles are equilateral.
{iv} Some rational numbers are ntegers.
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{(v) Sorme rational numbers are not integers.

{vi} Not all integers are rational,

{(vii) Between any (wo rational numbers there 15 no ralional number,
Solution :

(i) This staterent is irue, because equilateral riangles have equal sides, and therelore
are izsosceles.

(1) This statement is true, because those isosceles triangles whose base angles are
60 are equilateral.

{il) This statemenl 1 false. Give a counter-example for il

{iv) This statement is troe. since rational numbers of the form E, where p iz an
q

3
integer and g = 1, are integers (for exarple, 3= 1 1.

(v) This statement is true, because rational numbers of the form £ P, ¢ are integers

and ¢ does not divide p, are not mtegers (for example, — ).

2
(vi) This statement iz the same as saying ‘there is an integer which is not a rational
number’. This is false, because all integers are rational numbers.

(vii) This statement is false. As you know, between any two rational numbers r and s

. r+s o .
lieg T . which is a rational number,

Example 3 : Tf x <4, which of the following staternents are true? Justify your angwers.
) 2x>8 (i} 2x<6 {iii) Zx< 8
Solution :
(i) This statement is false, becanse, for example, x = 3 < 4 does not satisfy 2r > 8.
(i) This statement is false, because, for example, x = 1.5 < 4 does not satisfy 2x < 6.
(i) This statement is true, because it is the same as x < 4.
Example 4 : Restale the following statements with appropriate conditions, so that

they become true statements:
(i) If the diagonals of a quadrilateral are equal. then it is a rectangle.

(i) A line joining two poiniz on two sides of a triangle iz parallel 1o the third side.
(i) \[p isirrational for all positive integers p.

(iv} All quadratic equations have two real roots,
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Solution :
(i} If the diagonals of a parallelogram are equal, then it is a rectangle.

(ii} A line joining the mid-points of two sides of a triangle is parallel to the third side.

(i) \1’; is irrational for all primes p.
{iv) All quadratic equations have at most two real roots,

Remark : There can be other ways of restating the statements above. For instance,
{iii} can also be restated as * . p is irrational for all positive integers p which are not a
perfect square’.

EXERCISE Al.l
1. Stare whether the tollowing statements are always true, always false or ambiguous,
Jusufy your answers,
(ir Al mathematics textbooks ate interesting,
(i) The distance from the Earth to the Sun is approximately 1.5 = 10% km.
(i) ATl hwmoan beings grow old.
{ivi The journey from Uttarkashi to Harsil i tiring,
iv) The woman saw an elephant through a pair of binoculars,
2. State whether the following statements are true or false. Justify your answers.
(i} All hexagons are polygons, (i} Some polygons are pentagons,
(i) Mot all even numbess are divisible by 2. (v} Some real numbers are irrational.
(v} Motall real nambers are rational.

3. Leiaand b5be real numbeis such that ab = 0. Then which of the following statements are
true" Justity vour answers,

(v Both a and & must be zero. iif} Both & and & muost be non-zero.
(i) Either a or I must be non-zero,
4. Restate the lollowing statemenis with appropriate conditions, 2o that they become (rue.
(i) TEal=F, thena s b (i) TFxd=3%, thenx=7y.
i) Tfix+y¥P=x+y, thenx=1. iiv) The diagonals of a quadrilateral
bisect each other.
Al.3 Deductive Reasoning

In Class IX, you were introduced to the idea of deductive reasoning, Here, we will
work with many more examples which will illustraic how deductive reasoning is
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used w deduce conclusions from given statements that we assume 0 be true. The
given statements are called ‘premises’ or “hypoitheses’. We begin with =ome examples.

Example 5 : Given that Bijapur is in the state of Kamataka, and suppose Shabana
lives in Bijapur, In which state does Shabana live?
Solution : Here we have two premises:
{i} Bijapur is in the staie of Karnataka (i} Shabana lives in Bijapur

Fror these premises, we deduce that Shabana lives in the state of Karnataka.
Example 6 : Given that all mathematics textbooks are interesting. and suppose you
are reading a mathematics textbook, What can we conclude about the textbook vou
are reading?
Solution : Using the two premises (or hypotheses). we can deduce that you are
reading an interesting textbook.
Example 7 : Given that y = — 6x + 3, and suppose x = 3. What is 7
Solution : Given the two hypotheses, we gety=-6 (3 + 5=~ 13

Example 8 : Given that ABCD is a parallelogram, D, C
and suppose AD = 5 em, AB =7 cm (see Fig. Al.1).

What can you conclude about the lengihs of DC and

BC?

Solution : We are given that ABCD is a parallelogram, 4 B

S0, we deduce that all the properties that hold for a Fig. Al.l
parallelogram hold for ABCT). Therefore, in particular,

the property that "the opposite sides of a parallelogram are equal to each other”, holds.
Since we know AD = 3 cm, we can deduce that BC = 5 em. Similacly, we deduce that
DC="7cm.

Remark : In this example, we have zeen how we will ofien need to find out and use
properties hidden in a given premise,

Example 9 : Given that \/p is irrational for all primes p. and suppose that 19423 isa
pritme, What can you conclude about (/19423 7
Solution : We can conclude that /19423 is irrational.

In the examples above. you might have noticed that we do not know whether the
hypotheses are true or not. We are assuming that they are true, and then applying
deductive reasoning. For instance, in Example 9, we haven’t checked whether 19423
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i3 a prime or not; we assame it o be a prime for the sake of our argument. What we
are rying to emphagise in this section is that given a particular statement, how we use
deductive reasoning to arrive at a conelugion. What really matters here is that we use
the correct process of reasoning, and this process of reasoning does not depend on the
wueness or falsity of the hypotheses. However, it must also be noted that if we stari
with an incorrect premise {or hypothesis), we may argive at 8 wrong conclusion.

EXERCISE Al.2
1. Giventhat all women are mertal, and suppose that A is a woman, what can we conclude
about AT
2. Given that the produet of two rational norabers i& rattonal, and suppose g and b are
rationals, what can vou conclude about ab?
3. Given that the decimal expansion of irrational nurbers 15 non-terminating, non-recuiming,

and <f|7 is irrational, what can we conclude about the decimal expansion
of J177

4. Giventhat y =3+ 6 and x =~ |, what can we conclude about the value of v

5. Given that ABCD is a parallelogram and £ B = 80°, What can you conclude about the
other-angles of the parallelogram?

6, Given that PQRS is a cyclic quadrilateral and alao s diagenals bizect each other. Whai
can you conclude about the quads]aieral?

7. Given that .J'E is trrational for all primes p and also suppose that 3721 15 a prime. Can

you conclude that /3721 is an frrational number? Is your conclusion correct? Why or
why not?

Al1.4 Conjectures, Theorems, Proofs and Mathematical Reasoning

Consider the Fig. Al1.2. The first circle
has one pointon i, the second two points,
the third three, and so on. All possible
lines connecting the points are drawn in
each case.

The lines divide the circle into
mutually exclusive regions (having no
commeon portion). We can count these
and tabulaie our resulis as shown :

OO

Fig. AL.2



Prooks v MaTiEmaTics Jle

Number of points Number of regions
1 1
2 2
3 =
4 8
5
6
1

Sorae of you might have come up with a formula predicting the number of regions
given the number of points. From Class IX, you may remember that this intelligent
guess is called a “conjecture’.

Suppose your conjecture is that given ‘n' poinis on a circle, there are 2¢ !
mutually exclusive regions, created by joining the points with all possible lines. This
seems an extremely sensible guess. and one can check that if n = 3, we do get 16
regions. So, having verified this formula for 5 points, are you satisfied that for any n
points there are 2¢° ! regions? If so, how would you respond, if someone asked you.
how you can be sure about this for n = 23, say? To deal with such guestions, you
would need a proof which shows beyond doubt that this result is true, or a counter-
example o show that this resull fails for some *n°. Actually, il vou are patient and try
it out for i = 6, you will find that there are 31 regions. and for n = 7 there are 57
regions. So, n = 6, is a counter-example to the conjecture above. This demonstrates
the power of a counter-example. You may recall thal in the Class IX we discussed
that to disprove a statcment, it is enough to come up with a single counter-
example.

You may have noticed that we insisted on a proof regarding the number
of regions in spite of verifying the result for n = 1, 2, 3, 4 and 5. Let us consider
a few more examples. You are familiar wath the following result (given in Chapter 5):

E(J'H—I}

l+2+3+.. . +n= . To establish its validity, it is not enough w verity the

result forn= 1.2, 3. and so0 on, because there may be some ‘»n’ for which this result is
not true (just as in the example above, the regult failed for i = 6). What we need ig a
proof which establishes its truth beyond doubt, You shall learn a proof for the same in
higher classes,
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Now, consider Fig. Al1.3, where PQ and PR 0Q
are iangents to the circle dravn from P.

You have proved that PQ) = PR (Theorem 10.2).  p
You were not satisfied by only drawing several such
ligures, measuring the lengths of the regpective R
tangents, and verifying for yourselves that the result
was true in each case.

Do vou remember what did the proof consist of ? It congisted of a sequence of
statements {(called valid arguments), each following from the earlier statements in
the proof, or from previously proved (and known) results independent from the result
to be proved, or from axioms, or from definitions, or from the assumptions you had
made. And yvou concluded your proof with the statement PQ) = PR, i.e., the siatement
you wanted to prove. This is the way any proof is consiructed.

We shall now look at some examples and theorems and analyze their proofs o
help vs in geiting a better understanding of how they are constructed.

We begin by using the so-called “direct’ or 'deductive’ method of proof. In this
method, we make several statements. Each is based on previous statements. If
each statement is logically correct (i.e., a valid argument). it leads to a logically correct
conclusion.

Fig. A1.3

Fxample 10 : The sum of two rational numbers is a rational numbey.

Solution :
S.No. Statements Analysis/Comments
1 Let x and ¥ be rational numbers. Since the result is about
rafionals, we start with « and
y which are rational.
2 | Letxz=".n#0and y=L.540 | Apply the definition of
& 4 rationals,
where m, i, p and g arc integers.
2 Soad e _ MG THE The result talks about the
A g ny sum of rauonals, 30 we look
atx + v.
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&, Using the properties of integers, we see | Using known properties of
that mg + np and ng are miegers. integers.

5, Since n 2 0 and g # 0. it follows that Using known properties of
ng = 0. integers.

6. Therefore, s+ y =2 P is 3 rational | Using the definition of a
number Ag rational number,

Hemark : Nole that, each statement in the proof above iz based on a previously
established fact, or definition.

Example 11 : Every prime nomber greater than 3 is of the form 6k + | or 6k + 5,
where & it some integer.

Solution :

S.No.

Statements

Analysis/Comments

1.

Let p be a prime munber greater than 3.

Since the result has to do
with a prime number
greater than 3, we start with
guch a number,

2 Dividing p by 6, we find that p can be of | Using Euclid’s
the form 6k, 6k + 1. 6+ 2. division lemma.
6k + 3, 6k + 4, or 6k + 5, where k is
an inleger.
3. But 6k = 2(3k), 6k + 2 =2(3k + 1), We now analyse the
Bk +4 =203k + 2), remainders given that
and 6k + 3 = 3(2& + ). So, they are 18 prime,
not primes,
4, S0, p is forced to be of the We arrive at this conclusion
form 6k + 1 or 6k + 5, for some having eliminated the other
integer k. options,

Remark : In the above example, we have arrived at the conclusion by eliminating
different options. This raethod is sometimes referred to as the Proof by Exhaustion.
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Theorem Al.1 (Converse of the g
Pythagoras Theorem) : If in a triangle the
square of the length of one side iz equal
to the sum of the squares of the other two
sides, then the angle opposire the firsr side
is a right angle. I_B C
FProof : Fig. Al4
S.No. Statements Analysis

L. Let AABC satisty the hypothesis
AC*= AB* + BCZ,

Since we are proving a
staternent about such a
triatigle; we begin by taking

2.  |Construct line BD perpendicular to

AB, such that BD = BC, and join A to D.

This is the intuitive step we
have ialked about that we
often need to take for

proving theorems,

3. |By construction, AABD is aright
triangle, and from the Pythagoras

Theorem, we have AD? = AB* + BD",

We use the Pythagoras
theorem. which is already

proved.

we have ADY= AR* + BC?

4, By construction, BD = BC, Therefore,

Logical deduction.

L

Therefore, ACH = AB?* + BC? = A

Using assumption, and
previous statement,

LABC = ZABD, which iz a right angle.

6. Since AC and AD are positive, we Using known property of
have AC = AD. numbers.
i We have just shown AC = AD. Also Uszing lmown theorem.
BC = BD by construction, and AB is
common. Therefore, by 588,
AABC = AABD,
L Since AABC = AABD, we gel Logical deduction, baged on

previously established fact,
L
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Remark : Each of the resulis above has been proved by a sequence of steps, all
linked together. Their order is important. Each step in the preof follows from previous
steps and earlier known results. (Also see Theorem 6.9.)

EXERCISE Al1.3
In cach of the Tollowing gquestions, we ask you o prove a statement, List all the sieps in cach
proof, and give the reason for each step.
1. Prove that the sum of two consecutive odd nombers i5 divisible by 4.

2. Take two consecutive odd numbers, Find the sum of their squares, and then add G to the
result. Prove thal the new namber is always divisible by 8,

3. Ifp=35isaprime number, show that p* + 2 is divisible by 3.
[Hint; Use Exammls 11].
Let x and y be rational numbers. Show that xy is a rational number,

5. Ifwand b are positive integers, then vou know thata =bg +r, 0=r< b, where g isa whole
number. Prove that HCF (g, BY=HCF (5, r).

[Hint : Let HCF (b, 7} = k. So. b=k kand r =k}, where k, and k, are coprime. ]
6. Aline parallel o side BC of a tnangle ABC, intersects AB and AC at 1) and E respectively.

Prove that E = E
DB EC

A1.5 Negation of a Statement

In this section, we discuss what 1t means lo ‘negate’ a statement. Before we s1art, we
would like 1o iniroduce some notation, which will make 11 easy for us to understand
these concepts. To start with, lei us look at a statement as a single unit, and give ita
name. For example, we can denote the statement ‘Tt rained in Delhi on 1 September
2005 by p. We can also write this by

p: It rained in Delhi on 1 September 2005.
Similarly, let us write

g: All teachers are female.

ri Mike"s dog has a black tail.

# 242=4

t: Triangle ABC is equilateral.

This notation now helps us o discuss properties of statements, and also o see
how we can combing them. In the beginning we will be working with what we call
‘simple’ statements, and will then move onto ‘compound’ statements.
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Now consider the following table in which we make a new statement from each
of the given statements.

Original statement New statement

p: It rained in Delhi on ~p: 1t is false that it rained in Delhi

1 September 2005 on 1 September 2003,

g: All teachers are {emale. ~ g: Tt is [alse that all weachers are
female.

#: Mike'z dog has a black tail. ~r: It is falze that Mike’s dog has a
black tail.

$:2+2=4 ~&: Itis false that 2 + 2 =4,

f: Trangle ABC is equilateral. ~t: It i3 falsc that nangle ABC is
equilateral.

Each new statement in the table is a negarion of the corresponding old statement.
Thatis, ~p, ~g, ~F, ~§ and ~ are negations of the statements p, g, r, 5 and r, Tespectively.
Here, -p is read as ‘not p'. The statement ~p negates the assertion that the statement
p makes. Notice that in our usnal talk we would simply mean ~p as "It did not rain in
Delhi on | September 2005.” However, we need to be careful while doing so. You
might think that ome can obfain the negation of a statement by simply inserting the
word ‘not’ in the given statement at a suitable place. While this works in the case of
p, the difficulty comies when we have a statement that begins with *all’, Consider, for
example, the statement g; All teachers are female, We said the negation of this statement
15 ~g: Tt is Talse that all teachers are female. Thig is the same as the statement *There
arc some teachers who are males.” Now let us see what happens if we simply insert
‘not” in g. We obtain the statement: *All teachers are not female”, or we can obtain the
statement: “WNot all teachers are female.” The first statement can confuse people. It
could imply (if we lay emphasis on the word "All’) that all teachers are male! This is
certainly not the negation of g. However, the sccond statement gives the meaming of
~g, i.e.. that there is at least one teacher who is not a female. So, be careful when
writing the negalion of a statement!

So, how do we decide that we have the correct negation? We use the following
crilerion.

Let p be a statement and ~p its negation. Then ~p is false whenever p is
true, and ~p is rue whenever p is false,
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FPor example, if it is true that Mike's dog has a black tail, then it is false that
Mike's dog does not have a black tail. If it is false that ‘Mike's dog has a black tail’,
then it is true that ‘Mike’s dog does not have a black tail”.

Similarly, the negations for the statements s and 1 are:

& 24 2 =4 nepation, ~5: 24+ 2 4.
i: Triangle ABC is equilateral; negation, ~ Triangle ABC is not equilateral.

Now, what is ~(~5)7 It would be 2 + 2 = 4, which is 5, And what is ~(~)7 This
would be “the triangle ABC is equilateral’, i.e., r. In fact, for any statement p, ~(~p)
is p.

Example 12 : State the negations for the following statements:
(i) Mike's dog does not have a black tail,
(it} All irrational numbers are rcal numbers,
(iii) f2 isirrational.
(iv) Some rational numbers are integers.
{v)] Mot all teachers are males.
(vi} Some horses are not brown.
{vii) There is no real number x, such that x¥ = - 1.

Solution @

(1) Tiis [alse that Mike's dog does not have a black tail, i.e., Mike's dog has a black
fail.

(i) It is false that all irrational numbers are real numbers, i.e., some (at least ong)
irrational numbers are not real nimbers. One can also write this as, ‘Not all
irrational numbers are real numbers.”

(ifi) It is false that f7 is irrational, i.e., /7 is not irational.

(iv) It is falze that some rational numbers are integers, i.e., no rational number is an
integer.

(v) Tt is false that not all teachers are males, i.e., all reachers are males.

(vi) It is false that some horses are not brown, i.c., all horses are brown.

(wii) Tt ig false that there is no real number x, guch that 2* = — 1, i.e., there is at least
one real number x, such that x*=— 1.
Remark : From the above discussion, you may arrive at the following Werking Rule
for oblaining the negation of a staiement :
(1) First write the statement with a ‘not’.

(i) If there is any confusion, make suitable modification , specially in the statements

involving *All or *Some’,
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EXERCISE Ald4

1. 5tate the negations for the following starements :

(i) Manis moral, (i} Lane {15 paraliel to lne m,
(iif) This chapter has many exercises. (v} All integers are rational numbers,
(v} Some prime numbers are add, (wi} Mo smudent is lazy.

(vil) Some cats ars not black.

(viil) There is no real aumber x, such that x = —1.

(x) 2 divides the positive integer a, ix} Tntegers a and b are coprime.

2. In each of the following questions, there are (wo statements, State if the second is the
negation of the frst or not,

(i) Muomiaz is hungry. (i} Some cats are black.
Muomtaz 15 not hungry, Some cats are brown,
(i) Al elephants are huge. (iv) All fire engines-are red,
Chie elephant is not huge. All fire enpines are not red,
(v! ™Mo manisacow.
Some men are cows,

Al.6 Converse of a Statement

We now investigate the notion of the converse of a statement. For this, we need the
notion of a “compound’ statement. that is, a statemnent which is a combination of one or
more ‘simple” statements. There are many ways of creating corapound slatements,
but we will focos on those that are created by connecting iwo simple statermnents with
the use of the words "if” and ‘then’. For example, the statement *If it is raining, then it
i difficult to go on a bicycle”, is made ap of two statements:

p: Itis raining

g: Tt is difficult to go on a bicycle.

Using our previous notation we can say: If p, then ¢. We can also say ‘p implies
g, and denote itby p = q.

Now, supose you have the statement ‘Tl the water tank is black, then it contains
potable water.” This is of the form p = g, where the hypothesis is p (the water tank
is black) and the conclusion is g {the tank contains potable water). Suppose we
interchange the hypothesis and the conclusion, what do we get? We get g =2 p, i.e., if
the water in the tank is potable, then the tank must be black. This staterent is called
the converse of the statement p = 4.
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In general, the comverse of the statement p = g 15 g = p, where p and g are
statements. Mote that p = g and ¢ = p are the converses of each other.
Example 13 : Wrile the converses of the following stalements :
(i) If Jamila is riding a bicycle, then 17 August falls on a Sunday.
(i) I 17 Augost is a Sunday, then Jamila is nding a bicyele.
{ii3) If Pauline is angry, then her face turns red.
(iv) If & person hag a degree in education, then she is allowed to teach.
(v) If a person has a viral infection, then he runs a high temperature.
{vi) If Ahmad is in Mumbai, then he i3 in India,
{vit) Tf triangle ABC is equilateral, then all its interior angles are equal.
(viti) I x 15 an irrational number, then the decimal expansion of x is non-terminating
non-recurring,
(ix} If x — @ is a factor of the polynomiial pix), then pla) = 0.
Solution : Each statement above is of the form p = g. So, to find the converse, we
first identify p and g. and then write g = p.

(i) p: Jamila is riding & bicycle, and ¢: 17 August falls on a Sunday. Therefore, the
converse is: If 17 August falls on a Sunday, then Jamila is riding a bicycle.

(i) This 15 the converse of {i). Therefore, its converse 1s the statement given in
(i) above.
{iid) If Pauline’s face turns red, then she is angry.
{iv) I[ a person is allowed (0 teach, then she has a degree in education,
(v) If a person runs a high temperature, then he has a viral infection.
(vi} If Ahmad iz in India. then he is in Mumbai,
(vii) I all the interior angles of wriangle ABC are equal. then it is equilateral.

(viit) If the decimal expansion of x is non-terminating non-recurring, then x is an
imrational number,
(ix) If p{a) = 0, then x — a is a Tactor of the polynomial p(x).

MNotice that we have simply written the converse of each of the statements
above without worrying if they are oue or false. For example, congider the following
statement: It Ahmad is in Mumbai, then he is in India. This statement is oue. Now
consider the converse: If Ahmad is in India, then he is in Mumbai. This need not be
true always — he could be in any other part of India.
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In mathematics, especially in geometry, you will come across many situations
where p = g 1= ttue, and you will have to decide if the converse, i.e., ¢ = p, is alzo
Tue.

Example 14 : 5tate the converses of the following statements. In each case, also
decide whether the converse is true or {alse.
(i} Il » is an even integer, then 2n + 1 is an odd inleger.
(ii) If the decimal expansion of a real number is terminating, then the number is
ratonal.
{iii} If a transversal intersecis two parallel lines, then each pair of corresponding
angles is equal.
{iv) If each pair of opposite sides ol a quadnilateral is equal, then the quadrilateral is
a parallelogram.
{v) If two triangles are congruent. then their corresponding angles are equal.

Solution :

(i) The converse is “If 2»n + 1 is an odd integer, then » is an even integer.” This isa
false statement (for example, 15 = 2(7) + 1, and 7 is odd).

(ii} “If a real number is rational, then its decimal expansion is terminating’, is the
converse, This is a false staternent, becanse a rational number can also have a
non-terminating recurring decimal expansion.

(iii) The converse is “If a wansversal intersects two lines in such a way that each
pair of comesponding angles are equal, then (he two lines are parallel.” We have
assumed, bv Axiom 6.4 of your Class X textbook, thart this statement i5 true.

{iv} 'If a quadrilateral iz a parallelogram, then each pair of its oppesite sides is equal”,
is the converse, This is true (Theorem 8.7, Class TX).

{v) 'If the corresponding angles in two (riangles are equal, then they are congruent’,
is the converse. This statement is falsc. We leave it to you to find suitable counter-
examples.

EXERCISEALS

1. Write the converscs of the following statemcnts,
iy Iritis hotin Tokyo, then Sharan sweals a lot,
fit) TF Shalim i hungry, then her stomach grumbles,
(i) TF Jaswant has a scholarship, then she can get a degree.
(i) Traplant has Mowers, then iUz alive,
(v} If an animal is a cat, then it hag a wail,



Prooks v MaTiEmaTics 30

2. Write the converses of the following statements. Also, decide in 2ach case whether the
converse is true or false,

(i) If riangle ABC is isozceles, then 18 base angles are equal,
(i} If an integer is odd, then s sypare 12 an odd integer.
(i) Ha'=1,thena=1,
tivy 1f ABCD is a parallelogram, then AC and BD bisect each other.
(v} Ifa, band e, are whole numberns, thena+ (b +cl = (a+ k) +c.
ivi) Tf x and ¥ are two odd numbers, then & + ¥ 15 an even number.
fwil) If wertices of a parallelogram lie on a circle, then it is a rectangle,

Al.7 Proof by Contradiction

So far, in all our exaroples, we used direct arguments to establish the truth of the
results. We now explore ‘indirect’ arguments. in particular, a very powerful tool in
mathematics known as ‘proof by contradiction’. We have already used this method in
Chapter 1 to establish the irrationality of several numbers and also in other chapters to
prove some theorems. Here, we do several more examples to illustrate the idea.

Before we proceed, let us explain what a conrradicrion is. In mathematics, a
contradiction occurs when we get a staterment p such that p is true and ~p. its negation,
i also true, For example,

prox :g , where o and b are coprime.

g: 2 divides both ‘a” and "%,

It we assume that p is true and alse manage to show that g is true, then we have
arrived at a contradiction, becanse 4 implies that the negation of p iz true. If you
remember, this 15 exactly whal happened when we tried (o prove that ,f7 is imrational
{see Chapter 1).

How does proof by contradiction work? Let us see this through a specific example.

Suppose we are given the following :

All women are mortal, A is a woman. Prove that A is mortal,

Bven though this is a rather easy exarople, let us see how we can prove this by

contradiction.

® et us assume that we want to establish the outh of a siatement p (here we
want to show that p ; *A is mortal” is true).
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e So, we begin by assuming that the statement 18 not true, that is, we assume that
the negation of p i3 true (i.e.. A is not morial),

® We then proceed to carry out a series of logical deductions based on the troth of
the negation of p. (Since A is not monal, we have a counter-example to the
statement “All women are mortal.” Hence, it is false that all wornen are mortal.)

@ Tf this leads to a contradiction, then the contradiction arises because of our faulty
assumption that p is not true. {(We have a contradiction, since we have shown
that the statement *All women are morial” and its negation, "Not all women are
mortal” 1s true at the same Gme. This contradiction arose, becaose we assumed
that A is not mortal.)

¢ Therefore, our assuopltion is wrong, 1.¢., 7 has to be true. (S0, A is mortal.}

Let us now look at examples from mathematics.

Example 15 : The product of anon-zero rational number and an irrational number s
irrational.

Solution :

Statements Analysis/Comment

We will use proof by contradiction. Let rbe a non-
zero tational number and x be an imrational number.

m
Let r==, where m, n are integers and m # (),
n

n # ). We need to prove that rx i35 irrational.

Azsume rx 18 rational. Here, we are assuming the
negation of the statement that
we need to prove,

Then r;u::‘;‘.E . g+ 0, where p and g ave infegers. |This follow from the

previous statement and the
definition of a rational

nurber.
Rearranging the equation rxzvg Lq#0, and
using the fact that r= nﬂ we get x= F% = 5’:%
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to be vational, but by our hypothesis, we have x
is irrational.

Since npr and mg are integers and mg = 0, Using properties of integers,

x 15 a rational number. and definition of a rational
namber,

This is a contradiction, because we have shown x| This is what we were looking

for — a contradiction,

The contradiction has arisen because of the faulty
agsumption that rx is rational. Therefore, rx
1 Irrational.

Logical deduction,

We now prove Example 11, but this time using proof by contradiction. The proof

is given below:

p > 3, which is not of the form 6n + 1 or 6n + 5,
where & 15 a whole number.

Statements Analysis/Comment
Let us assume that the staternent is note true. As we saw earlier, this is the
starting point for an argument
using ‘proof by contradiction’.

So we suppose that there exists a prime number | This is the negation of the

statement 10 the resall.

Using Euchid’s division lemma on division by G, Using earlier proved results.
and using the fact that p is not of the form 6n + 1

orbn +5 wegetp=6nortn+2orbn+3

or on + 4.

Therefore, p is divisible by either 2 or 3. Logical deduction,

So, p is not a prime,

Logical deduction,

This is a contradiction, becanse by our hypothesis
P is prime.

Precisely what we want!

The contradiction has arisen, bécause we assumed
that there exists a prime number p > 3 which is
not of the form 6# + 1 or 61 + 5.

Hence, every prime number greater than 3 is of the
form 6n + 1 or 6 + 5.

We: reach the conclusion,
[ |
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Remark : The example of the proof above shows you, yet again, that there can be
several ways of proving a result.

Theorem Al.2 : Qut of all the line segments, drawn from a point to peints of a
fine not passing through the point, the smallest is the perpendicular to the line.

Proof ; F
o N 118
= A AM o
Fig. Al.5
Statements Analysis/Comment

Let XY be the given line, P a point not lying on XY| Since we have o prove that
and PM, PAI, th, . .. e, be the line sggments | out of all PM, Pﬁl, PAI, B
drawn from P to the points of the line XY, out of | etc., the smallest is perpendi-

which PM is the smallest (see Fig. A1.5). cular to XY, we start by
taking these line segments.
Let PM be not perpendicular to XY Thiz is the negation of the

statement to be proved by
contradiction,

Draw a perpendicular PN on the line XY, shown | We often need
by dotted lines in Fig. Al.5. constructions o prove our
results.

PN is the smallest of all the line segments PM, Side of right triangle is less

PA , PA,, ... etc., which means PN < PM. than the hypotenuse and

known property of numbers.
This contradicis our hypothesis that PM is the Precizely what we want!
smallest of all such line segments.

Therefore, the line segment PM is perpendicular | ‘We reach the conclusion.
to XY
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EXERCISE Al.o
Suppose a + b= ¢+ d, and g < ¢. Use proof by contradiction to show b > 4,

Let r be a ratonal number and & be an irrational suraber, Use proof by contradiction to
show that r + x 18 &0 drrational oumber,

Uze proof by contradiction o prove that if for an integer a. @® i¢ even, then 50 is a.
[Hint : Assume a is not even, that is, itis of the form 20 + 1, for some integer », and then
proceed. ]

Uze proof by contradiction to prove that if for an integer a, a? is divisible by 3, then 4 is
divisible by 3,

Use proof by contradiction (0 show that there 15 no value of 7 for which 6° ends with the
digit zero,

Prove by comtradiction that two distingt lines in a plans cannot infersect in morz than
one point.

ALS Summmary

In this Appendix, you have studicd the following points :
1. Different ingredients of a proof and other related concepts learnt in Class TX,
2. The negation of a statement.

3. The converse of a statement.
4. Proof by contradiction.



MATHEMATICAL MODELLING

A2l Introduction

# Ap adult human body contains approximately 1.530,000 km of arteries and veins
that carry blood,

® The human heart pumps 5 1o 6 litres of blood in (he body every 60 seconds.
® The temperature at the surface of the Sun is about 6,000 C.

Have you ever wondered how our scientists and mathematicians could possibly
have estimated these resulis? Did they pull out the veins and arteries from some adult
dead bodies and measure them? Did they drain out the blood to arrive at these resulis?
Did they travel 1o the Sun with a thermometer to get the temperature of the Sun?
Surely not. Then how did they get these figures!

Well, the angwer lics in mathematical modelling, which we iniroduced to you
in Class IX. Recall that a mathematical model is a mathematical deseription of some
real-life situaton. Also, recall that mathematical modelling i3 the process of creating a
mathematical model of a problem, and using it to analyse and solve the problem.,

So, in mathematical modelling, we take a real-world problem and convert it to an
equivalent mathematical problem. We then zolve the mathematical problem, and interpret
its solution in the situation of the real-world problem. And then, il is imporiant (o see
that the solution, we have obtained, ‘makes sense’, which is the stage of validating the
maodel. Some examples, where mathematical modelling is of great importance, are:

(i) Finding the width and depth of a river at an unreachable place.
(i) Estimating the mass of the Earth and other planets.
(i) Estimating the distance between Earth and any other planet.
(iv) Predicting the armmival of the monsoon in a country,
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{v) Predicting the wend of the stock market.
(wi} Estimating the volume of blood inside the body of a person.
{vii) Predicting the population of a city after 10 vears.
{(viii} Estimating the number of leaves in a tree.
(ix} Estimating the ppm of different pollutants in the aimosphere of a city.
(x} Estimating the effect of pollutants on the environrent.
(xi} Estmating the iemperature on the Sun’s surface.

In this chapter we shall revisit the process of mathematical modelling, and take
examples from the world around us to illustrate this. In Section A2.2 we take you
through all the stages of building a model, In Section A2.3, we discuss a variety of
examples. In Section A2.4, we look at reasons for the importance of mathematical
modelling,

A point to remember is that here we aim to make you aware of an important way
in which matheratics helps to solve real-world problems. However, vouneed to know
some maore rathematics to really appreciate the power of mathematical modelling. In
higher classes some examples giving this flavour will be [ound.

A2.2 Stages in Mathematical Modelling

In Class IX. we considered some examples of the use of modelling. Did they give vou
an insightinto the process and the steps involved in it? Let us quickly revisit the main
steps in mathematical modelling,

Step 1 (Understanding the problem) : Define the real problem, and if working in a
teamn, discuss the issues that you wish to understand. Simplify by making assumptions
and ignoring certain factors so that the problem is manageable.

For example, suppose our problem is to estimate the number of fishes in a lake. It is
not possible to capture each of these fishes and count them. We could possibly capture
a sample and from it ry and estimate the total number of fishes in the lake.

Step 2 (Mathematical description and formulation) : Describe, in mathematcal
terms, the different aspects of the problem. Some ways to describe the features
mathematically, include:

# define variables

& write equations or inequalities

e gcather data and organise into (ables
» make graphs

e calculate probabhilities



Mamimaaaics

Lis
Laa
&

For example, having taken a sample, as stated in Step |, how do we estimare the
entire population? We would have to then mark the sampled fishes, allow them to mix
with the remaining ones in the lake, again draw a sample from the lake, and see how
many of the previously marked ones are present in the new sample. Then, nsing ratio
and proportion, we ¢can come up with an estimare of the total population. For instance,
let us take a sample of 20 fishes {romo the lake and mark them, and then release them
in the same lake, 50 as to mix with the remaining fishes. We then take another sample
(say 50), from the mixed population and see how many are marked. So, we gather our
data and analyse it.

One major assumption we are making is that the marked fishes mix uniformoly
with the remaining fishes, and the sample we take is a good representative of the
entire population.

Step 3 (Solving the mathematical problem) : The simplified mathematical problem
developed in Siep 2 is then solved using various mathematical wechnigues.

For instance, suppose in the second sample in the example in Step 2; 5 fishes are

5 . 4
marked. So, 50" LE., 0 of the population is marked. If this is typical of the whole

|
population, then 10 th of the population = 20.

S0, the whole population = 20 % 10 = 200,
Step 4 (Interpreting the solution) : The solution obtained in the previous step

is now looked at, in the context of the real-life situation that we had started with in
Step 1.

For instance, our solution in the problem in Step 3 gives us the population of
fishes as 200.

Step 5 (Validating the model) : We go back to the original situation and see if the
results of the mathematical work make sense. If so, we use the model until new
information becomes available or assumptions change.

Sometimes, because of the simplification assumptions we make, we may loge
essential aspects of the real problem while giving its mathematical description. In
such cases, the solution could very often be off the mark, and not make sense in the
real situation, If this happens, we reconsider the assumptions made in Step 1 and
revise them 1o be more realistic, possibly by including some factors which were not
considered earlier.
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For instance, in Step 3 we had obtained an estumate of the entire population of
fishes. It may not be the actual number of fishes in the pond. We next see whether
this is a good estimate of the population by repeating Steps 2 and 3 a few times, and
taking the mean of the resulis obtained. This would give a closer estimate of the
population,

Another way of visualising the process of mathematical modelling is shown
in Fig. A2,1.

Real-life problem
Sirmplify

Describe the problem
im mathernatical terms

L

Solve the
Change problem

assumptions T

k.

Inierpret the
solution in the
real-hife situation

b

Does the solution
capture the real-life
situation?

No Yes Model is

suitable

Fig. A2.1

Modellers look for a balance between simplification {for ease of solution) and
accuracy. They hope to approximate reality closely enough to make some progress.
The best outcoms is to be able to predict what will happen, or estirate an outgome,
with reasonable accuracy. Remember that different assumptions we use for simplifving
the problem can lead to different models. So, there are no perfect models. There are
good ones and yet better ones,
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EXERCISE A2l
1. Cansider the following situation.

A problem dating Bback ta the early {3th century, posed by Leonarde Fibonaccl asks
Row many rabbits you would have if vou started with just two and let them reproduce.
Assumic that a patr of rabbits produces a pair of offipring each month and that each
pair of rabbits produces their first affspring at the age af 2 months, Month by month
the number of pairs of rabbits is given by the sum of the rabbits &l the two preceding
moning, excepr for the Oth and the st monthr.,

Month Pairs of Rabbits
0 I
I L
2 2
3 3
4 5
5 8
(i} £
I 21
3 3
9 55
10 89
I 144
12 233
13 377
14 610
15 987
16 1597

After just 16 months, you have pearly 1600 pairs of rabbits!

Clearly state the problem and the different stages of mathemnatical modelling in thiz
situation,
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A2.3 Some Mlustrations

Let us now consider some examples of mathematical modelling.

Example 1 (Rolling of a pair of dice) : Suppose your leacher challenges you to the
following guessing game: She would throw a pair of dice. Before that you need to
guess the sum of the numbers that show up on the dice. For every correct answer, vou

get two points and for every wrong guess vou lose two points. What numbers would
be the best guess?

Solution :

Step 1 (Understanding the problem) : You need to know a tew numbers which
have higher chances of showing up.

Step 2 (Mathematical deseription) : Tn mathematical terms, the problem wanslates
to finding out the probabilities of the various possible sums of numbers that the dice
could show.

We can mode] the situation very simply by representing & roll of the dice as a random
choice of one of the following thirty six pairs of numbeys,

£1d) (1,2} (1.3 (1.4} {1,5) (1.6}
(2.1} 2, 2) 2,3} (2,4) (2,5) [2,6)
(3,1} (3,2 i3,3) (3.4) (3,5 (3.6)
(4,1) (4,2) 4,3) (4. 4) (4,5) (4.6)
&1 (5,2) (5.3) (5.4} (5,3) (5.6)
(6, 1) (6,2) (6,3) (6.4) (6,5 {6,0)

The first number in each pair represents the number showing on the first die, and the
second number is the number showing on the second die.

Step 3 (Solving the mathematical problem) : Summing the numbers in each pair
above, we find that possible sums are 2, 3,4,5,6,7, 8,9, 10, 11 and 12. We have 1o {ind
the probability for each of them, assuming all 36 pairs are equally likely,

We do thiz in the following table.

Sumn 2 13| 2|5 |63 8| 2|10 1| 12

Frohablity | 36 |36 [ 36 | 36 | 36 | 36 36 [ 36| 36 | 36 | %

Observe that the chance of getting a sum of a seven is 1/6, which is larger than the
chances of getting other numbers as sums.
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Step 4 (Interpreting the solution) ; Since the probability of getting the sum 7 is the
highest, you should repeatedly guess the number seven.

Step 5 (Validating the model) : Toss a pair of dice a large number of times and
prepare a relative frequency table, Compare the relative frequencies with the
corresponding probabilities. 1f these are not close, then possibly the dice are biased.
Then, we could obtain data to evaluate the number towards which the bias is.

Before going to the next example, you may need some background.

Not having the money you want when vou need it, is a common experience for
many people. Whether it is having enough money for buying essentials for daily living,
or for buying comforts, we always require money. To enable the costomers with limited
funds 1o purchase goods like scooters, refrigerators, televisions, cars, elc., a scheme
known as an instalment scheme (or plan) is introduced by traders.

Sometimes a trader introduces an ingtalpent scheme as a marketing sirategy o
allure customers to purchase these articles. Under the instalment scheme, the customer
i5 not required to make full payment of the article at the time of buying it, Shethe is
allowed (o pay a part of it at the time of purchase, and the rest can be paid in instalments,
which coold be monthly, guarterly, haltf-yearly, or even yearly. Of course, the buver
will have to pay more in the instalment plan, becanse the scller is going to charge some
interest on account of the payment made at a later date (called deferred payment).

Before we take a few examples to undersiand the instalment scheme, let us
understand the most frequently used terms related to this concept.

The cash price of an article is the amount which a customer has (o pay as full
payment of the arficle at the time it is purchased. Cash down payment is the amount
which a customer has (o pay as parl payment of the price of an article at the time of
purchase.

Remark : If the instalment scheme is such that the remaining payment is completely
made within one year of the purchase of the article. then simple interest is charged on
the deferred payment,

In the past, charging interest on borrowed money was often considered evil, and,
in particular, was long prohibited. One way people got around the law against
paying interest was to borrow in one currency and repay in another, the interest
being disgnised in the exchange rate.

Let us now come to a related mathematical modelling problem,
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Example 2 : Juhi wants wo buy a bicyele. She goes to the market and finds that the
bicycle she likes is available for ¥ 1800. Juhi has ¥ 600 with her. So, she tells the
shopkeeper that she would not be able to buy it. The shopkeeper, after a bit of
calculation, makes the following offer. He tells Juhi thar she could take the bicycle by
making a payment of ¥ 600 cash down and the remaining money could be made in two
monthly instalments of T 610 cach. Juli has two options one 15 o go for instalment
scheme or to make cash payment by taking loan from a bank which is available at the
rate of 10% per annum simple interest. Which option i more economical to her?

Solution

Step 1 (Understanding the problem) : What Juhi needs to determine is whether
she should take the offer made by the shopkeeper or not. For this, she should know the
two raies of interesi—one charged in the insialment scheme and the other charged

by the bank (i.e., 10%).

Step 2 (Mathematical description) : Tn order 10 accept or reject the scheme, she
needs to determine the interest that the shopkeeper is charging in comparison to the
bank. Observe that since the entite money shall be paid in less than a year, simple
interesi shall be charged.

We know that the cash price of the bicycle = T 1800,
Also, the cashdown payment under the instalment scheme = T 600,

Sa, the balance price that needs 1o be paid in the instalment scheme = X (1800 — 600)
=T 1200,

Let r % per annum be the rate of interest charged by the shopkeeper.
Amount of each instalment= ¥ 610
Amount paid in instalments =T 6104+ T610= F1220
Interest paid in instalment scheme = $1220— F1200= 20 (1)
Since, Tuhi kept a sum of 1200 for one month, therefore,
Principal for the first month = ¥ 1200
Principal for the second month = 7 (1200 - 610) = T390

Balance of the second principal T390 + interest charged { T 20) = monthly instalment
(¥ 610) = Ind instalment

So, the total principal for one month = T 1200 + 590 = T1790

N i 1_?1?9{!:-<er 5
W, interest = —1.ﬂ{]x12 (2)
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Step 3 (Solving the problem) : From (1) and (2)

1790 % rxl a
100x12

or F= w =13.14 (approx.)
1790
Step 4 (Interpreting the solution) : The rate of interest charged in the instalment
scheme = 13.14 %.
The rate of interest charged by the bank = 10%

So, she should prefer to borrow the money from the bank 1o buy the bicycle which is
more economical,

Step 5 (Validating the model) : This stage in this case is not of much importance
here as the numbers are fixed. However, if the formalitics for taking loan from the
bank such as cost of stamp paper, etc., which make the effective interest rate more
than what it is the instalment scheme, then she may change her opinion.

Remark : Interest rate modelling is still at its early stages and validation is still a
problem of financial markets. In case, different interest rates are incorporated in fixing
instalments, validation becomes an important problem.

EXERCISE A2.2

In each of the problems below, show the different stages of mathematical modelling Tor sulving
the problems,

1. An omithologist wants to estimate the nomber of parrots in a large field, She nses anet
o catch some, and catches 32 parrots. which she rings and sets free. The following
weck she manage.s tornet 40 parrets, of which 8 are ringed.

ringed?”
iii) Find an estimate of the total number o :
of parrots in the field, rlh
2. Suppose the adjoining figure reprezents 5
an aerial photograph of a forest with each 7
dot representing a tree, Your purpose is to 4 g5
find the number of trees there are on this %
tract of land as part of an environmental %%
census,
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3. AT.V.can be purchased for ¥ 24000 cash or for ¥ 8000 cashdown payment and six
maonthly instalments of T 2800 each. Ali goes to market to bay a T.V., and he has
T R000) with him, He has now two aptions. One is to buy TV under instalment scheme
or 10 make cash payment by taking loan from some financial society, The society
charges simple intercst at the rate of | 8% per annum simple interest, Which option
15 better for A7

A24 Why is Mathematical Modelling Important?

Az we have seen in the examples, mathematical modelling is an interdisciplinary subject.
Mathematicians and specialists in other fields share their knowledge and expertise 1o
improve existing products, develop better ones, or predict the behaviour of certain
products,

There are, of course, many specific reasons for the importance of modelling, but
most are related in some ways to the following :

® 1o gain understanding. If we have a mathematical model which reflects the
eszential behaviour of a real-world system of interest, we can understand that
system better through an analysis of the model, Furthermore, in the process of
building the model we find out which factors are most important in the gvstem,
and how the different aspects of the system are related.

& To predict, or forecast, or simulare. Very often, we wish to know what a real-
world system will do in the futare, butitis expensive, irapractical or impossible o
experiment directly with the system. For example. in weather prediction, 1o study
drug efficacy in humans. finding an optimum design of a nuclear reactor, and so
on.

Forecasting is very important in many types of organisations, since
predictions of future events have to be incorporated into the decision-making
process. For example:

In marketing depariments, reliable forecasts of demand help in planning of
the sale strafegies.

A school board needs to able to forecast the increase in the number of
school going children in various distriets so as to decide where and when 1o
start new schools,

Most often, forecasters use the past data to predict the future. They first analyse
the data in order to identify a pattern that can describe it. Then this data and
pattern is extended into the [uture in order 1o prepare a forecast. This basic
strategy is employed in most forecasting techniques, and is based on the assumption
that the pattern that has been identified will continue in the future also.
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o To estirnate, Often, we need w estimate large values. You've seen examples of
the trees in a forest, fish in a lake, etc. For another example, before elections, the
contesting parties want 1o predict the probability of their party winning the elections,
In particular, they want to estimate how many people in their constiuency would
vote for their party. Based on their predictions, they may want to decide on the
campaign strategy. Exit polls have been used widely to predict the number of
seats, a party is expected to get in elections.

EXERCISE A2.3

1. Based upon the data of the past Gve years, try and lorecast the averhpge percentage of
marks in Mathematics that your school would obtain in the Class X board examination
at the end of the year.

ALS Summary
In this Appendix, vou have studied the following points :

1. Amathematical modelis & mathematical description of a real-lile situation, Mathematical
modelling 15 the process of crealing 2 mathematical model, solving it and wsing it o
understand the real-life problem,

2. The various steps invelved in modelling are @ understanding (he problem, formulating
the mathernatical model, solving it, interpreting it in the real-life situation, and, most
importantly, validating the model.

3. Developed some mathematical models,

4. The importance of mathematical modelling,
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EXERCISE 1.1

1. @ 45 (i) 196 (i) 51
2. Aninleger can he of the form 6g, 6g+ 1,69+ 2,69+ 3. 0g + 4 or Gg + 5.
3. §columns

4. Aninteger can be of the form 3¢, 3g + 1 or 3g + 2. Square all of these integers.

n

. Anintegercan be of the form 94, 99+ 1,99+ 2,9+ 3, .. ., or 95 + &,

EXERCISE 1.2

L @ Z#x5x7 (i) 22x3 %13 ity 3 5% 17
iv) 5xTxllxl13 (vh 172 19%x23
2. @ LCM=I82HCF=13 () LCM=23460; HCF=2 (m} LCM=3024; HCF=6¢
3. i) LCM=420,HCF=3 (@) LCM=11339; HCF=1 (@) LCM=I1800;HCF=1]
o, 22338 7. 30 minuies
EXERCISE 1.4
L () Terminating {ii) Terminating
{ii) Non-tenminating repeating {iv) Terminating
(v} Non-terminating repeating {vi) Terminating
{vu] Non-terminating repeating iviit) Terminating
(ix) Terminating {x} Non-terminating repeating
2. (@ 000416 (@) 2.1245 {iv) 0008375
tvid D15 {viii) D4 i 0.7
3. (© Rational, prime [actors of ¢ will be either 2 or 5 or both oaly.
) Mot rational
(iiiy Rational, prime factors of g will also have a factor other than 2 or 5,
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EXERCISE 2.1
1. (i) Nozerocs {ii} 1 (i) 3 {iv) 2 vy 4 [vi} 3
EXERCISE 1.2
. W11 13
L [:I-} _2-‘4 EH} 2.1-2 r].'ﬂ} HEI-E
Gv) —2.0 (v) —15, 415 fvit —LE
2. () ddox-4 (i) 328 - 3W2x+1 (i} 2% 445
(iv) & —x+1 (v} dt4x+1 (viy 22— dx 4 1
EXERCISE 2.3
1. ) Quotieni =x-3 and remainder=Tx-9

LR

4.

3‘

(i) Quotient =x*+ x -3 and remainder = 8
fiii) Quotient = —x* -2 sand remainder= - 5x + 10
i) Yes (i) Yes (iii} No 3 -1l 4 g =x-x+1
(i) pled=22—-20+ 14, p(x) =2, glx)=x"—4 4+ 7, rlx)=0
{i) plx)=z*+x'+x+lglxi=x~Lgx)=x+ l,rix)=2x+2
(i) pl=x+23i_y42, plx)=21-1, g(xy=x+2,rx)=4
There can be several examples in each of (1), (ii) and (ii).
EXERCISE 2.4 (Optional)*

=2 Tx+ 14 3oa=1b=+2
5T 5 k=5andg=-5
EXERCISE 3.1
Algebraically the two sitnations can be reprezenied as follows:

—Ty+42=0; x—3y— 6 =0, where x and y are respectively the present ages of Aftab and
his danghter. To represent the situations graphically, vou can draw the graphs of these
two linear equations.

Algebrajcally the two sitwationz can be represented as follows:

x+ 2y=1300; x + 3y = | 3(0), where x and y are respectively the costs (in ") ofabatanda
ball. To represent the sitiations graphically, you can draw the graphs of these two linear
equations,

Algebraically the two situations can be represented as follows:

2+ y=1060; dx+ 2y =300, where x and y are regpectively the prices (in * perkg)of apples
and grapes. To represent the situations graphically, you can draw the graphs of these
two lingar equations,
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L

5

? -

i
k3

EXERCISE 3.2
(i} Required pair of linear equalions is
x+y=10; x~ y=4, where x 15 the number of girls and y is the number of boys.
To solve graphically draw the graphs of these equations on the same axes on graph
papet.
Girls =7, Boys=3,
(i) Required pair of linear equarions is
5x + Ty = 50; Tx + 5y =46, whore x and y repreaent the cost (in ¥} of & peneil and of
a pen respectively,
To solve graphically, draw the graphs of these equations on the same axes on graph

Paper.
Cost of one pencal = F 3, Costof ons pen = 35
(i) Interscct at a point (i} Coincident i} Parallgl
iy Consistent {ii* Inconsistent (i) Consistent
(ivl Consistent (v) Consistent
(i} Consistent (it Tnconsistent (i) Congistent (ivy Tnconsistent

The solution of (i) above, is given by y = 5 — . where v can take any valus, i.e., there are
infinitely many solutions,

The solution of (i1i} above is x = 2. y=2.1.e., unigue solution.
Length = 20 m and breadth = 16:m.
One possible answer for the three parts:
i 3x+29-T=0 (i} 2x+33p-12=0 (i) 4x+6y-16=10

Vertices of the wlangle ars (-1, 0), (4, (1) and (2, 3).
EXERCISE 3.3
) x=9, y=5 (i) =9, =6 (i) y=3x-3,
where x can take any value, i.e.. infinitely many solations.
liv) x=2, y=3 ¥ x=0, ¥y=0 (v} x=2, y=3

x=-2, ¥=5; m=-1
() x—y=26, £« =3y, where z and y are two numbers (¢ >yh y=39,y=13

(i) x—y=18, x+w=180, wherex and y are the measures of the two angles in degrees;
=9 y=El

fiiiy Tx+ Gy =3800, 3x + 5y = 1750, where x and y are the costs (in ¥} of one bat and one
hall respectively; ¥ =500, y = 50.

[iv) x+ 10y=105, x4 15y=135, where xis the fixed charge (in¥} and y 15 the charge (in
Fperkmy x=5, y=10;, T255,
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1.

2,

L.

B

(v}

(vi}

]
av)
(i}

(i)
(i)
(1w}

(v

0]
(1)
(i)

(i)

(i)
(iv)

(¥)

[lz—9y+4 =0, Gx—3y+3=0, whereyand y are numerator and denominatar of the
fraction; % (x=T7,¥=9.

a-3y-10=0,x-7¥+ 30 =0, where x and y arc the ages in years of Jacob and his
son; x=40,y= 10,

EXERCISE 3.4

19 G . 9 5
X=Ta Y= fify x=2, v=1 ftqu:ﬁ.y:—E
x=2; y==3
x—y+2=102x-y— | =0, where x and y are the numerator and denominator of the

e
fracuon;g

=3+ 10=0, x—2y— 10=0 where x and y are the ages (in years) of Nur and Sonu
respecavely, Ags of Nori {x) = 50, Age of Sonu (y) =20

x+y¥=9, 8x—y=0, wherc x and y are respectively the tens and units digits of the
number; 18,

x4 2y =40, ¢+ y=25 wherexand y are regpectively the nomber of 7 50 and ¥ 100
notes; x=10,y=15.

x+4y =27, x+ 2y =21, where x iz the fixed charge (in ) and y is the additional
charge (in¥) per day; x=15, y=3.

EXERCISE 3.5

Mo solution (i) Unique golution; x=2, y=1
Infinitely many solulions (v} Uniqoe solution; x=4, y=-1
a=5b=] (i) k=2 } x=-2, ¥y=5

x4 20y = 1000, x4 26w= 1180, where x is the lxed charges (inT) and yiz the charges
(in &) for food per day; x=400, y=30.

Jx—y—3=0) 4x—y—8=0, where r and ¥ are the numeraior and denominator of the
fraction; =
3;-—_5r=4{}._2x—_u=25, where ¥ and vy are the number of rizght answers and wrong
angwers respectively; 20,

u—v=20, w+v=100, where u and v arc the speeds (in km/hj of the two cars; =460,
y=4l),

Jx—3y—6=0, 2x+3y-61 =0, where xand y are respectively the length and breadth
(in units) of the rectangle; length (x)= 17, breadih (y) = 9.
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1.

1.

1+

21‘

EXERCISE 3.6

: 1 1 m 1
i =_iy=_ (iiy x=4, y=9 i) 2=—vy=-2
) x 5 3 - ¥ 5 ¥
v} x=4, y=5 () g=1, y=1 () x=1, ¥=2
(vil} x=3, y=2 v} z=1, y=1

(i) w+wv= 10, w—r=2 where wand vare respectively gpeeds (in kmdh) of rowing and
cament; u=6,v=4.

2 5 I 3 6 |
it -

(i) - ---—q;---+---=5-whcmnandmam:htnumh:rﬂfdaysr.akmb}rlwnman
m n I
and | man to finish the embroidery work; s =18, m=36.
4 1 3 2
(i’ @+£:4.E+EP 7

=" where 4 and v are respectively the speeds
u v u v [

{in kon/h) of the train and bus;, w=60, v=30,

EXERCISE 3.7 (Optional)®
Age of Aniis 19 vears and age of Bijo iz 16 vears or age of Ani 21 years and age of Biju
24 years,
T40, 170, Let the money with the first person (in T) be x and the money with the second
person {in F) be y.
a+ I00=2(y - 100), y+ 10 =6{x~ L
G0 am 4. 36 5. £LA=2F, ZB=4F, £LC=12F
Coordinates of the vertices of the triangle arve ( 1, (5, (0, =37, ((h, =51,

; i cla—b) =5 cla—b +a
=1 == = Py
1) x=1,y (i = A A2 74
iy x=0,v=b {ivi s=a+b, y=- 2ab v) x=2, ¥y=1
a+hb

ZA=120% LB=T0" £C=060° £D=110°

EXERCISE 4.1
(i} Yes {ii) Yes i) Mo v Yes
iv) Yes {vi} No fvil) No i) Yes
(it 2x? 4+ x—528 =0, where x is breadth (in metres? of the plot.
(ii] x'+x-306=0,wherexrizthe smaller integer.
(i) xf+32¢—273 =0, where x (in years) is the present age of Rohan,
([iv) wl—8u— 1280 =0, where u (in km/h) 18 the speed of the rain,
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EXERCISE 4.2
L@ -25 @) 2,3 (i) s 2
. i 5 5
) 11 1 1
Wk ® 0" 1o
2. 00 9,36 (H) 25,30
3. Mumbers are 13 and 14, 4, Positve integers are 13 and 14,
5. Scmand12cm 6. Number of articles = 6, Cost of each article=Rs 15
EXERCISE 4.3
S -1
L@ 113 il Jﬁ + 33 (i) —ﬁ-;—ﬁ
2 4 4 Z 2
iiv) Do nol exist
2, Sameasl . 2 ;Iﬁ 4 +_Zﬁ )y 1,2 4. 7 years
5. Marks in mathematics = 12, marks in English = 18;
or, Marks in mathematica = 13, marks in English =17
6. 120, 90m 7. 18,12 or 13,-12
8. 40kmh 9. 15 hours, 25 hours
10. Speed.of the passenger train =33 kn/h, speed of express train = 44 km/h
1. 18m 12m
EXERCISE 4.4
3 3
1. (i) Realroots donotexist (i) Equal roots; B tiiid Distinet roots; - 43
NERRVE 2
2 () k=x26 (i) k=6
3 Yez 40m, 20m 4. No 5. Yeu 20m, 20m

EXERCISE 5.1

(i) Yes. 15,23, 31, ... forms an AP as each succeeding term is obrained by adding 8 in
its preceding term,

W
i) No. Volumes are 'V, ST . [%JZ Y, e (i} Yes. 150, 200,250, . . form an AP,

: s 8 f. . 87
{iv) Nu_ﬂ.muunxssmm(m(l+lm}]ﬂﬂ}ﬂ[i+mu]z-lﬂﬂmll+lm]=
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]

3.

4.

P&

12.
15.
17.
18,

1.

3

Gy 10020, 30,40 [} -2,-2,-2,-2 iy 4,1,-2,-5
i) -1, ,,.;l?.,{}_é (v} —1.25,-1.50,- 1.75.- 2.0
i a=3, d=-2 iy a=-35, d=4
. 4 ;
(i) qz‘;d :3 ! g=046, d=1.1
i1 N f ¥ d= 1-4 E 5
(i} No i) Yes. =T
Gy Yes. d=-2:-9.2-112,~13.2 iv) Yes.d=4; 6, 10, 14
(V) Yes.d=f2:3+4/2,3+52,3+6/2 i) No
Vi) Yes.d=-4 —16,—20,-24 (widi) Yes,a’=ﬂ;——;~—%=-—-;-
il No x) Yes. d=a;5a,0a, Ta
(xi) No (xii) Yes.d=2; 50, J72, +f08
(i) No (xiv} No (xv) Yes.d=24;97, 121, 145

EXERCISE 5.2
i) a=28 (i) d=2 (i) a=46 (V) n=10 (v} g =35

iy C @' B

W fid] Gy [i8].[3] (i) 165,

av 3], [0]. [2]. [ & [33], 3 ,[&], E

1 6th term 5 ) 34 (i) 27

No 7. 178 8. 64

Sl term 10, | 11. 65h term
100 13, 128 14. &

13 16. 4, 10,16,22, ...

20th term from the Tasttermis 158,

43, 8 19. [1ihyear 20, 10

EXERCISE 5.3
. - e R
(i} 245 i) —180 iy 5505 v 20

() 1046 (i) 286 (i) —8930

b | -

) n=16,5,=440 (H) d= ; $,,=273 (i) a=4, §_ =246
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12.
16,
17.
19.

1.

.I.i‘

1.
2+

(v} d=a-|,dm=ﬂ I:V}ﬂ=—'¥-a}=? (v} n=>5, &n=34

4
(vil) n=6, d= & (vili) n=7, a=-8 x) d=06

i
&) a=4

12. By putting o = 9, d =8, 8 =636 in the formula § = ?—E*[za +{n = 1)), we get aquadratic

33
equation 4x* + 5n - 636 =0. On solving, we getn= = 12 Out of these two roots only

one root 1.2 15 adrmssible.

r=16, d= 2 B, n=38, §=0073 7. Sum= 14661

8,,= 35610 9. n 10. (i) S,,=525 (i) §, =-465
5,=3.8,=4, a,=§5,-8,=1, §,=3, a,=§,-5,=-1,

ﬂm=Sm~ 8,=—15; ﬂl=5"~- 5“ l=5- n.

45920 13. 90 14, 625 15, 27750

Walues of the prizes (in ¥y are 160, 140, 120, 100, 80, 60, 40,

54 18, 143cm

| & rows, 5 logs are placed in the top row. By putting 5 =200, & =20, d =-1 in the formula

8= 2[24 + (n = 1)d], we get, 41n— n? =400, On solving, n = 16, 25, Therefore, the

number of rows 1= either G or 23, d,,=a+ 2Md=-4

i.e., number of logs in 25th row is — 4 which iz not possible. Therefore n =25 iz not
possible. Forn =16, a ;= 5. Therefore, there are 16 rows and 5 logs placed in the top
TOW,

IM0m
EXERCISE 5.4 (Optional)¥
32nd erm 2, 5,=20,T6 3. 385cm
35 5. 730m?
EXERCISE 6.1
i) Sirnilar (i} Similar (i Equilaters
iiv) Egual, Proportional 3. Mo
EXERCISE 6.2
(i) Zem (i} 24cm
i) No (i} Yes (i} Yes
Throwgh O, draw & line parallel to DC, intersecting AD and BC at E and F respectively.
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EXERCISE 6.3

1. (0 Yes AAAAABC~ATOR (i} Yes. 855, AABC~AQRT
(i) Mo fiv) Yes SAS AMNL-AQPR
vl Mo {vi} Yes, AA ADEF~APQR

2. 55°.33° 55°
14. Produce AD to a point-E such that AD = DE and prodoce PM to a point N such that
Ph =M. Join EC and NE.

15. 42m
EXERCISE 6.4
1. 112cm 2 4:1 5 1:4 8. C u. D
EXERCISE 6.5
1. @ Yes. 25cm {it) No (i) No (iv) Yes, 13cm
6. uf3 9. 6m 10, 6/7m 11 300461 km
12. 13m 17. C

EXERCISE 6.6 (Optional)®
1. Through R, draw a line parallel o SP to interscet QF produced at T. Show PT = PR.

6. Usereanlt {iii) of Q.5 of this Exercise. 7. 3m, 279m
EXERCISE 7.1
1. () 242 (i) 442 i) 2o +5?
2. 3% 39km 3. Mo 4. Yes 5. Champa is correct.
6. (i) Square (71} Noquadriiaieral {iii) Parallelogram
7. 7.0) 8. -9,3 9. +4,QR =41, PR =482, 942

10. 3x+y-3=0

EXERCISE 7.2

5 7
1L (L3 2. [1.-5],(0,-5]

. Jolm: Sthlineata distance of 22.5 m 4 2:7

L

5. 1;|-.(_%..0J . 7. (3.~ 10)

. [—»—2-; —EE] 9, [—1. 3] 03 (I. E] 10, 24 5. units
7 T 2 2
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EXERCISE 7.3
21
1. @ Esq- s (i) 32 8q. vnits 2, () k=4 (i) k=3
3 lsq.umit; L4 4, 28 gy, units
EXERCISE 7.4 (Optional)®
1. 2:9 2 x+3y=-T=0 3 5=2) 4 (1,0%(1,4)
5. (i) (4.6),(3,2). (b, 5); taking A1 and AB as coordinate axes
o
) (12, 2), (13, 6), (10, 3); taking CB and CD as coordinale axes. = 8. units,
)
P units; areas are the same in both the cases,
6 15
E—aq umits; 1: 16
79 1
7 D] e = Pl —+—
(i) [2 1] (i} [3 3 ]
{ii) Q H H] B H o iiv} P, Q. R are the same poinl.
33 33
(v) {"‘”;”3-"1”;‘”3]7 8, Rhombus
EXERCISE 8.1
1. sinﬂ=l-msﬁ..=2—4 i) E:irl'l::=2414.‘.‘)4:':5!:=l
23 25 25 25
f) 3
2.0 3. Cﬂﬁﬁ—f-tﬂnﬁ—f_ 4. smg"g._%-;-sacﬁ_.%
. 5 12 5 12 13
5. B=— cosf=—:>tanB=—, ¢cotB = —» cosced = —
T T 2% 5 5
7 i ﬂ 4:} 8.
. () 1 {Hy — 1 €5
F 12 L] 12
il i FP=—: P=—« P=—
9. M 1 {ii) O 10. =mn 3 Cos G {an 5
11. (i) False (i} True fiii} False {iv) False (v} False
EXERCISE 8.2
= T
Lol Gy 2 (i) 3"',- H2-6 {iv) 43-243 Gt
11 12
2. (0 A (i) D {iii) A iv) C 3. ZA=45°, /B=15°
4. (1) False {11y True (iii) False {tv) False (v) True
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EXERCISE 8.3
i1 (i 1 (i) 0 v 0
2 A=136° 8. L A=20% 7. cog823%48in 157
EXERCISE 8.4
1
I S SR G T ...
L+ éotd A col A cot A
. sec’A — 1 1 3
find = sCoSA = ——tan A = fseetA - |
g sec A sec A
1 sec A
coth = EggEcl = —————
sect A~ 1 -.lllsmzﬁ. =1
i 1 i 1 4. (i) B (i} C (i) D vy D
EXERCISE 9.1
10m 2. 8f3m 3 3m2Bm 4 108Bm
403m 6 193m 7. 20(3-1)m 8 08(3+ijm
16%111 10. 203m, 20m, 60m 11 10V3m, 10m 12 7(v3 + 1)m
75(3-1m 14. 58 Am 15. 3 seconds
EXERCISE 10.1
Infinitely many
(i} Ope (1) Seeant (i) Two  (iv) Pointof contact D
EXERCISE 10.2
A 2B A A . 3cm
Scm 12. AB=I15cm AC=13cm
EXERCISE 12.1
2B om 2. 10em
Gold: 346 5 cm® Red ' 1039.5 em™ Blue: 1732.5 em®; Black 1 2425 S o White: 31185 em?,
4375 5.0A
EXERCISE 12.2
Eg.:m] _2. Ezcml 1 Em]‘
7 8 3
i} 285cm’ (i) 2355cm®
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5. () 2em (i) 231em? (iii) [23[—&1ﬁ m*
6. 204375cn?: 686.0625cmi 7. 88.44cm
5
) 19625m! (i) 58875cm® 9. () 285mm (i) % mmn’?
22275
T i PRI 12. 189.97 kn?®
28 126
13. F162.68 14. D
EXERCISE 12.3
4
L. Ecm‘! - Ei:m}' 3. 42 om?
28 3
22528
* (@4_36‘\5]%] s, %mj . [ 7 —?ﬁﬂ-ﬁ]cmi'
7. &em? 8. (i) -E-Eff‘-m (i) 4320 m?
9. 665cmt 10. 16205 em? 11. 378 em?
12. @ ?83 P ) %'cm? 13. 228 em?
256
14. %ﬁ e’ 15, UEent 16. Tcml
EXERCISE 13.1
1. 160em! 2. ST em? 3. 2145 cm?

Greatest diameter = 7 em.surface area = 332.5 om?
i:’ (m+24) 6. 220m? 7. 44m?. Rs22000

18 em? 9. 374 ot
EXERCISE 13.2
wem?
66 cnr?, Volume of the air inside the mode] = Volume of air inside (cone + eylinder + cone)
= [—; nrth + nrth + ; ik } where r is the radius of the cone and the cylinder, | is

the height (length} of the cone and k, 15 the height (length) of the cylinder.

Required Volume = %ﬂrf‘{hxﬂfh +hy),
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3. 338em’ 4. 532353 cm® S. 100 6. 892.20kg
7. 1.131 m? (approx.) 8. Mot correct. Correct answer is 346.51 cm?,

EXERCISE 13.3
1. 2Mem 2, 1Z2em 3 25m
4. 1.125m 510 6. 400
7. 36em; 12413 em 8. 562500m* or 56.25 hectares. 9. 100 rinutes

1.

1.

A

2.
5.

1!

EXERCISE 13.4
2 4 i 2 4
lﬂl:iem 2. 48om i ?w?m

Costof milk is ¥ 200 and costof metal sheet s T156.75. 5 79044 m
EXERCISE 13.5 (Optional)*
| 256 cm; T38g {approx) 2. 30,14 em®; 52.75 e

1792 8. ?Ei.%mu*

EXERCISE 14.1
8.1 plants. We have used direct raethod becanse numerical values of x, and f are small.

714520 3. f=20 4. 759
57.19 6. 7211 7. 0.099 ppm
12.38 days 9. 6943 %

EXERCISE 14.2
Mode = 36.8 vears, Mean = 35.37 yvears. Magiroum number of patients admitted in the

hospital are of the age 36.8 years (approx.), while on an average the age of a patient
admitted to the hospital is 35.37 years,

65.625 hours
Modal uonthly expenditure = $1847 83, Mean monthly expenditure = € 26625,

Mode 30,6, Mean=292 Most states/U.T. have 3 student teacher ratio of 30.6 and on
an gverage, this ratio is 29.2.

Mode = 4608.7 nms 6. Mode =447 cars
EXERCISE 14.3
Median = 137 onits, Mean = 137.05 units, Mode = 135.76 unils.
The three measures are approximarely the same in this case.
=8 y=7 3. Madian age = 35.76 years
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4. Median length = 146,75 m 5, Median life = 3406.98 hours
6. Median=28.05. Mean=832, Modalzize=7.88
7. Median weight = 56.67 kg

EXERCISE 14.4

1.
Daily income {in %) Comulative
frequency
Legs than 120 1%
Less than 140 26 Draw ogive by plotting the points
Less than 160 M (120, 123, (140, 26), (160, 34).
Less than 180 40 (TR0, 400 and (200, 507
Lesé than 200 30

2. Draw the ogive by plotiing the poinls ; (38, 0), (40, 3), (42, 5), (44, 9), (46, 14}, (48, 28),
{50,32) and (52, 35). Here .; = 17.5. Locats the pointon the ogive whose ordinate is 17.5.

The x-coordinate of this peint will be the median,

3

Production yield Cumulative
(kg/ha) frequency

More than or equal ta 50 16X

More than or equal to 53 98

More than or equal to 60 o

More than or equal to 65 78

More than or equal to 70 L

More than or equal to 73 16

Mow, draw the ogive by plotting the points : (30, 100), (55, 98), (50, 90%, (63, 781, (70, 54)
and (75, 161,
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13.

14,

15.

17.

19.

EXERCISE 15.1

(i 1 (i) 0, impossible evem (i} 1,sure or cerlain event
(iv) 1 (v) 0.1
The experiments (1i1) and (iv) have equally likely outcomes,

When we (oss a coin, the outcomes head and 1ail are equally likely. So, the result of an
individoal enin foss i3 completely unprediciable,

B 5. 095 6. O (@1
i 3 . |
0,008 B0 2 {ii} 2
3 B 13 oo 4 el
® 73 @) 13 i) 1 -0 g @} 1q
] 1 a1 ]
ﬁ 12, (1} E (1) E (i} = {ivy |
1 . poo 1
(i 5 {1} 5 (i) 2
o B - _— L o L
(i} ;;-ﬁ (i) 13 (it} 26 (v) 3 {v) 4 ol )
o v e 1 11
@ 3 i @ (b O 16. T
;4 "N T R
: 1 1 i B g
®3 w g " 24 @ 36 M 36
(i) .
Sur on S0 B Tl 0 O o - A O N Tl -
2 diee
e W7 e (sl (P o - O 0 T8) O ) B2 i) e T
HDEAR 36 | 36 | 36| 36 | 36| 36 36| 35 | 36 | 36 | 36

{{} MNo. The sleven sums are not equally likely,
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3
23. E Possible putcomes are - HHH, TTT, HHT, HTH, HTT. THH, THT, TTH. Here. THH

rneans tail in the first toss, head on the second voss and head on the third toss and 5o on.

. 25 o XL
4. (i ﬁ; (i1} 6
25. (i) Incotrect. We can classify the outcomes like this buot they are not then ‘equaily
likely". Reason is that *one of each’ can regult in two ways — from a head on first
coin and tail on the second coin or from A tail on the first coin and head on the
secotd coin, This makas it twicely as likely as two heads (or two tails).

(i) Correcl. The two onicomes congidered in the guestion are equally likely.

EXERCISE 15.2 (Optional}®

8 .
Lo 1 @ 5 @ 2
2 1 2 ¥ a4 3 6
12 3 3 a4 4 7
2 |3 4 4 5 5 3
2 3 4 4 3 5 2
3 |4 5 5 6 6 9
3 4 5 & ] & 9
G T & g 9 9 2

. o

(i (i) 9 it} 2
310 4 L.x=3 5 8

12

EXERCISE Al.l

1. () Ambigoous (i} True (i) True {iv) Ambiguous
(v} Ambignous
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-

3.
4.

1.

24

i} True {ii} True (iii} False {iv) True {v) True
Only (i) iz troe,
(i) Ha=Uandg'>#, thena> b,

i) Tay=>0andst=y" thenx=y.
{ii) IE{x+yrP=x+yandy=0, thenx =10,
(iv) The diagonals of a parallelogram bizsect each other.

EXERCISE Al.2
A s maortal 2. abis ratnonal

Decimal expansion of \f]7 is non-terminating non -recurring.

y=T7 5 ZA=100", £C=100°, £ D=180"
POERES is a rectangle.
Yes, because of the premise, No, becanse /3721 = &1 which is not irrational, Since the

premise was wrong, the conclusion iz false,

EXERCIST Al.3

Take two consecutive odd numbers as 21 + 1 and 2n + 3 for some infeger n,

EXERCISE Al4
i} Man is noet mortal,
{) Line !is nolparallel to line m.
{iii} The chapter does not have many exercises.
(ivl Mot all integers are rational numbers,
(vt All prime numbers are not odd,
(vi} Some students arc lazy.

ivii) All cats are black.

(vili) Therc is at least one real number x, such that [ =—1,

i} 2 does not divide the positive integer a.
{x) Tntegers a and b are not coprime,
(1} Yes (i} No (it} Mo {iv) No (v} Yes
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EXERCISE Al.5
1. (i) If Shagan sweats a lot, then it 15 hot in Takyo,
(i) If Shalini’s stomach grumbles, then she is hungry.
{iii} If Jagwant can get a degree, then she has a schalarship.
(v} If a plant is alive, then it has flowers.
(v) Uf an animal has a tail, then 1t i a cat.
2. (i) If the base angles of triangle ABC are equal, then it is izosceles. True.
iii) If the square of an integer is odd, then the integer is odd. Troe,
(i) fx=1, thens= L. True,
iiv) If AC and BD hisect each other, then ABCD is a parallelogram. True.
(vl Ifa+{b+c)=1(a+b)+c thena, band ¢ are whole numbers. False,
(vi} Il x+ yis an even number, then x and y are odd, False,
ivil}) If a parallclogram is a rectangls, its voricss lic on a circle. Troe.
EXERCISE Al.6
1. Suppose to the contrary f < 4.
3. See Example 10 of Chapter L,
6. See Theorem 5.1 of Clags TX Mathematics Texthook.
EXERCISE A2.2
S R
L@z Il
2. Take | cm? area and count the number of dots in it. Total number of trees will be the
product of this nember and the area (in cm®).
3. Rate of interest ininstalment scheme 18 17,74 %, which is less than L8 %,

EXERCISE A2.3

Students find their own angswers.



